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ADVERTISEMENT. 


.his  work  had  been  published  some  month.*, 
when  tlte  author's  attention  was  railed  to  an  error 
m  the  solution  of  the  Problem  at  page  185,  Part  IV. 
This  mistake  is  now  corrected;  and  the  principle 
of  the  solution  of  Ute  Problem  as  it  standi  at 
pVesent  will  be  fotmd  to  agree  with  that  by  which 
it  is  solved  in  Simpson's  Miscellaneous  Tracts,  ■ 
page  131,  Ed.  1757.  In  the  revision  of  the  work, 
some  further  corrections  and  alterations  have  been 
made.  The  substance  of  the  Notes,  which  were 
annexed  to  the  end  of  Part  II,  are  now  introduced 
into  the  Tent :  and  a  new  form  has  been  given 
to  the  First  Lecture.  The  work  is  still  divided 
into  Four  Parts,  according  to  the  following 
arrangement. 

Part  I.  relate  to  tilt  Rectilinear  Motion  of  Bodies  both  by 
Impulse  ami  Gravity;  the  Composition  and  Resolution 
of  Motion,  with  the  Solution  of  the  Problem  for 
raolving  any  Number  of  Force*  into  Uic  dirwtiou  of 
Three  Axes  at  Right  Angle*  W  each  oilier;  t!ir  Method 
of  finding  the  Centit  of  Gravity  of  a  Body  1  1 
of  Bodie  (  the  Motion  of  the  OOTnmrtB  Outer  »f 
Griiity  of  a  System  j  the  Collision  of  Hard  and  Elastic 
Bodies ;  and  the  Motion  of  Projectile*. 

The 


ADVERTISEMENT. 

The  first  Three  Lectures  of  Part  II.  contain  the  Doctrine 
of  Equilibrium,  as  applied  to  the  Mechanical  Powers  j 
the  Fourth  relates  to  the  Pressure  and  Tension  of 
Cords,  including  the  Construction  of  the  Funicular 
Polygon  and  Catenary.  The  last  Lecture  comprehends 
the  common  Theory  for  estimating  the  Strength, 
Stress,  and  Pressure  of  Beams. 


Part  III.  commences  with  the  Motion  of  Bodies  over  Inclined 
Planes  and  Pulleys ;  and  then  proceeds  to  the  Rotatory 
and  Vibratory  Motion  of  Bodies  about  a  Fixed  Axis; 
with  the  Investigation  of  the  Centers  of  Gyration, 
Oscillation,  Percussion,  and  Spontaneous  Rotation  of 
a  Body  or  System  of  Bodies.  In  this  Part  of  the  work 
will  also  be  found  some  plain  Theorems  for  ascertaining 
the  Maximum  Effects  of  Machinery. 

Part  IV.  contains  Three  Lectures  upon  Miscellaneous  Sub- 
jects \  such  as,  the  Descent  of  Bodies  over  Pulleys  by 
Var'mbU  Forces ;  the  Vibration  of  Cords ;  the  Os- 
cillations of  Bodies  in  Circular  and  Cycloidal  Arcs; 
the  Angular  Motion  of  Bodies  suspended  from  the  Arms 
of  a  Straight  Lever ;  &c.  &c. ;  and  concludes  with  the 
Method  of  finding  the  actual  Time  and  Velocity  of 
a  Falling  Body,  on  supposition  that  the  Force  of 
Gravity  varies  inversely  as  the  square  of  the  distance 
from  the  Earth's  center. 


As  this  work  was  designed  for  an  Elementary 
Treatise  rather  than  a  complete  System  of  Me- 
chanics, it  cannot  be  expected  to  contain  much 
that  is  altogether  new.  In  its  composition,  the 
most  approved  Authors  have  been  resorted  to; 
and  a  clear  arrangement  of  the  subject  has  been 
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ADVERTISEMENT. 

one  of  the  principal  objects  which  the  author  has 
endeavoured  to  attain.  How  fai7  he  has  succeeded 
in  this  respect,  must  be  left  for  the  Public  to  judge. 

To  those  sources  of  information  which  have  long 
been  common  to  all  Writers  on  this  branch  of 
science,  it  is  superfluous  for  him  to  enumerate  his 
particular  obligations ;  nor  is  it  necessary,  he 
conceives,  to  specify  all  the  more  recent  publications, 
w\i\ch,  it  is  evident,  he  must  have  consulted.  It 
is  proper  however  to  state,  that  in  writing  Part  III. 
he  had  Atwood's  Treatise  on  the  Rectilinear  Motion 
and  Rotation  of  Bodies  constantly  before  him.  That 
work  is  now  become  extremely  .  scarce  and  dear; 
and  he  thought,  that  in  attempting  to  give  some 
of  its  Theorems  a  more  elementary  form,  he 
should  be  rendering  a  service  to  the  Mathematical 
Student.  He  has  also  to  acknowledge,  that  the  The- 
orem for  the  construction  of  the  Funicular  Polygon, 
as  it  stands  in  page  315,  is  little  more  than  a  trans- 
lation of  the  same  as  given  by  Francoeur  in  his 
Traite  EUmentaire  de  MSchanique :  and  that  the 
Collection  of  Cambridge  Problems  has  furnished 
him  with  many  useful  and  valuable  Examples  for 
the  illustration  of  his  subject. 

After  he  had  made  considerable  progress  in  print- 
ing the  work,  circumstances  occurred  which  in- 
duced him  to  alter  his  original  plan:  this  occasioned 
a  division  of  it  into  two  volumes  of  very  unequal  size. 

The 


•  ■  ;■?  ■ 


..■:•-,}  ■  ?. 


■  .-:-■-.  *  ■  ■''    v 


;j 


(vi)  ADVERTISEMENT. 

The  matter  is  now  so  arranged  as  to  be  all  bound 
up  in  one ;  and  any  possessors  of  the  two  volumes 
who  desire  to  avail  themselves  of  this  arrangement, 
may  be  supplied  with  the  extra  sheets  for  that 
purpose,  without  expense,  on  application  to  the 
Publishers. 


East-India  College, 
November  1814. 
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TREATISE 

ON 

MECHANICS. 


Part  I. 


ON    THE    RECTILINEAR    MOTION    OF    BODIES  — 
COMPOSITION  AND  RESOLUTION  OF  MOTION 
—THE  CENTER  OF  GRAVITY- COLLISION  OF 
BODIES— AND  PROJECTILES. 


Lecture  I. 

ON  MOTION,  AND  THE  LAWS  OF  MOTION. 

^Vll  bodies  with  which  we  are  acquainted,  besides 
those  essential  properties  more  immediately  suggest- 
ed to  us  by  our  senses,  and  inseparable  from  our" 
very  conceptions  of  matter,  such  as,  extension, 
figure,  solidity,  divisibility,  He.  are  found  by  ex- 
perience to  possess  two  qualities  intimately  con- 
nected with  the  Phenomena  and  the  Laws  of 
Motion :    these  are, 

Gravity  and  Inertia. 

I. 

1.  Gravity  is  that  property,  by  which  all  the 
particles  of  matter,  and  all  the  bodies  of  which  they 

are 
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are  the  elements,  tend  towards  each  other; 

which,  in  bodies  existing  near  the  Earth's  surf 
(  operates  as   "  a  tendency  to  descend  towards 

center."     It  is  in  this  latter  and  limited  sense  1 

the  term  gravity  is  generally  used  in  the  follov 
■=  ,  treatise. 

T  2.  This  property  discovers  itself,  not  only  in 

v  motion  of  falling  bodies,  but  in  the  pressure  exe; 

f  by  one  portion  of  matter  upon    another    wl 

U  i  '         sustains  it ;   and  bodies  descending  freely  undei 

v;  \  influence,  whatever  be  their  figure,  dimensions 

|"  texture,  are  all  equally  accelerated  in  right  1: 

'■  perpendicular  to  the  plane  of  the  horizon. 

3.  The  apparent  inequality  of  the  action  of  ] 
■ '                          "  vity  upon    different    species  of  matter  near 

'  \  surface  of  the  Earth,  arises  entirely  from  the  re* 

ance  which  they  meet  with  in  their  passage  tnro 

y  the  air.     When  this  resistance  is  removed,  (a 

the  exhausted  receiver  of  an  air-pump,)  no  s 
inequality  is  perceived ;  bodies  of  all  kinds  tt 
descend  with  equal  velocities ;  and  a  guinea,  a  featl 
or  the  smallest,  particle  of  matter,  if  let  fall  togetl 
are  observed  to  reach  the  bottom  of  the  rece 
exactly  at  the  same  instant. 

4.  The  weight  of  a  body  is  its  gravity  or  tende 
towards  the  Earth's  center,  as  referred  to  some  fi 
standard.  Thus,  if  the  gravity  of  some  given  b 
be  called  an   ounce  or  a  pound,   any  other  b 

l  having  the  same  gravity,  (or  the  same  tendenc] 

{!  descend,  when  placed  under   the  same   circi 

•  stances,)  is  also  called  an  ounce  or  a  pound ; 
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too  such  bodies,  taken  together,  two  ounces,  or  two 
pounds,  &c.  &c. 

5.  Gravity,  at  different  distances  from  the  Earth, 
vines  inversely  as  the  square  of  the  distance  from 
its  center.  The  weight  of  a  given  body,  therefore, 
will  vary  at  different  heights  above  the  Earth's 
surface.  But  the  heights  at  which  experiments  are 
commonly  made  upon  the  weights  of  bodies,  bears 
so  small  a  proportion  to  the  radius  of  the  Earth, 
Alt  this  variation  is  almost  imperceptible.  At  the 
height  of  half  a  mile,  it  does  not  amount  to  more 

than  about  4550^  Part  °^  *te  we*ght  at  the  surface (t). 


I.  By  the  Inertia  of  matter,  is  meant  "  its 
inability  to  change  its  state  of  rest  or  motion.* 
That  matter  possesses  not  the  power  of  putting 
itself  in  motion,  is  a  fact  of  common  observation 
«*1  experience.  That  "  when  once  put  in  motion, 
it  cannot  of  itself  either  stop  or  alter  its  motion," 
will  be  shewn  from  experiment,  when  we  come  to 
the  Rrst  Law  of  Motion. 

?•  Of  this  inability  in  matter  to  change  its  state 

of 

(')  Let  rcsthe  radius  of  the  Earth = nearly  4000  miles  5  and 
tors  the  height  to  which  the  body  is  carried;  then  its  weight 

*  the  Earth's  surface  (W)  :  its  weight  at  the  distance  x  above  it 
;:'+3), :  r*  ::  r*+2rj?-f  «*  :  1*  ::  (if  J?  be  very  small  when 
°°lpied  with  r)  r*+2rx  :  r*.  Hence  the  weight  at  thd 
**&'•  surface  (W)  :  the  difference  of  the  weights  at  the  surface 
■d  at  the  distance  x  above  it  (D)  : :  r*+2rx  :  %rx  ::  r+2x 

•  **j  .-.  D^-^-.m*  (if  *=£  a  mile)  -~. 

r+2m  v  a  /  4Q0i A 
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of  rest  or  motion,  as  existing  in  a  given  body,  we 
have  no  other  means  of  judging,  than  from  the  diffi- 
culty experienced  in  originating  or  altering  motion 
in  that  bodyt  Now  in  bodies  of  uniform  texture, 
i.e.  in  such  as  are  capable  of  being  resolved  into 
particles  each  having  the  same  weight,  this  diffi- 
culty is  found  to  increase  with  the  number  of  such 
particles ;  from  hence  it  appears,  that  in  bodies  of 
this  kind,  weight  is  the  proper  measure  of  inertia. 

3.  But  this  connection  between  weight  and 
inertia  is  of  the  most  general  nature ;  for  by  expe- 
riments, performed  upon  the  Machine  invented  by 
Mr.  Atwood,  it  has  been  proved,  that,  at  a  given 
place  upon  the  Earth's  surface,  the  retardation  of 
motion  arising  from  inertia  is  proportional  to  the 
weight  of  a  body,  whatever  be  its  figure,  dimensions, 
or  texture  (*\ 

4.  The  weight  or  inertia  of  a  bpdy  must*  evi- 
dently consist  of  the  weight  or  inertia  of  all  its 
parts ;  they  may  either  of  them,  therefore,  be  made 
the  measure  of  the  quantity  of  matter  which  it 
contains.  Inertia,  however,  is  the  fixed  and  proper 
standard  to  be  referred  to  for  that  purpose;  inas- 
much as  the  weight  of  a  body  varies  at  different  di- 
stances from  the  Earth's  center,  whilst  its  inertia  is 

always, 

(*)-  The  definition  here  given  of  inertia  differs  somewhat  from 
that  which  will  be  found  in  the  Note,  page  49,  Vol.  II.  and  from 
that  which  has  been  given  in  some  other  Authors.  The  sense 
in  which  the  word  b  here  used  must  be  distinguished  from  that 
particular  effect  of  inertia  arising  from  the  rotatory  motion  of 
bodies  round  a  fixed  axis,  called  the  "  moment  of  inertia/'  which, 
is  made  the  subject  of  calculation  in  the  14th  Lecture. 
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always,  and  under  all  circumstances,  the  same.  But 
at  small  heights  above  the  Earth,  this  variation  has 
been  shewn  to  be  very  inconsiderable ;  for  all  prac- 
tical purposes,  therefore,  the  quantity  of  matter  in  a 
body  may  be  considered  as  proportional  to  its  weight. 

IL 

In  observing  the  phasnomena  connected  with  the 
actual  motion  of  a  body,  we  are  naturally  led  to 
consider,  I.  The  Space  over  which  it  moves. 
II.  The  Time  of  its  motion*  III.  The  Velocity 
with  which  it  moves*  • 

1 .  If  the  motion  of  a  body  be .  such,  that  it 
describes  equal  spaces  in  equal  successive  parts  of 
time,  then  it  is  said  to  move  with  an  uniform 
velocity.  When  the  spaces  described  by  it  in 
equal  successive  parts  of  time  continually  increase, 
it  is  said  to  move  with  an  accelerated  Velocity; 
and  with  a  retarded  velocity,  when  those  spaces 
continually  decrease.  If  its  motion  be  so  regu- 
lated, that  it  receives  equal  increments  of  velocity 
in  equal  successive  parts  of  time,  then  it  is  said  to 
be  uniformly  accelerated;  and  uniformly  retarded, 
if  the  body  suffers  equal  decrements  of  velocity  in . 
those  equal  portions  of  time. 

2.  The  space  described  by  a  body  moving  with 
a  uniform  velocity,  increases  in  a  compound  pro- 
portion of  the  time  and  velocity  of  its  motion. 
Ar  let  #  =  the  number  of  seconds  for  which  a  body 
moves  uniformly,  and  let  y  =  the  number  of  feet 

described  in  each  second ;  then  it  is  evident  that 

« 
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xy  will  denote  the  number  of  feet  (i.e.  the  space) 
described  by  it  in  x  seconds. 

3.  In  general,   if  5= the   space   described   by 

a  body ;  T=  the  time  of  its  motion,  expressed  in 

seconds;  /^the  uniform  velocity  with  which   it 

moves,  expressed  by  the  number  of  feet  described 

in  a  second;    and  if  <?=the  space,  l=the  time, 

t/«  the  velocity,  of  any  other  body,  expressed  in  the 

same  manner ;  then  the  relation  between  S>  T9  F, 

and  s,  t9  v,  may  be  expressed  by  the  following  pro* 

portion ; 

Szs.iTxr-.txv. 

4.  Adopting,  therefore,  the  Algebraic  notation 
for  variable  quantities,  we  have  SocTx  V;  hence 

Tdc^,  and  ^cc- .    If  S  be  given,  then  Toc^ 

and  Poc-pjy. 

Ex.  1.  If  two  bodies  move  uniformly  for  9  and  5  seconds ; 
the  former  with  a  velocity  of  17  feet,  and  the  latter  with 
a  velocity  of  10  feet,  in  a  second ;  then  the  spaces  described 
by  them  will  be,  9x17  and  5x10,  or  153  and  50  feet. 

Ex.  2.  The  spaces  described  by  two  bodies  are  540  and 
320  feetpthe  velocities  with  which  they  move  are  6  an4 
5  feet  in  a  second ;  hence  the  times  of  their  motion  are, 

•g-  and  — ,  or  90  and  64  seconds. 

Ex.  3.  Three  bodies  move  over  spaces  which  are  to  each 
other  as  19,  17,  and  12 ;  the  times  of  their  motion  are  aa 
7,  3,  and  5 ;   consequently  the  velocities  with  which  they 

move  are,  as  i£,  12  and  ^?,  or  as  285,  595,  and  252 

lespcctivdy. 

III. 
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III. 

The  motion  of  a  body  considered  with  reference 
to  the  mass  moved  as  well  as  its  velocity,  is  called 
its  wmentum,  or  quantity  of  motion. 

1.  The  momentum  of  a  body  is  in  the  joint  ratio 
of  its  quantity  of  matter  and  velocity.  For  since 
the  momentum  of  the  whole  mass  is  the  sum  of 
the  motions  of  all  its  parts,  it  must  evidently  depend 
vpon  the  number  of  parts,  and  the  velocity  of  each. 

XLet  3f=the  momentum  of  a  body;  Q=itS 
qaBDtkjr  of  matter  or  weight  (Art.  4,  page  6), 
expressed  in  pounds ;  F=  its  velocity,  expressed  in 
fat;  and  let  ma  the  momentum,  qts  the  weight* 
tmthe  velocity,  of  any  other  body,  expressed  in  the 
•me  manner ;  then  the  relation  between  M,Q,Fj 
and*,f,t/,  will  be  expressed  by  the  following  pro* 

portion; 

M :  m  ::  Q  x  V :  q  x  v. 

3.  Hence  JlfocQx  Vi   .\  Q«=,  and  V^-q* 

IfQbegiven,ATocr;  if  ^be  given,  JfocQ;  and 

'Q^w  or  r«j,  then  M  Will  be  given;  i.  e. 

if  two  bodies  move  with  velocities  which  are 
*  «w«ely  as  their  quantities  of  matter,  then  their 
"momenta  will  be  equal;"  this  constitutes  a  fund** 
flfcntal  principle  in  the  mechanical  action  of  bodies* 

Ex.  1.  Tie  body  A  weighs  71bs.  and  is  moving  with  a 
^fctjr  of  9  feet  in  a  second ;  B  weighs  51be.  and  moves 
*tt  a  velocity  of  11  feet  ra  a  second ;  then  the  momentum 
* 4 :  0* fliottffifcfl* of  .B  : :  7x9:  5x11  ::  63;  55. 

Ex.  2. 
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Ex.  2.  The  momenta  of  A  and  B  are  as  15  :  7,  and 

their  velocities  as  10  :  3 ;  then  the  weight  of  A  :  the  weight 

of*;:  l±i  |  ::9  ^4. 

Ex.  3.  The  weights  of  three  bodies  are  as  5, 3, 2 ;  an£ 
their  momenta  as   1,  2, 3 ;    then  their  velocities  sre  a* 

5 '  5 »  5'  °*  **  ^  ^  ^'  respectively. 
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IV,  * 

Since  matter,  from  its  inertia,  is  incapable  o£^ 
changing  its  state  of  rest  or  motion,  it  is  evidtnt 
that  whenever  such  change  is  produced,  it  most  te 
by  the  agency  of  some  external  cause.     This 
is  denominated  force  or  power.    Before  we 
to  the  Laws  of  Motion,  it  will  be  proper,  therefore^,' 
to  make  a  few  observations  upon  the  nature  x£~ 
Forces  in  general.  ' 

1 .  Forces  are  divided  into  two  kinds,  according 
to  the  manner  -in  which  they  act 

I.  If  a  force  acts  instantaneously,  and  then  ceases, 
it  is  called  an  impulsive  force.    A  ball,  suddenly 
put  in  motion  by  the  hand  or  any  instrument,  along* 
an  horizontal  plane,  is  an  instance  of  the  effect 
produced  by  an  impulsive  force.     If  it  moves  with . 
a  uniform  velocity,  the  space  over  which  it  passes 
in  a  given  time,  and  the  momentum  communicated 
to  it,  may  be  estimated  according  to  the  rules 
stated  above, 

.  II.  When  a  force  acts  incessantly,  it  is  called  aeon- 
stant  or  variable  force,  according  as  the  increments 
or  decrements  of  velocity  caused  by  it,  in  equal  sixv 
cessive  parts  of  t\me,*rt€qu&l  or  unequal.  The  force 

of 
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of  gravity  near  the  Earth's  surface  is  an  example  of 
tcmstantfl)  force;  for  it  causes  equal  increments  or 
decrements  of  velocity  in  equal  portions  of  time,  not 
bf  impulses,  but  by  incessant  action.  To  estimate 
Ae  eflects  produced  by  it  upon  bodies  moving  freely 
finder  its  influence,  is  the  subject  of  Lectures  II, 
and  XII.  —  Gravity,  considered  as  a  branch  of  the 
general  law  of  nature  before  alluded  to,  is  an 
instance  of  a  variable  force ;  the  law  of  whose  vari- 
t&m  is,  the  inverse  duplicate  ratio  of  the  distance 
of  the  body  from  the  center  of  the  Earth.  Lecture 
XXJT.  relates  to  the  motion  of  bodies  proceeding 
toder  the  influence  of  a  force  of  this  kind. 

%  Forces  also  receive  different  denominations, 
according  as  the  momentum  or  the  velocity  generated 
by  them  is  the  subject  of  consideration.  With 
reference  to  the  momentum  generated,  they  are 
ciDed  moving  forces ;  with  reference  to  the  ve- 
locity, acceler/Uive  forces.  This  distinction  between 
moving  and  accelerative  forces,  and  the  effects 
produced  by  them,  forms  the  subject  of  Lectures 
XHJ,XIV,  and  XV. 

3.  An  attentive  comparison  of  the  effects  pro- 
duced upon  a  body  by  the  single  or  joint  action  of 
these  several  kinds  of  forces,  under  all  the  cir- 
cumstances 


■  i 


-  (•)  ThU  force  cannot  be  considered  as  absolutely  constant, 
wept  at  a  given  distance  from  the  Earth's  center.  Its  variation 
is  calculated  in  the  same  manner  as  the  variation  of  the 
weight  of  a  body  in  Note  ('),  page  5,  and  may  therefore  be 
ronsidered  as  almost  imperceptible  for  all  heights  above  the 
garth's  surface,  not  exceeding  half  a  mile. 
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cumstances  in  which  it  may  be  placed,  has  led  to  the 
establishment  of  three  general  rules  or  maxims ;  iq 
conformity  to  which,  every  change  of  the  state  of 
rest  or  motion  in  a  body  is  found,  by  experience, 
to  take  place.  These  are  called  Laws  of  Motion, 
and  have  sometimes  been  considered  as  axioms  in 
Natural  Philosophy.  They  are,  however,  by  no 
means  self  evident ;  nor  are  they  capable  of  strict 
mathematical  demonstration.  The  true  light  in 
which  they  ought  to  be  considered,  is  that  of 
fundamental  principles  in  the  science  of  Mechanics; 
the  truth  of  which  may  be  established,  either  by 
experiment,  or  by  a  just  process  of  reasoning  upon 
the  circumstances  universally  connected  with  the 
Gravity  and  Inertia  of  matter.  They  are  as 
follow. 

I.  A  body  continues  always  in  its  state  of  rest,  or 
of  uniform  rectilinear  motion,  till,  by  some  external 

force,  it  is  made  to  change  its  state. 

II.  Motion,  or  change  of  motion,  is  proportional  to 
the  force  impressed,  and  is  produced  in  the  right  line 
in  which  that  force  acts. 

III.  When  bodies  act  upon  each  other,  action  and 
re-action  are  equal,  and  in  opposite  directions* 

Illustration  of  the  First  Law. 
1  •  That  a  body  at  rest  will  continue  at  rest,  is 
a  consequence  immediately  arising  from  the  inertia 
of  matter.  That  a  body  in  motion  "  will  continue 
"to  proceed  uniformly  along  the  right  Hne  m 
"  which  it  began  to  move,  until  it  is  acted  upon  by 
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u  some  external  force,"  may  be  illustrated  by  the 
following  experiments. 

I.  A  spherical  ball  is  put  in  motion,  along  horizontal  planes 
of  different  degrees  of  smoothness,  such  as,  an  uneven  pave- 
maty  a  bowling-green,  a  sheet  of  ice  or  some  polished 
■Ace.    In  all  these  cases,  it  begins  to  move  with  a  velocity 
my  nearly  uniform,  and  in  the  direction  of  the  force  im- 
praiedj   but  its  motion  is  continued  in  a  very  different 
manner  on  the  different  planes.     On  the  pavement,  it  meets 
vnth  much  collision  and  friction  from  the  obstacles  which  it 
eneotntm;  in  this  case,  therefore,  its  motion  is  very  irre- 
gular, and  soon  ceases.     In  passing  over  the  bowling-green, 
fiidm^h  the  principal  impediment  which   obstructs  its 
jnpm;  and  here  we  find,  that  it  moves  more  regularly,  and 
ttst  its  motion  is  continued  for  a  longer  time.    On  ice,  or 
«  any  polished  surface,  the  friction  is  very  much  diminished; 
sod  in  this  case  it  is  obsefved  to  move,  for  a  very  considerable 
time,  with  still  greater  regularity. 

-  U-  A  body  is  projected  in  a  direction  oblique  to  the  ho- 
rizon. By  the  action  of  the  force  of  gravity,  it  is  imme- 
diately made  to  deviate  from  the  right  line  in  which  it  would 
have  uniformly  moved  from  the  impulse  received ;  under  the 
joint  influence  of  the  forces  of  projection  and  gravity,  it 
proceeds  in  a  curvilinear  direction ;  it  meets  with  considerable 
distance  in  its  passage  through  the  air ;  and  its  motion  is 
at  la*  destroyed  by  collision  at  the  Earth'*  surface. 

HI.  A  small  brass  wheel,  of  uniform  thickness  and  texture, 
is  put  in  motion  round  an  horizontal  aids.     From  the  regu- 
larity of  its  construction,  the  different  parts  of  the  wheel  just 
balance  each  other  round  its  center,  so  that,  in  its  rotatory 
y  motion, 

—       _ .  -  -  .     .  •       •  -— 

(*)  In  each  case  the  body  meets  with  a  small  degree  of  re- 
airtance  from  the  air;  but  it  is  very  inconsiderable,  when  compared 
with  the  impediments  arising  from  collision  or  friction. 
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motion,  it  is  neither  accelerated  nor  retarded  by  the  force  of 
gravity.  The  only  causes,  therefore,  which  retard  its  motion, 
are,  the  friction  upon  its  axis,  and  the  resistance  of  the  air. 
If  the  friction  be  diminished  by  placing  the  axis  itself  upon 
friction  wheels,  its  motion  is  continued  for  a  much  longer 
time  than  when  it  revolves  simply  upon  its  axis.  By  placing 
the  whole  apparatus  in  the  exhausted  receiver  of  an  air-pump, 
the  resistance  of  the  air  is  removed ;  and  then  it  is  found  to 
revolve  with  a  velocity  nearly  uniform,  for  a  very  considerable 
length  of  time. 

2.  It  is  from  a  due  consideration  and  just  com- 
parison of  the  results  arising  from  a  variety  of  plain 
and  simple  experiments  of  this  kind,  that  we  are 
enabled  to  establish  the  truth  of  this  First  Law  of 
Motion.  From  the  instances  just  adduced,  it 
appears,  that  when  a  body  is  once  put  in  motion 
by  the  agency  of  some  force,  the  continuance  and 
regularity  of  its  motion  is  always  increased,  as  we 
diminish  the  number  of  impediments  arising  from 
collision,  friction,  resistance  of  the  air,  and  other 
retarding  causes.  As  this  is  the  case  in  every  instance 
which  comes  under  our  notice,  it  seems  fair  to  con- 
clude, that  if  a  body  could  be  placed  under  such 
circumstances  as  to  be  entirely  exempt  from  the  ope- 
ration of  these  causes,  its  motion  would  then  become 
altogether  uniform,  rectilinear,  and  perpetual. 

Illustration  of  the  Second  Law. 

1 .  It  has  already  been  observed,  that  every  change 
in  the  state  of  rest  or  motion  in  a  body  must  be 
effected  by  the  agency  of  some  force ;  this  Second 
Law  asserts,  that  this  change  will  in  all  cases  be 

proportional^ 
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proportional  to  that  force,  and  will  be  produced  in 
"Redirection  in  which  the  force  acts/' 

2.  That  motion,  or  the  change  of  motion  in  a  body, 
will  be  proportional  to  the  force  which  produces  it, 
i.e.  "if  a  certain  force  produces  a  certain  quantity 
"of  motion,  twice  that  force  will  produce  twice  the 
"  quantity  of  motion,  &c."  is  a  proposition  to  which 
the  mind  very  readily  assents ;  it  may  however  be 
proper  to  illustrate  it  by  experiment.  The  experi- 
ments most  adapted  to  this  purpose  are  such  as  are 
performed  by  the  Machine  invented  by  Mr.  Atwood  ; 

the  principle  of  which  is  this; 
/.  A  weight  W  (see  Fig.  page  33,  Vol.  II.)  descends  per- 
pendicularly against  the  action  of  another  weight  W^  attached 
to  it  bj  a  very  fine  cord  going  over  a  small  wheel  or  pulley 
fa*d  ttitf.  In  order  to  facilitate  as  much  as  possible  the 
descent  dW>  the  axis  of  this  pulley  is  placed  upon  friction 
*Ws;  and  the  weights  employed  are  so  small,  as  to  meet 
*kI)  little  or  no  resistance  from  the  air.  If  the  weights  be 
^ual,  it  is  evident  that  no  motion  will  ensue ;  and  by  pro- 
perty adjusting  the  relation  between  them,  the  force  of  descent 
of  frmay be  made  to  bear  any  given  ratio  to  the  force  with 
****  it  would  descend  freely  by  the  action  of  gravity. 

"•  Suppose  now,  that,  in  three  separate  experiments,  the 
wePto  Wy  W  should  bear  6uch  a  proportion  to  each  other, 

**  the  force  of  descent  of  JTshouId  be  ~  th,  -£-th,  and  ^  th 

48    J  04   '        gb 

^  of  the  force  of  gravity ;  then  the  spaces  described  in  the 
**  second,  by  TV  descending  from  rest,  would  be  about 
*  *>  and  2  inches,  in  each  case  respectively.     The  fractions 

4?' ST*  rz  are  to  each  other  as  — ,  ,— ,  —  .  or  as  the 
04>  gb  192'  }Q2'  192* 

^hfcrs  4,  3,  2 ;  in  these  cases,  therefore,  the  spaces  de- 

•     ^d  by  W  are  in  proportion  to  the  forces  respectively 

^^sed. 

D  III.  Bui 
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III.  But  this  machine  is  so  nicely  contrived,  that  ^heii  the 
weight  W  has  descended  for  any  given  time,  the  weight 
W*  in  its  ascent  is  made  to  connect  itself  with  another 
small  weight,  which  is  equal  to  the  difference  between  the 
weights  JV,  W.  The  descending  and  ascending  bodies  thus 
becoming  equal,  the  weight  W  will  proceed  on  uniformly, 
with  the  velocity  which  it  had  previously  acquired.  In  the 
three  preceding  experiments,  supposing  the  weight  W\.o  have 
descended  for  two  seconds,  then  the  velocity  acquired  at  the 
end  of  that  time  would  be  such  as  to  make  it  move  uniformly 
in  one  second  over  about  16,  12,  and  8  inches  respectively. 
But  these  numbers  are  to  each  other  as  4, 3,  and  2;  the  velo- 
cities generated  in  a  given  time  are,  therefore,  proportional  to 
the  forces  impressed  upon  the  body. 

3.  From  these  experiments  it  appears,  that 
whether  we  consider  the  motion  of  a  body,  simply 
as  "  the  act  of  changing  its  place,"  and  measure  it 
by  the  space  passed  over  in  a  given  time;  or 
whether  we  consider  the  momentum  produced  in  it, 
which  is  measured  by  the  velocity  generated  in 
a  given  timew;  the  motion  or  change  of  motion  is, 
in  each  case,  proportional  to  the  force  impressed. 

4.  The  same  conclusions  may  be  drawn  from 
comparing  the  spaces  passed  over  or  the  velo- 
cities generated  in  a  given  time,  when  bodies 
descend  freely  by  the  action  of  gravity  down  inclined 
planes  of  different  degrees  of  elevation;  but  ex-« 
periments  for  this  purpose  are  performed  with 
much  less  facility  and  accuracy  upon  inclined  planes, 

than 


(*)  Tbe  momentum  of  a  body  it  measured  by  its  quantity  of 
matter  and  velocity  jointly $  the  momentum  of  a  given  body, 
therefore,  is  measured  by  its  velocity. 
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than  with  the  machine  of  Mr.  At  wood  just  now 
described. 

5.  With  respect  to  the  direction  in  which  a  body 
moves,  it  is  evident,  that  when  it  is  under  the  in- 
fluence of  any  given  force,  whether  it  be  an  im- 
pulsive one,  or  one  that  acts  incessantly,  the  body 
can  have  no  tendency  whatever  to  deviate  to  the 
one  side  or  to  the  other,  but  must  proceed  along 
the  right  line  in  which  the  force  acts. 

6.  This  Second  Law  of  Motion,  as  thus  illustrated, 
applies  only  to  the  case  when  a  body  is  under  the 
direct  operation  of  a  single  force.  If  a  force  acts 
olliquety,  or  if  a  body  be  acted  upon  at  the  same 
time  by  two  or  more  forces,  they  must  be  resolved 
or  compounded  according  to  the  principles  laid 
down  in  Lect.  III.  before  the  several  effects  pro- 
duced by  them  can  be  duly  estimated  in  conformity 
with  the  meaning  of  the  law. 

Illustration  qfthe~Tm*D  Law. 

1*  Before  we  attempt  to  give  a  particular  expla- 
nation of  the  terms  "  action  and  re-action,"  as  made 
use  of  in  this  Third  Law  of  Motion,  it  will  be  proper 
to  shew,  by  experiment,  what  are  the  effects  pro- 
<fatedby  the  impact  of  bodies  upon  each  other. 

1*  Two  equal  bodies,  whose  quantities  of  matter  or  weights 
■*  respectively  represented  by  A  and  B>  are  suspended  con- 
tiguous to  each  other  by  strings  of  equal  length.  A  is  pulled 
fan  its  perpendicular  position,  and  made  to  impinge  upon 
*  to  rest,  with  a  velocity  of  a  feet  in  a  second. 
Hence  (Art.  1,  page  9)  the  momentum  of  A  before 
impact=^fa.    After  impact,  the  bodies  move  on  together,  as 

one 
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one  mass,  with  half  the  velocity  of  A  before  impact.  Now 
the  quantity  of  matter  in  this  mass=^+B=  (since  A=zB) 
2 A;  and  since  its  velocity =%  a,  its  momentum=2  Ax  %a 
=zAa.  The  momentum  of  the  mass  after  impact  is,  there- 
fore, equal  to  the  momentum  of  A  before  impact. 

II.  Two  unequal  bodies  A  and  B  are  suspended  in  the 
same  manner,  and  are  both  made  to  move  in  the  same  di- 
rection ;  A  with  a  velocity  of  a  feet,  and  B  with  a  velocity 
of  I  feet,  in  a  second ; 

Also  A  :  B  ::  3  :  2,or£=?^, 

and  a   :    b    : :  8  :  3 


.\  Aa  i  Bb  ::  4  :  1 
and  Aa  :  Aa+Bb  ::  4  :  5>    .\  Aa+Bb=-Aa. 

4 

5 

Hence  the  sum  of  the  momenta  of  A  and  £  before  impact=r^«- 

After  impact,  the  two  bodies  are  observed  to  proceed  on 

3 
together  with  -  ths  of  A'&  velocity  before  impact.     Hence  the 

momentum  of  the  mass  after  impact 

~3 


=A+B.-a=A+-A.-a=-Ax-a=-Aa. 
4  3      4       3        4       4 

In  this  case,  therefore,  the  momentum  of  the  mass  after 
impact  is  equal  to  the  sum  of  the  momenta  of  the  bodies 
Irfore  impact. 

III.  These  two  bodies  are  now  made  to  impinge  upon 
each  other  with  the  same  velocities  in  opposite  directions;  and 
after  impact  they  move  on  together,  in  A'a  direction,  with 

a  velocity  which  is  found  to  be  only  A  ths  of  the  velocity  of 

A  before  impact ;  .*.  the  momentum  of  the  mass  after  impact 
-ga    5  A    9«_3 


Now  since  Aa  :  Bb  ::  4  :  1,  we  have  Aa  :  Aa—Bb 

3 


::  4  :  3>    •*•  Aa—Bb~%Aai  hence  the  momentum  of  the 


mass 
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rs^  tfer  impacts  A  a —Bb==  the  difference  of  the  momenta 
of  J  nd  B  before  impact. 

.   Cor.  If  in  this  experiment  ji=sB9  and  a=b ;  oxitA'.B 
\;*  \:\:^;  so  that,  in  each  case,  Aa=Bb;  then  Aa—Bb^Q, 
ad  the  two  bodies  remain  at  rest  after  impact^. 

2.  In  reviewing  the  results  of  these  experiments, 
it  appears  that,  in  each  case,  the  whole  momentum 
of  ^  and  B,  estimated  in  A\  direction,  is  the  same 
both  before  and  after  impact ;  for  when  A  impinged 
upon  B  at  rest,  the  momentum  of  the  mass  after 
impact  was  equal  to  the  momentum  of  A  before 
impact;  when  the  bodies  moved  in  the  same  di- 
rection it  was  equal  to  the  sum,  and  when  they 
moved  in  opposite  directions  it  was  equal  to  the 
defence,  of  the  momenta  of  A  and   B  before 
impact    From  hence  we  infer,  that  in  the  change 
which  takes  place  in  the  momenta  of  the  two  bodies 
during  the  act  of  collision,  the  momentum  lost  by 
-^must  be  gained  by  B;  for  that  A  loses  momentum 
w  evident  from  this,  that  its  velocity  (which  is  the 
Mffle  with  the  velocity  of  the  mass)  is,  in  each  case, 
gwder  before  than  after  impact. 

3.  Now  the  moving  force  by  which  A  commu- 
nicates 


W  In  all  these  cases,  the  bodies  made  use  of  are  supposed  to 

"  perfectly  hard ;  they  are  also  made  to  move  in  a  circular 

{tore,  to   prevent  their  passing  each  other.     In  making  the 

Bpcriments,   allowance   must  be  made  for   the  resistance  of 

"*  air,  and  (if  the  bodies  move  through  large  arcs)  for  the 

BKgolarity  arising  from  the  acceleration  or  retardation  of  their 

nation  by  the  force  of  gravity. 


39  os 

urate*  iu'juhbuuub  to  B,  is  c&fied  tic  ac2M  of  -J 
a&d  the  tenfciCT  of  iB  to  dlainid*  tie 
<J[  j4  &  caBed  the  rc-aefim  of  A  Since, 
aeoordisg  to  this  neamsg  of  the  wank 
rt^/dkm^  tbee&x*  produced  bjr  the  actios  of  ,</ i 
eqmd  to  tie  efiect  produced  by  tie  ie-*ctni  of  1 
**  action  and  re-action  are  said  to  be  txjmaiT  dnrin 
the  impact  of  >/  upon  B-  That  tbese  effects  ai 
juviufoed  in  "  opposite  directions,**  is  evident  hxm 
the  rtrjr  nature  of  the  case. 

4.  This  hm  applies  not  only  to  the  impact  « 
bodies,  but  to  every  case  in  which  one  bodv  ad 
upon  mother.  A  body  ^f,  for  instance,  is  snstaaw 
by  another  body  B,  and  both  bodies  remain  at  rem 
if  the  pressure  exerted  by  the  two  bodies  were  m 
equal,  it  is  evident  that  some  malum  would  ensotf 
which  is  contrary  to  the  supposition.  If  motic 
does  ensue,  then  the  case  becomes,  in  a  gre 
measure,  analogous  to  that  of  impact;  and  the  effec 
produced,  estimated  in  a  similar  manner,  are  fons 
to  observe  the  same  law. 

5,  The  mutual  attractions  of  bodies  are  also  sul 
ject  to  this  law.  Thus,  if  two  equal  magnets,  coi 
nected  with  two  equal  and  similar  pieces  of  corl 
be  made  to  float  upon  the  surface  of  water;  as  soc 
as  they 'come  within  the  sphere  of  attraction,  the 
are  observed  to  move  towards  each  other  in  a  rig! 
line,  with  equal  velocities,  and  consequently  wit 
equal  momenta;  and  as  the  resistance  which  eac 
body  meets  with  from  the  fluid  is  evidently  tl 

sam 
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same,  we  infer  that  their  actions  upon  each  other 

mejualM. 

6.  It  is  from  comparing  the  results  arising  from 

a  variety  of  experiments,  made  for   the   purpose 

of  ascertaining  the  exact  changes  which  take  place 

in  the  momenta  of  bodies  during  the  act  of  col- 

I    lision,  and  for  estimating  the  effects  produced  by 

[    their  mutual  attraction,  that  the  truth  of  this  Third 

Uw  of  Motion   has   been   established.       These 

experiments   are  undoubtedly  liable  to   great   in- 

accuracy,  from  friction,  adhesion,  resistance  of  the 

%  and  many  other  causes ;  but  at  the  same  time 

it  must  be  observed,  that  they  more  nearly  accord 

with  the  law,  as  the  impediments  arising  from  these 

causes  are  diminished ;  and  that,  upon  the  whole, 

toey  confirm   all  our  general  reasoning  upon  the 
•uhject. 


W  If  two  unequal  magnets,  placed  upon  pieces  of  cork  similar 
to  *ch  other  and  proportional  to  the  respective  magnets,  were 
nU(fe  to  float  in  the  same  manner,  they  would  approach  each 
*&*  with  velocities  inversely  proportional  to  the  quantities  of 
U*M&  moved,  and  consequently  with  equal  momenta ;  but  this 
^Wmeot  is  liable  to  very  great  inaccuracy,  from  the  different 
rtsuto*ce  which  the  bodies  would  meet  with. 
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Lecture  II. 


ON  tHE  ASCENT  AND  DESCENT  OF  BODIES 
NEAR  THE  EARTHS  SURFACE. 


V. 

] .  It  has  already  been  demonstrated,  that  if  a 
body  moves  with  an  uniform  velocity  for  a  given 
time,  the  space  described  will  be  in  proportion  to 
that  time  and  velocity  conjointly.  If  therefore  one 
side  of  a  right-angled  parallelogram  represents  the 
time  of  a  body's  motion,  and  the  other  the  uniform 
velocity  with  which  it  moves,  A 
the  parallelogram  itself  will 
represent  the  space  described 
in  that  time.     Thus,  let  the 


G 


C|        ■  1H 

line  AE  be  divided  into  any 
number  of  equal  parts  in  the  d 
points  B,  C,  D,  &c.  and  from 
those  points  draw  the  equal  E 
straight  lines  AF,  BG,  CH,  &c.  at  right  angles  to 
AE,  and  complete  the  parallelogram  AFLE ;  then 
if  AB,  BC,  CD,  &c.  represent  equal  successive 
portions  of  time,  and  AF,  BG,  CH,  &c.  represent 
the  uniform  velocity  with  which  a  body  moves,  then 

will 
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will  the  parallelograms  AG,  BH,  CK,  &c.  repre- 
sent the  spaces  described  in  those  equal  portions  of 
time,  and  the  parallelogram  AFL  E  the  whole  space 
described  in  the  time  represented  by  AE. 


2.  Suppose  now  that  a  body  moves  uniformly  as 
before,  during  the  equal  successive  portions  of  time 
represented  by  AB,  BC,  A" 

CD,  &c.  but  at  the  end  of 

each  portion  of  time  re- 


H 


K 


M 


ceives  an  increase  of  velo-  c 
city;  for  instance,  during 
the  time  AB  let  it  move  D 
with  a  velocity  represented  „ 
by   AFy  during  the  time  O 

BC  with  a  velocity  represented  by  BH,  &c.  &c. ; 
complete  the  parallelograms  AFGB,  BHKC, 
CLMD,  &c.  then  the  space  described  in  the  time 
AB  will  be  represented  by  the  parallelogram  AG, 
in  the  time  BC  by  the  parallelogram  BK,  &c.  &c. ; 
and  the  whole  space  described  in  the  time  AE  by 
the  irregular  Jigure  AFHLNOE. 


N 


3.  Let  us  next  suppose  that  the  body  receives 
equal  increments  of  velocity  at  the  end  of  each 
successive  portion  of  time,  so  that  during  the  second 
interval  of  time  it  moves  with  twice  the  velocity, 
during  the  third  interval  with  three  times  the  ve- 
locity, &c.  &c.  then  will  CK=2BG,DM=3BG, 
&c.  &c.    But  AC=2AB,  AD=3AB,  &c.  &c; 

b  .'.AC 


.<* 
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•\  AC.CK : :AB.BG::AD:  DM,  &c.  &c.(a) ; 
hence  if  AG,  GK,  KM,  &c.  be  joined,  AO  will  be 
a  straight  line,  and  the  fi-  A 
gure  AFHLXOE,  which 
represents  the  space  de- 
scribed in  the  time  AE,  c 
will  differ  from  the  tri- 
angle AOE  only  by  the  D 
sum  of  the  triangles  AFG, 
GHK,  KLM,  &c.  which 
are  all  equal  to  each  other cw. 


E 


Jt 

°  X 

H 

K\ 

L 

m\ 

X 

N 


O 


4.  Now  let  the  intervals  of  time  and  the  corre- 
sponding increments  of  velocity  be  only  half  what 
they  were  in  the  former  instance.  Bisect  AB,  BC, 
CD,  &c.  in  b,  c,  d,  &c.  and  complete  the  parallelo- 
grams as  before,  then  the  figure  which  represents 
the  space  described  in  the  time  AE  will  differ  from 
the  triangle  AOE  by  the  sum  of  the  small  triangles 
A/g,  gFG,  Ghk,  &c.    which  is  only  half(c)  the 

sum 


(•)  For  AC:  CK\:  2AB  :  2BG  ::  AB  :  BG ;  and  AD  : 
DM::  3AB  :  3BG::  AB  :  BG  a  AC:  CK,  &c.;  hence  the 
fgures^jBG,  ACK,  ADM,  &c.  are  so  many  similar  triangles. 

(b)  For  AF=GH=KL,  &c.;  and  FG,  HK,  LM,toc.  are 
equal  to  AB,BCt  CD,  &c. 

(c)  Since  AF=\AF,  and  bg^BG,  the  triangle  4/Y? 
:  triangle  AFG  ::  (4/x/j :  AFxJG  ::)  ^AFxiFG  :  AFx  FG 
::  1  :  4;  /.  the  triangle  -4/gis  only  J-  of  the  triangle  AFG,  and 
•o  of  the  rest.  Although,  therefore,  the  number  of  the  triangle* 
Afg,  gFG,  Ghk,  &c.  is  double  the  number  of  the  triangles  AFG, 
GHK,  KLM,  &c.  yet  since  Afg=\AFG,  gFG=\GHK, 
&c.  the  sum  of  the  former  will  be  only  half  the  sum  of  the  latter. 
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the  parallelograms  AG,  BH,  CK,  &c.  repre- 
sent the  spaces  described  in  those  equal  portions  of 
time,  and  the  parallelogram  AFL  E  the  whole  space 
described  in  the  time  represented  by  AE. 


2.  Suppose  now  that  a  body  moves  uniformly  as 
before,  during  the  equal  successive  portions  of  time 
represented   by  AB,  BC,  *[ 

CD,  &c.  but  at  the  end  of     , 

each  portion  of  time  re-  *"~ 


K 


M 


ceiVes  an  increase  of  velo-  c 
<%;  for  instance,  during 
the  time  AB  let  it  move  D 
with  a  velocity  represented  „ 
ty  AF,  during  the  time  O 

AC  with  a  velocity  represented  by  BH,  &c.  &c. ; 
complete  the  parallelograms  AFGB,  BHKC, 
&MD,  &c.  then  the  space  described  in  the  time 
AB  will  be  represented  by  the  parallelogram  AG, 
,n  the  time  BC  by  the  parallelogram  BK,  &c.  &c; 
aiw  the  whole  space  described  in  the  time  AE  by 
foe  irregular  Jigure  AFHLNOE. 


N 


3-  Let  us  next  suppose  that  the  body  receives 
9**'  increments  of  velocity  at  the  end  of  each 
,IUcCessive  portion  of  time,  so  that  during  the  second 
J^rval  of  time  it  moves  with  twice  the  velocity, 
^tig  the  third  interval  with  three  times  the  ve- 
rity, &c.  &c.    then  will  CK=2BG,DM=3BG, 
fc-   &e.    But  AC=2AB,  AD=3AB,  &c.  &c; 

k  ..AC 


i 


26       ASCENT  AND  DESCENT  OF  BODIES 

by  the  different  parts  of  the  triangle  AOE,  in 
such  manner  that  if  Ab9  AB,  Ac,  &c.  represent 
the  time  of  a  body's  motion,  and  tg9  BG,  ck,  &c. 
the  velocity  acquired,  then  the  space  described 
in  those  respective  times  will  be  represented  by 
the  triangles  Abg,  ABG,  Ack,  &c.  This  geo- 
metrical representation  for  the  space,  velocity,  and 
time j  fufoishes  us  with  a  very  easy  method  of 
investigating  the  relation  which  subsists  between 
them. 

6.  For  let  5=  the  space  described,  V—  the  velocity 
acquired  by  a  body  falling  from  rest  for  the  time  T; 
j  =  space  described,  v  =  velocity  required  at  any 
other  period  (t)  of  its  fall ;  then,  A 
from  what  has  already  been  de- 
monstrated, if  the  proportion 
of  T  :  t  be  represented  by  the 
lines  AB,  Ab,  and  the  pro- 
portion of  V  :  v  by  the  lines 
BC,bc,  drawn  at  right  angles 
to  them,  the  proportion  of  S  :  s 
will  be  represented  by  the  triangles  ABC,  Abe. 
Now  the  triangle  ABC  :  the  triangle  Abe  ::  AB* 
:  Ab\  or  as  BC* :  bc\  or  as  AB  x  BC  :  Ab  x  bcw. 

Hence 


(•)  For  the  right-angled  triangles  ABC,  Ale  are  to  each  other 
both  in  the  duplicate  ratio  of  their  homologous  sides  (by  Euc. 
6.  19.)  and  in  the  ratio  of  the  parallelograms  of  which  they  are 
respectively  halves. 
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Hence  S  is  ::  7*  :  t\  or  as  V* :  v*,  or  as  Tx  V 
:/xt/;  i.e.  the  spaces  described  by  bodies  falling 
from  rest  under  the  influence  of  gravity,  are  to  each 
other  as  the  squares  of  the  times  in  which  they  are 
described,  or  as  the  squares  of  the  last-acquired  velo- 
cities, or  as  the  times  and  last-acquired  velocities  con- 
jointly. As  equal  increments  of  velocity  are  gene- 
rated in  equal  times,  it  is  further  evident  that  the 
velocity  varies  as  the  time :  the  same  conclusion  may 
also  be  deduced  from  the  similar  triangles  ABCy 
Abe ;  for  EC \bc\\  AB  :  Ab,  i.  e.  V :  v  ::  T :  t. 

7-  Since  the  spaces  described  are  as  the  squares  of 
the  times  ;  if  a  body  falls  from  rest  for  times  which 
are  represented  by  the  numbers  1,  2,  3,  4,  5,  Seethe 
spaces  described  in  those  times  will  be  as  the  square 
numbers  1,4,  9,  16,  25,  &c. ;  and  the  spaces  de- 
scribed in  equal  successive  portions  of  time  will  be  as 
the  odd  numbers  1,  3,  5,  7,  9,  &c.  as  exhibited  in 
the  following  table. 


Times. 


1  . 

2  . 

3  . 

4  . 

5  . 
&c. 


Spaces  described. 


1 
,     4 

•     9 
.  16 

.  25 

.  &c. 


Spaces  described  in  equal  successive 
portions  of  time 


In  first  portion  of  time  .  .  1 

4-1   =3 

9-4  =5 

16-9  =7 

25-16=9 

&C.     =s&C. 


2d 
3d 
4th 
5th 
&c. 


8.  As  in  the  descent  of  a  body  the  force  of  gravity 
generates  equal  increments  in  equal  times,  so  in  its 

ascent, 
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ascent,  equal  portions  of  velocity  will  be  destroyed  in 
equal  times  :  if,  therefore,  a  body  be  projected  per- 
pendicularly upwards,  with  the  velocity  which  it  has 
acquired  in  falling  from  any  height,  it  will  rise  to 
the  point  from  which  it  fell,  before  it  begins  to 
descend  again.  The  spaces  described  in  equal  succes- 
sive parts  of  time,  by  a  body  thus  ascending, 
reckoning  from  the  beginning  of  its  motion,  will 
be  the  same  as  those  stated  in  the  foregoing 
table,  but  in  an  inverted  order:  thus,  if  the  time 
be  divided  into  four  equal  parts,  then  the  spaces 
described  in  the  descent  of  the  body  during  these 
equal  times  are  as  the  numbers  1,  3,  5,  7,  but  in  its 
ascent  they  will  be  as  7,  5, 3,1;  i.e.  the  space 
described  in  the  first  portion  of  time,  in  its  ascent, 
will  be  the  same  as  that  described  in  the  last  portion 
of  time,  in  its  descent,  8$c.  &c.  till  the  body  arrives  at 
its  highest  point. 


Q.  The  space  which  a  body  describes  from  rest  in 
any  time,  by  the  action  of  gravity,  is  half  that  which 
it  would  describe  in  the  same  time  with  the  last-ac- 
quired velocity  continued  uniformly.  A 
Let  the  triangle  AB  C  represent  the 
space  described  by  gravity  in  the 
time  AB,  and  BC  the  last-acquired 
velocity;  produce  AB  to  D,  making 
BD  equal  to  AB,  and  complete  the 
parallelogram  BCDE;  then,  if  a 
body    moves    for    the    time*  BD 
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(=zAB)  with  the  uniform  velocity  represented  by 
BC7  the  space  described  in  that  time  will  be  repre- 
sented by  the  parallelogram  BCDE;  but  the  tri~ 
angle  ABC  is  half  the  parallelogram  BCDE;  hence 
the  space  described  with  the  continually  increasing 
velocity  during  the  time  AB  is  half  that  which 
would  be  described  in  the  same  time  (BD)  with  the 
velocity    (BC)  continued    uniformly.     From  this 
also  it  follows,   that  if  a  body,  after  it  has  fallen 
from  rest    through   any  space,    should  then  pro- 
ceed on  uniformly  with  the  last-acquired  velocity, 
it  will  describe  twice  the  space  in  the  same  time 
as   that  in   which   it   has  fallen   to    acquire   that 
velocity^ 

10.  Instead  of  the  body's  beginning  to  fall  from 
rest,  suppose  now  that  it  was  projected  downwards 
with  a  given  velocity,  and  that  it  was  required  to  find 
the  space  described  by  it  in  some  given  time.  Let 
A  D  represent  the  given  velocity  of  projection,  and 

AB 


(*)  Since  the  space  described  by  a  body  falling  from  rest  as 
kotlf  that  which  it  would  describe  in  the  same  time  with  its 
greatest  velocity  continuecfuniformly,  and  since  a  body  projected 
perpendicularly  upwards  rises  to  the  same  height  as  that  from 
which  it  must  fall  to  acquire  the  velocity  of  projection,  the  space 
described  in  any  time  by  a  body  so  projected  is  half  that  which  it 
would  describe  in  the  same  time  with  its  first  velocity  continued 
uni/ormly. 
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AB  the  given  lime,  and  complete  the  right-angled 
parallelogram  ADEB ;  produce  BE  to  C,  and  let 
EC  represent  the  velocity 
generated  by  gravity  in  the 
time  AB  or  DE,  and  join 
DC.  Draw  any  line  be  at 
right  angles  to  AB,  cutting 
DE  ine;  then  it  is  evident 
that  be  will  represent  the 
whole  velocity  of  the  body 
at  the  end  of  the  time 
Ab  or  De ;  for  be  (=AD)  represents  the  uni 
velocity  with  which  it  began  to  move,  and  ec  repi 
sents  the  velocity  generated  by  gravity  in  the  time 
Ab  or  De.  The  parallelogram  ADeb,  moreover,  re- 
presents the  space  which  would  be  described  with 
the  uniform  velocity  (AD)  in  the  time  Ab,  and  the 
triangle  Dec  represents  the  space  described  by 
gravity  in  the  same  time.  Hence  the  whole  space 
described  in  the  time  Ab  by  the  body  thus  pro- 
jected, will  be  represented  by  the  figure  ADcb ; 
and  for  the  same  reason  the  space  described 
in  the  time  AB  will  be  represented  by  the  figure 
ADCB,  which  is  made  up  of  the  parallelogram 
ADEB  and  the  triangle  DEC.  The  space  described 
therefore  in  any  time  by  a  body  projected  down- 
wards with  a  given  velocity,  is  equal  to  the  space 
which  would  be  described+with  that  velocity  continued 
uniformly  for  that  time,  together  with  the  space 
through  which  a  body  would  fall  from  rest  by  the 


action  of  gravity  in  the  same  time. 


II.  We 
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1 1 .  We  have  already  observed,  thtft  if  a  body  be 
projected  perpendicularly  upwards  with  any  velocity, 
it  will  rise  to  the  same  height  from  which  it  must  fall 
to  acquire  that  velocity.   Let  BC  represent  the  given 
velocity  of  projection,  and  AB  the  time  in  which  it 
must  fell  from  rest  to  acquire  that  velocity;  draw  BC 
at  right  angles  to  AB,  and  join  AC,  then  the  triangle 
'ABC  will  represent  the    A 
space  through  which  the 
body  must  ascend  to  lose  all 
its  velocity.     In  AB  take 
any  point  b,  and  complete 
the  parallelogram  BCDb; 
then  will  be  represent  the 
velocity  of  the  body  at  the 
end  of  the  time  Bb  of  its  ascent,  and  cD  (  =*  bD  —  be 
=  BC-bc)  will  represent  the  velocity  destroyed  by 
gravity  in  the  same  time.    But  the  velocity  destroyed 
by  gravity  in  any  time  is  equal  to  the  velocity  gene- 
ratedby  gravity  in  the  same  time ;  hence  the  triangle 
CDc  will  represent  the  space  through  which  a  body 
would  fall  from  rest  in  the  time  CD  or  Bb.     Now 
the  figure  BCcb  represents  the  space  through  which 
the  body  would  ascend  in   the  time  Bb,  and  the 
parallelogram  BCDb  represents  the  space  through 
which  a  body  would  move  in  the  time  Bb  with  the 
velocity  BC  continued  uniformly;  but  the  figure 
BCcb  is  equal  to  the  difference  between  the  paral- 
lelogram BCDb  and  the  triangle  CDc ;  hence  the 
space  described  by  a  body  ascending  for  a,  given 
time  is  equal  to  the  difference  between  the  space 

which 


1 


* 

t 
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!  which  would  be  described  by  the  body  moving  unijbrm- 

Jr  ty  for  t^iat  t*me  with  the  velocity  of  projection,  and 
^"  [  the  space  through  which  a  body  would  fall  from  rest 

by  the  action  of  gravity  in  the  same  time. 

Having  thus  investigated  some  of  the  general 
principles  which  regulate  the  motion  of  bodies  de- 
scending   or  ascending    perpendicularly  near    the 
.'  surface  of  the  earth,  we  now  proceed  to  the  practi- 
cal application  of  them. 

VI. 

On  the  method  of  finding  the  actual  space, 
velocity,  and  time  of  bodies  descending  or 
ascending  perpendicularly  near  the  Earth9* 
surface. 

In  estimating  the  actual  motion  of  bodies  de- 
scending or  ascending  by  the  force  of  gravity,  it  is 
I  necessary  to  have  recourse  to  some  fixed  standard  of 

measurement  of  space  and  velocity.  Now  it  has 
been  ascertained,  by  the  most  accurate  experiments, 
that  a  body  falling  freely (a)  from  rest  describes  a 

space 

(*)   All    bodies    descending  or  ascending  near  the  surface 

of  the  earth  meet  with  more  or  less  resistance  from  the  air ; 

to  that,  strictly  speaking,  a  body  can  never  be  said  to  descend 

freely  but  in  the  exhausted  receiver  of  an  air-pump.    It  is  in  vacuo 

that  a  body  describes  l6~g  feet  in  a  second ;  the  conclusions,  there* 
fore,  deduced  in  this  section,  will  approximate  to  the  truth  only  in 
those  cases  where  the  resistance  of  the  air  bears  little  or  no  pro- 
portion to  the  weight  of  the  body. 


BY  THE  FORCE  OF  GRAVITY.  33 

space  equal  to  1 6— feet  in  the  Jirst  second  of  its  fall ; 
and  by  Art.  9.  Sect.  V.  a  body  so  falling  would  ac- 
quire a  velocity  which*  if  continued  uniformly,  would 
cany  it  over  32^  feet  (i.  e.  twice  the  space)  in  the 
same  time. 

1.  If,  therefore,  771=  l6~  feet,  m  will  express  the 

j/xzce  fallen  through  from-  rest  in  l",  and  2  m  will 

express  the  velocity  per  second  acquired  in  that  time. 

Let  S=  space  described  by  the  body  in  any  other 

time  T,   and  V  the  velocity  acquired ;  then,  since 

(by  Art.  6.  Sect.  V.)  the  spaces  are  as  the  squares  of 

the  times,  we  have, 

S :  in  ::  T* :  lf,  .-.  5=  m  T9,  and  7*  =  —  or  T=  ^ -. 
The  spaces  are  likewise  as  the  squares  of  the  velocities9 


mV*     V 


hence  £:**::  V*  \2m\*  (Am%  .\  S~  — ?=— -, 

J   N       '  Am      Am 

and   V*=AmS  or   V  =  2*JmS.     Again,  since  the 

time  varies  as  the  velocity ,  we  have    T :  1  : :  r:2f», 

jr 

.\    V=  2tfi  T,  and  T=  — — .  From  which  it  appears, 

2m  rr 

that  of  the  three  quantities  5,  T,  ^  any  ow*  being 
.  given,  the  other  two  may  be  found ;  for 

If  T  be  given,  then  S=mT>,  and  V=2mT. 

r*  v 

V 5=—  ,andT=— . 

Am  2m 

S T=J?  and^^V^S. 

p  Ex.  i. 


I 

t 
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Ex.  ]. 

A  body  has  been  falling  for  6  seconds ;  What  space 
has  it  fallen  through  in  that  time,  and  what  is  the 
velocity  which  it  has  acquired  ? 

Here    T=6,      .-.  S  =  mT2=  \6±x  36  =  579  feet, 

for  the  space  fallen  through  ; 

and     fr=2mT=32i  x  6=193  feet, 

o 

for  the  velocity  acquired  per  second. 

Ex.  2. 

How  far  must  a  body  fall  to  acquire  a  velocity  of 

50  feet  in  a  second ;  and  how  long  will  it  be  falling  ? 

jr*        2500         7500 

Here  r=  50,  .\S= — =~ — 7T\=- =38. 86  feet. 

9  Am     4  x  l6-       193 

V      j>0        300 

i  =^— =  rt^  1  =  • ——r  =  1  •  55  second*. 
1m     32g        193 

Ex.  3.. 

A  body  fell  from  the  top  of  a  tower  which  was 
1 50  feet  high ;  How  long  was  it  in  falling,  and 
what  velocity  had  it  acquired  when  it  got  to  the 
bottom  ? 

Here  S  =  1 50,  /.  T=  ** -*  =  **  —r  =  3 ,  05  seconds, 

and  T=  27^=2^,(^x150  =  98  .  22  feet  per 
second. 

Ex.  4. 

A   body  was  projected  perpendicularly  upwards 

with 
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vnth  a  velocity  of  100  feet  in  a  second  ;  How  far 
would  at  ascend  before  it  began  to  return  ? 

By  Art.  8.  Sect.  V.  the  height  to  which  the  body 
would  ascend,  is  equal  to  that  through  which  a  body 
must  fell  from  rest  to  acquire  the  velocity  of  pro- 
jection; Here  therefore  V~  100,  &  S  =  —  = 

4m     4xl6± 
30000  m  '  .        w 

=  155.4  feet. 


193 


Ex.  5. 


A  body  was  observed  to  fall  for  3  seconds,  and 
afterwards  to  move  uniformly  for  2  seconds  along 
the  horizon  with  the  velocity  which  it  had  acquired 
by  its  fall ;  .What  was  the  whole  space  described  in 
its  perpendicular  and  horizontal  motion  ? 

The  space  described  in  its  fall  =  771  T*=  1673X  9 

=  144$  feet.  The  velocity  acquired  =  2mT=  32  g  x  3 
=r  Q6%  feet  per  second ;  and  as  it  moved  along  the 
horizon  for  2  seconds  with  this  velocity,  it  must  in 
that  time  have  described  1 93  feet ;  hence  the  whole 
space  described  from  the  beginning  of  its  fall  to 
the  end  of  its  horizontal  tnotipn  is  144}+  193,  or 
337f  feet. 

2.  Since  the  spaces  described  in  equal  successive 
parts  of  time  (by  Art.  7  •  Sect.  V.)  are  as  the  odd 
numbers  1,  3,  5,  7,  9>  &c.^  and  since  the  space 

described 
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described  by  a  body  falling  from  rest  is  in  the  Jint 
second  m  feet,  the  space  described  in  successive 
seconds  will  be  m,  3  m,  5  m,  Tm,  Qm,  &c.  feet. 

Ex.  1. 

A  body  has  been  falling  for  5  seconds  ;  Compare 
the  spaces  described  in  the  third  and  fifth  seconds  of 
its  fall. 

The  space  described  in  the  third  second  =  5m  = 
5x  1 6-^  =  80-^5  feet;    the   space  described  in    the 
fifth  seconds Qm  =  9  *  1^=  144 f  feet. 

Ex.  2. 
A  body  had  fallen  through  579  &et ;  What  was 
the  space  described  by  it  in  the  last  second  ? 

We  must  first  find  the  number  of  seconds  for  which 
iUo  K^rKno  u^*>  r«n:««..  tvt^„t»     v  S     sf  579  _ 


m    .      i6-L 

19 


x/36 


193 

progression  is  1 1  m,  .'.  the  space  described  in  the  last 
second=  ll7»=  11  x  l6^=  176^  feet. 

3.  The  method  adopted  in  the  last  example  for 
finding  the  space  described  by  a  body  in  the  last 
second  of  its  fall,  is  only  applicable  when  the  time 
consists  of  a  determinate  number  of  seconds;  but  it 
is  not  difficult  to  investigate  a  general  expression 

for 
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for  the  space,  described  in  the  last  n  seconds,  what- 
ever be  the  value  of  T.  For  the  space  described  in  T 
seconds = m  T* ;  and  the  space  described  in  T—  n  se- 

conds=oi  x  7^-n\*=zmT2  -2mnT  +  tan* ;  hence 
the  space  described  in  the  last  n  seconds  =  wiTJ- 

mTi-2mnT+mn%i%)  =  2mnT-mn*  =  m.2nT-n*; 
if  ji=s  1 ,  then  the  space  described  in  the  last  second 

sm.271-  1. 

If  it  were  required  to  find  the  space  described  i  n 
the  second  immediately  previous  to  the  last  n  seconds, 
we  have, 

Space  described  in  last  n  seconds=w .  2  Tn—n*(A) 


Ditto  in  last  n  +  1  seconds=m.2T.a+i_;r+7]Y2*) 

Subtract  {A)  from  (B)9  then  the  space  described 
in  the  second  immediately  previous  to  the  last  n 

seconds  =  m .  2T—  In  —  1. 

Ex.  1. 

A  body  has  fallen  for   ]  0§  seconds ;  What  was 
the  space  described  in  the  last  second  of  its  fall  ? 

Here  T=10§,  .'.  m.iT-i  =  l6±x  20=321; 

feet. 

Ex.  2. 


(•)  For  the  space  described  in  the  last  n  seconds  is  equal  to 
tbe  difference  between  the  whole  space  and  the  space  described 
in  T—n  seconds. 
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Ex.  2. 

What  was  the  space  described  in  the  last  2  seconds 
by  a  body  which  had  fallen  from  the  top  of  a  tower 
300  feet  high  ? 

Here  X  =  (      —  =  )       r  =  4.3  seconds,  and 

V     m     /        16-L 

12 

n  =  2;  hence  ;».2nT- n*  =  1675X  17  .2-4  =  16— 
x  13.2  =  212.29  feet. 

Ex.  3. 

A  body  has  been  falling  for  9^  seconds  ;  What 
was  the  space  described  in  the  last  second  but  3  of 
its  fall  ? 

Here  T=9£  1    .-.  The  space  described  in   the 
n  =  3     J         second    immediately  previous 
to  the  last  3  seconds  =  m  .  2T—2n  —  1  =  16^  x  12 
=  1 93  feet. 

4.  We  must  next  find  the  space  described  in 
a  given  time  by  a  body  projected  upwards  or 
downwards  with  a  given  velocity.  Let  V=  the  given 
velocity  with  which  a  body  is  projected  downwards, 
and  T=the  time  of  its  motion;  then  the  space 
described  in  the  time  T  with  the  uniform  velocity 
f^will  be  equal  to  Tx  T,  and  the  space  through 
which  a  body  would  fall  by  gravity  in  the  same 
time  is  mT*;  hence,  from  what  was  shewn  in 
Art.  10.  Sect.  V.  the  space  described  in  the  time  T 
by  a  body  projected  downwards  with  the  velocity  V 

is 
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is  equal  to  Tx  F+mT* ;  and  applying  the  same 
process  of  reasoning  to  Art.  1 1 .  of  the  same  section, 
die  space  through  which  a  body  would  ascend  in  the 
time  T,  if  projected  upwards  with  a  given  velocity 
F, will  be  equal  toTxT- mT*. 

Ex.  l. 
A  body  is  projected  downwards  with   a  velocity 
of  30  feet  in  a  second;  How  far  will  it  fall  in  4 
seconds  ? 

Here  F=30l   .\  Tx  r+mT*  =  4  x  30+  16^  x 
T=4    J      16=120  +  2575=3775 feet. 

Ex.2. 

A  body  is  projected  upwards  with  a  velocity  of 
1 20  feet  in  a  second ;  How  far  will  it  rise  in  3 
seconds  ? 


Here  r=  120  1  .\  Tx  r-mT*=3  x  120-  16^ 


=  1201   .\TxF- 
=      3J  x  0  =  360- 


T=      3J  x  9  =  360-  144|  =  2I5£  feet. 

5.  We  shall  conclude  this  Lecture  with  a  few 
examples  of  a  miscellaneous  kind. 

Ex.  l. 
With  what  velocity  must  a  body  be  projected 
downwards  from  the  height  (a),  that  it  may  describe 
it  in  T  seconds  ? 

Let  x « the  velocity  required;    then    the   space 

described 
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described  by  a  body  projected  downwards  with 
velocity  (a:)  in  the  time  (T)   is  Tx  +  mT*;  hence 

Tx4*mT*=a,   .\  #  = — 71- -  •     F°r  instance,  let 

a=150,  and  T=2,  then  the  velocity  with  which 
a  body  must  be  projected  downwards  from  the  top 
of  a  tower  whose  height  is  1 50  feet,  so  that  it   may 

arrive  at  the  bottom  m  two  seconds,  is  ( — ?= — j 
lg       = ?  =  42-  feet  in  a  second. 


Ex.  2. 

The  space  described  by  a  heavy  body  in  the  4  th 
second  of  its  fall,  was  to  the  space  described  in  the 
last  second,  except  4,  as  1  to  3 ;  What  was  the 
whole  space  described  by  the  body  ? 

The  space  described  in  the  4th  second  =  7m; 
the  space  described  in  the  last  second  but  4 
(  =  m.2T-2n-l)  =m.2T-Q,  where  T=the 
whole  time  of  falling;  hence  from  the  question 
7m:  m.2T-9  -1:3,  .\  2T-9  =  21,  or  T=*  15  ; 
the  whole  space  described  therefore  (  =  wT8)=  1(5- 
x  225  =  3618$  feet. 

Ex.  3. 

Suppose  at  the  same  instant  that  a  body  begins 
to  fall  from  rest  from  the  point  (a),  another  body 

is 
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is  projected  upwards  with  a  velocity  which  wquld 
cany  it  to  A ;  It  is  required  to  find  the  point 
where  they  would  meet. 

Let  C  be  the  point  where  the  bodies  would  meet; 
ml  let  AB=a7  aB  =  b,   aC=*x;  then  will   fA 
Aa=a  —  b,  AC=?a  —  b  +  x.    Now  the  time  of 

descending  through  aC=y   — ■ ;  and  the  time 
of  ascending  through  BC  ( =  time  down  A B 

-time  down  ^Cr=V^-V^^^i 
bat  the  time  down  a  C  must  be  equal  to  the 

time  up  BC ;  hence  we  have,  4  _ 

\/*  —  \/^_  i/a  —  b  +  x 

or  aJx=  *fa  —  */a~b  +  x; 

and   a  —  b+x=a+x—  2< 

/.  2*/ax=b,  or  4ax*=b*,  and  #= 

Ex.  4. 

Suppose  a  body  to  have  fallen  from  A  to  B9  (Fig. 

in  page  42.)  when  another  body  begins  to  fell  from 

rest  at  (a)  ;  how  far  will  the  latter  body  fall  before 

it  is  overtaken  by  the  former  f 

Let 

(a)  F°r  the  t'me  of  ascending  through  DC = time  of  descending 
through  it  after  the  body  has  Men  from  A. 


ax 


Aa 


0, 


/. 


{.3:1,    a'*--    u.    a  -    :.  K. 


*.  •» 


■    f 


7  \\.  N    k. 


■  r* 


/■     -     -x      — 


■x   . 


..  [jL-<Vj 


t   -    s  :    '• 


/     „ 


J.  1/ 
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Let  C  be  the  point  where  one  body  overtakes  the 
other,   and  let  AB=a,    Ba  =  b,    aC  =  x;    then 

j4C=  a  +  b  +  x.      Now    time    down    a  C= 


s/± 


%a 


and  time  down  B  C=  time  down  A  C 

-  time  down  AB  =  \/a  +  b  +  *-  \/t .  but 

at    the    moment    when    the    lower  body  is 
overtaken, 

Time  down  a  C=  time  down  B  C, 

or  k/1  m y/Z+l±£ _  Jl . 

and  tf  +  a  +  2\/ale  =  a  +  £  +  tf, 

or  2va#=0,  .\  #=  —  . 


VII. 

Questions  for  Practice. 

1 .  When  a  body  has  fallen  from  rest  for  7 
seconds ;  what  space  has  it  passed  through,  and  what 
velocity  has  it  acquired  per  second  ? 

Answer  * .  £=  788—  feet ;  V=  225g  feet  per  second. 

2.  How  far  must  a  body  fall  to  acquire  a  velocity 
of  90  feet  in  a  second  ;  and  what  will  be  the  time  of 
it  falling? 

Ans.     5=  125  .  9  feet ;  and  T=  1 .  79  seconds. 

3.  A 

f 


1 
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3.  A  body  fell  into  a  well  which  was  250  feet 
deep ;  How  long  was  it  in  its  fall,  and  what  velocity 
had  it  acquired  at  the  end  of  it  ? 

Ans.  T=3  .  9  seconds;  ^=126  .  8  feet  in  a 
second. 

4.  A  body  is  projected  perpendicularly  upwards 
with  a  velocity  of  4Q  feet  in  a  second ;  How  far  will 
it  ascend  before  it  begins  to  return  ? 

Ans.     24 .  8  feet* 

5.  A  body  having  fallen  for  3£  seconds,  was  after- 
wards observed  to  move  along  the  horizon  (with 
the  velocity  which  it  had  acquired  in.iUdescent) 
for  24  seconds ;  What  was  the  whole   space  de- 
scribed by  the  body  from  the  beginning  of  its  fall  ? 

Ans.    47 8 i  feet,  very  nearly. 

6.  What  was  the  space  described  in  the  last  second 
by  a  body  which  had  fallen  for  7  seconds  ? 

Ans.     209^  feet. 

7.  A  body  has  fallen  from  the  top  of  a  tower  330 
feet  high ;  What  was  the  space  described  by  it  in 
the  last  3  seconds  ?         Ans.     291 .  3  feet. 

8.  Suppose  a  body  to  be  projected  downward* 
with  a  velocity  of  17  feet  in  a  second;  How  far  will 

it  fall  in  5  seconds  ?        Ans.     487-^  feet. 

3.  A 
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Q.  A  body  is  projected  upwards  with  a  velocity  of 
55  feet  in  a  second  ;•  How  far  will  it  rise  in  2 
seconds  ?  Ans.    45-  feet. 

3 

10.  With  what  velocity  must  a  stone  be  projected 
into  a  well  350  feet  deep,  that  it  may  arrive  at  the 
bottom  in  4  seconds  ? 

Ans.     V*=.  23^  feet  in  a  second. 

o 

11.  Upon  a  steeple  150  feet  high,  is  a  spire  of 
40  feet;  at  the  same  instant  that  a  stone  was  let 
fall  from  the  top  of  the  steeple,  another  was  pro- 
jected perpendicularly  upwards  from  the  bottom  of 
it,  with  a  velocity  sufficient  to  carry  it  to  the  top  of 
the  spire ;  At  what  point  will  these  stones  meet  ? 

Ans.    2Q  .  6.  feet  from  the  top  of  the  steeple. 

12.  Upon  the  top  of  a  tower  200  feet  high,  is 

placed  a  flag-staff  of  TJ  feet ;  a  bullet  is  let  fall  from 
the  top  of  this  flag-taff;  and  at  the  instant  of  its 
passing  the  bottom  of  it,  a  stone  is  let  fall  from  a 
window  45  feet  from  the  top  of  the  tower  ;  At  what 
distance  from  the  bottom  of  the  tower  will  the 
bullet  overtake  the  stone  ? 

Ans.    136  .  25  feet. 
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Lecture  III. 

ON  THE 

COMPOSITION  AND  RESOLUTION  OF  MOTION. 

•  • 

Is  the  two  preceding  Lectures  we  have  only  con* 
adored  the  motion  produced  in  bodies  by  the  action 
of  a  single  force.     We  now  proceed  to  shew  the 
manner  in  which  a  body  would  move  when  acted 
opon  at  the  same  time  by  several  forces. 

VIII. 
Oh  the  Composition  of  Motion. 

WVten  a  body  is  acted  upon  at  the  same  time  by 
two  or  more  forces  whose  directions  are  not  in  the 
tame  straight  line,  it  is  evident  that  it  will  deviate 
from  the  course  in  which  it  would  have  moved  by 
die  single  action  of  either  of  those  forces,  and  will 
proceed  in  some  intermediate  direction.  Let  us 
first  consider  the  case  of  a  body  acted  upon  by 
tmo  forces. 

1.  Suppose  a  body  placed  at  A  to  be  acted  upon 
by  two  forces,  one  of  which  would  cause  i  t  to  move 
uniformly  over  the  line  AB>  and  the  oth  er  over  the 

line 
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line  AC  in  the  same  given  time,  then  complete  the  \ 
parallelogram  A  CDS ;  and  if  both  forces  act  at  the 
same  instant  upon  the  body,  it  will,  by  their  joint 
action,  move  uniformly  over  the  diagonal  AD  in  the 
same  time  that  it  would  have  described  either  of  the 
sides  AB  or  AC  by  the  forces  acting  separately.  For  * 
if  we  attentively  consider  the  manner-in  which  these , 


forces  act,  it  is  evident  that  the  force  which  acts  in 
the  direction  AB  can  have  no  tendency  whatever  to 
prevent  the  access  of  the  body  towards  the  line  CD 
which  is  parallel  to  AB.  When  both  forces  act 
together,  therefore,  it  will,  by  the  action  of  the  force 
in  direction  ACy  arrive  at  the  line  CD  (but  in  a 
different  point  of  that  line)  in  the  same  time  as  if 
the  force  in  direction  AB  had  not  acted ;  for  the 
same  reason,  the  force  in  direction  AC  will  have  no 
tendency  to  prevent  the  access  of  the  body  towards 
BD  which  is  parallel  to  AC;  it  will  arrive  therefore 
at  the  line  BD  in  the  same  time  as  if  the  force  h» 
the  direction  A  C  had  not  acted.  Hence  the  body 
will  arrive  at  the  lines  CD  and  BD  at  the  same 
instant  of  time,  and  consequently  will  be  found  at 
their  common  intersection  D;  and  as  the  body,  after 

it 
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it  lesces  the-  point  A,  is  acted  upon  by  no  external 
forc^  it  must,  by  the  first  law  of  motion,  have 
dented  the  diagonal  AD  with  an  uniform 
motion. 

1  As  this  motion  of  a  body  in  the  diagonal  df  a 
parallelogram,  by  the  joint  action  of  two  forces  which 
(acting  separately)  would  have  caused  it  to  describe 
ike  two  sides,  is  a  fundamental  theorem  with  respect 
to  the  composition  of  motion,  it  may  be  worth  while 
to  consider  it  in  another  point  of  view.  Let  the  lines 
AC,  AB  be  divided  into  the  same  number  of 
4  mail  equal  parts,  A  a,  ab,  be,  &c. ;  Ad,  de,  ef,  &c. 


which  will  be  to  each  other  as  the  whole  lines  AC, 
AB,  i.  e.  Aa  :  Ad  : :  AC  :  AB ;  ah  :  de  : :  AC  : 
AB;  &c.  and  consequently  Aa  +  ab  (Ab)  :  Ad  +  de 
{Ae)  :  i  AC :  AB  ,•  &c,  &c. ;  if  therefore  the  parallelo- 
grams Adga,  Aekb,  &c.  be  completed,  then  (by 
Enc.  6.  26.)  the  points  g,  h9  m,  &c.  will  all  fall  in  the 
diagonal  AD.  Now  since  AC}  AB  are  described 
airifo  rmly  in  the  same  time,  the  proportional  parts 
A  a,  Ad ;  Ab,  Ae,  &c.  will  be  described  uniformly 
in  tbfe    same  time.     From  what  has  already  been 

demon- 
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demonstrated  therefore,  at  the  end  of  those  differen 
parts  of  time  the  body  will  be  brought  to  the  point! 
g,  k,  m,  &c.  by  the  united  action  of  the  forces  whid 
would  have  separately  made  it  move  over  Aa,  Ad 
Ab,  Ae,  &c.  Let  the  number  of  parts  into  whic! 
AC,  AB  are  divided  be  indefinite,  then  the  number 
of  points  g,  k,  m,  &c.  will  be  indefinite,  and  the  lii 
Ag,  gk,  km,  &c.  will  be  indefinitely  small;  the 
body  therefore  will  begin  to  move  in  the  line  Ag 
and,  being  .found  at  the  end  of  each  successive 
instant  of  time  in  the  line  AD,  it  must  have  move( 
over  that  line  with  the  uniform  velocity  with  whirl 
it  set  off". 


3.  From    hence    it  follows,  that    if  a  body   b<= 
acted    upon   by  two  forces,  one  of  which  woul« 
cause   it   to   move    uniformly  over  the  side  Ad. 
and  the  other  over  the  side  CD,  of  the  triangtB. 
ACD,  then,  by  the  joint  action  of  those  forces, 
would  be  made  to  describe  the  third  side  AD  in  th» 
same  time  that  it  would  have  described  either  of  uV» 
sides  A  C,  CD  by  the  forces  acting  separately.     F<7 
if  the  parallelogram  ACDB  be  completed,  then 
since   AB   is  equal  and  parallel   to   CD,  a  fore* 
acting  in  the  direction  AB  would  make  a  bod 
describe  AB  in  the  same  time  as  that  in  which  i 
would  describe  CD;  but  by  what  has  already  beea 
proved,  if  two  forces  act  upon  a  body  by  one  o 
which  it  would  be  made  to  describe  AC,  and  by  the 
other  A B,  in  the  same  time,  it  would  by  the  joint 

action 
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tctioo  of  these  forces  be  made  to  describe  the 
diagonal  AD,  which  is  the  third  side  of  the  triangle 
JCD. 

4.  Let  us  next  suppose  a  body  placed  at  A,  and 
acted  upon  by  three  forces,  by  one  of  which  it  would 
he  made  to  describe  AB,  by  another  AC,  and  by 
the  third  AD,  uniformly  in  the  same  time  ;  com- 
plete the  parallelogram  ABEC9  and  join  AE ; 
complete  also  the  parallelogram  AEFD,  and  join  AF; 
then  AF  will  be  the  line  over  which  the  body  will 
more  uniformly  by  the  joint  action  of  those  forces, 
in  the  same  time  in  which  it  would  have  described 
4B,  AC  or  AD  by  either  of  the  forces  acting 
■eparately.  For  by  B 

Aril,  a  body  acted 
upon  by  two  forces 
in  directions  AB, 
ACwovAd  be  made 
to  describe  the  di- 
agonal^; a  body 
pfecedat^  there- 
foe,andactedupon  D 

by  three  forces  in  directions  AB,  AC,  AD,  is  under 
«ie  same  circumstances  as  if  it  .was  acted  upon  by 
Aw  forces,  one  of  which  would  make  it  describe  AE, 
md  the  other  AD,  in  the  same  time-,  but  the  line 
(Pier  which  a  body  would  move  uniformly  by  the 
action  of  two  forces  in  the  directions  AE,  AD  is 
the  diagonal  AF ;   AF  therefore  is  the  line  over 
which    it    would    move    uniformly   by    the   joint 

h  action 
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action  of  the  three  forces  in  the  directions  Ai 

AC,  AD. 

5.   Since   BE    is    equal    and    parallel  to   A\ 
(Fig.  in  page  4Q.)   and  EF  equal  and  parallel 

AD,  it  follows,  (for  the  same  reason  as  in  Art,  3 
that,  "  if  a  body  be  acted  upon  by  three  force 

each  of  which  acting  separately  would  make  it  d 
scribe,  in  succession,  the  three  sides  AB,  BE,EF< 
the  figure  ABEF,  taken  in  the  order  of  the  lette 
"  A,  B,  E,  F;  it  would  by  the  joint  action  of  tho 
"  forces  be  made  to  describe  the  fourth  side  A F 
"  the  same  time  that  it. would  have  described  eitb 
"  of  those  sides  when  the  forces  act  separately ."  ( 
in  general,  "  if  a  body  be  impelled  by  any  number 

"  forces  which,  acting 


€€ 

a 


"  separately,  would,  in 
"  a  given  time,  make  it 


"  describe  each  of  the 
"  sides  *4B,  BC,  CD, 
"  DE  of  the  polygon 
"  ABCDE;  when  all 
"  those  forces  act  at  the 
"  samf  instant,  it  will 
"  be  made  to  describe 
"  the  remaining  side  AE  in  the  sam^  given  time. 

6.  By  the  •  second  law  of  motion   the  space  t 
scribed  is  proportional  to  the  force  impressed ;  in 
these  cases,  therefore,  the  spaces  respectively  c 
scribed  by  the  body  will  represent  the  quantity  a 
direction  of  the  forces  by, which  it  is  impelk 

Th 
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Tkos(seeFig.  in  Art.  1.)  if  the  quantity  and  di- 
ritfo  of  two  forces  be   represented  by  the  two 
*k$JB,AC  of  the  parallelogram  ACDB,  the  di- 
qnalJD  will  represent  the  quantityand  direction 
of  a  force  equivalent  to  them  both;  or  if  the  two  sides 
JCjCDofthe  triangle  A  CD  represent  the  quantity 
ad  direction  of  two  forces  acting  at  the  same  time 
tjpQQ  a  body,  the  third  side  AD  will  represent  a 
fat  equivalent    to   them    both.     With   respect 
also  to  the  forces  by  which  a  body  is  made  to 
dacrihe  the  sides  AB,  BC,   CD,  DE9  of  the 
tygon  ABCDE  (Fig.  in  Art.  5.)  ;  if  AB,  BC, 
CDyDE  represent  the  quantity  and  direction  of 
icveral  forces  acting  at  the  same  instant  upon  a 
body,  the  remaining  side  AE  will  represent  the  quan- 
tity and  direction  of  a  force  equivalent  to  them  all. 

7.  Since  the  lines  which  represent  the  proportion 

of  the  forces  in  these  different  figures  are  described 

ro  the  same  time,  and  since  the  velocity  of  a  body  is 

proportional  to  the  space  described  in  a  given  time, 

fese  lines  will  also  represent  the  proportion  of  the 

velocities  with  which  they  are  respectively  described. 

Thus  (Fig.  Art.  1 .)  tlie  velocity  with  which  the  diagonal 

AD  is  described  :  velocity  with  which  either  of  the 

tides  AC  or  AB  is  described:: AD  :AC  or  AB; 

^d  in  the  case  of  the  polygon  in  Art.  5,  the  velocity 

wh  which  the  side  AE  is  described  :  velocity  with 

»fccA  either  of  the  sides  AB,  BC,  CD,  or  DE  is 

Scribed  ::AE:  AB,  BC,  CD,  or  DE. 

8.  Hitherto 
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8.   Hitherto    the   forces    have    been    supposed 
to   be  such  as    by   their  separate ,  action    would 
produce    uniform    velocities ;     in    which    case,    a*  ■ 
body,  by  their  joint  action,  will  be  made  to  de- 
scribe a  straight  line   with  an  uniform   velocity*  . 
But    if   two   forces  act  upon  a  body, .  by  one  of 
which  it  would  be  made  to  describe  a  straight  line  * 
with  an  uniform  velocity,  and  by  the  other  with 
a  variable  velocity,  then   the  body,  by  the  united  , 
action  of  those  forces,  will  neither  describe  a  straight 
line,  nor  will  it  move  with  an  uniform  velocity  ;  but 
will  describe  with  a  variable  velocity  some  curve 
line,  the  form  of  which  must  be  determined  from 
the  particular  nature  of  the  two  forces  which  act 
separately  upon  the  body.     Let  us  take  the  case  of 
a  body  projected  obliquely  at  the  earth's  surface,  on . 
supposition  that  it  meets  with  no  resistance  in  its 
passage  through  the  air. 

9.  Conceive  a  body  to  be  projected  from  the  point 
P,  in  the  direction  PN,  with  such  a  velocity  as 
would  carry  it  uniformly  over  the  line  PN  in  the 
same  time  that  it  would  N 
descend  by  the  force  of 
gravity  through  the  space 
P  V<  Complete  the  paral- 
lelogram PNQF;  then  for 
the  same  reason  as  in  Art.  1, 
the  body  at  the  end  of 
that  given  time  would  be 
found  in    the  point   Q ; 
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ha%  described  not  the  diagonal  PQ,  but  some 
emetine  POQ.    In  PN  take  any  point  Af,  and  let 
7J/ represent  %he  times  of  describing  PN,  PM 
Topectively ;  make  PL  equal  to  the  space  through 
which  a  body  would  fall  by  gravity  in  the  time  (*), 
mi  complete  the  parallelogram  PMOL;  then  0 
will  be  the  place  of  the  body  at  the  end  of  the  time 
(i) ;  and  in  the  same  manner  the  other  points  of 
the  cane  POQ  might   be   determined.      Now 
since  PN  is  described  with  an  uniform  velocity, 
PN.PM.i  Tit,  .\PN*:PM* ::  T»:*tt;    and 
jince  NQ,  MO  are  the  spaces  fallen  through  by 
gnrity  in  the  time  T,  *,  (by  Art,  6.  Sect.  V.)  NQ  : 
MOz:T*:l%;   hence  NQ  :  MO  ::  PN9 :  PM\ 
or  the  curve  is  of  such  a  nature,  that  MOocPM*, 
which  (by  Prop.  9.  Lect.  2.  Con.  Sect.)  is  the  pro- 
perty of  the  Parabola.    The  curve  POQ,  there- 
fore, is  a  parabola  whose  diameter  is  P  V,  ordinate 

Q  Vy  and  whose  parameter  to  the  point  P  is  ^5-77 (%) 

or  (since  PiV=  Q^i  being  opposite  sides  of  a  parai- 

PN* 
lelogram)  -^r. 

10.  If  it  be  required  to  find  the  dimensions  of 
the  parabola  thus  described,  produce  VP  upwards 
towards  O,  and  make  the  angle  NFS  equal  to  the 

angle 


(*)  By  Cor.  to  Prop.  8  of  Parabola,  parameter  xPF^QP*, 
.-.  parameters:  py-  • 


.^" 
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PN\ 


angle  NPG{h)i  take  PS  equal  to  -£ff>  and5  will  Be 
Qiefocus.  Through  n 
S  draw  AZ  parallel 
to  PV,   then  AZ 
will  be  the  axis  and 
A  the  vertex  of  the 
parabola.     Let  fall  q 
the    perpendicular 
SY  upon  the  tan- 
gent PN,  then  SP 
:  SY  ::  rad.  :  sin. 
Z-SPy;  and  if  rad. 
=  1,    SY=SPx 
sin.  Z-5PK     By  Prop.  12.  of  Parabola,  SP  :  ST 

SY* 
::  ST:  SA,  .\  SA^-^p  =i  the  latus-rechm,  fron 

which  the  latus-rectum  itself  is  known,  and  ponr 
sequently  the  dimensions^  of  the  parabola. 


i 


#i 


1 1 .  It  only  now  remains  to  find  the  velocity  of 
the  projectile*  Suppose,  therefore,  that  the  body  is 
in  the  act  of  describing  the  parabola  OPA,  and  that 

it 


(b)  Since  PN  is  parallel  to  the  ordinate  Q  F,  it  is  a  tangent  to 
the  parabola  in  the  point  P,  and  (by  Prop.  2.  of  the  Parabola)  the 
tangent  bisects  the  angle  GPS. 

(e)  By  Prop.  6.  of  Parabola,  4SPxPV=QV%,  .\  5P  = 
QF*_PN* 

4Pf~  APK 


AXD  RESOLUTION  OF  MOTION.  55 

it  s  trrived  at  the  point  P.     Draw  PV  perpendi- 
cak  to  the  horizon,  and  PN  a  tangent  to  the 
pnbola  in  P.   Let  PFbe  the  space  through  which 
J  My  must  fall  from  rest  by  the  force  of  gravity  to 
jqaire  the  velocity  which  it  has^in  the  curve  at  P, 
sod  take  PN  equal  to  the  space  which  it  would 
describe  in  the  same  time  with  that  velocity  cm- 
timed  uniformly  ;  then  (by  Art.  9.  Sect.  V.)  PN= 
IFF.     Complete  the  parallelogram  PNQV,  and 
since  IfQ  (  =  PV)  is  the  space  through  which  the 
body  mast  fall  by  the  force  of  gravity  in  the  same 
time  that  it  would  move  uniformly  over  PN,  Q  is  a 
point  in  the  parabola.     Now,  by  the  property  of  the 
pnbo]*,  4SP x  P F=Q r*=PN*=(8ince  PN= 
aPF)  APF*9  /.(dividing  by  APV)  SP  =  PF; 
hence,  since  PV\%  equal  to  SP,  the  velocity  in  any 
point  P  is  such  as  a  body  would  acquire  in  falling 
from  rest  through  (SP)  i.  e.  through  one  fourth 
part  of  the  parameter  to  the  point  P.     The  velo- 
city at  the  vertex  A  is  therefore  such  as  a  body 
a  would  acquire  in  falling  through  \th  the  latus-rectum. 

The  sublet  of  projectiles  will  bo  rcoumed  m  the 
Sixth  Lecture.  I  shall  now  endeavour  to  illustrate 
this  theory  of  the  Composition  of  Motion  by  a  few 
plain  examples. 

Ex.  1 . 

A  body  is  acted  upon  at  the  same  time  by  two 
forces  which  are  to  one  another  as  a  :  i,  and  their 
directions  are  inclined  to  each  other  in  the  given 

angle 
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angled;  what  is  the  magnitude  of  the  compou 

force? 

r 
Let  AC  :  AB  represent  the  ratio  of  a  :  b>  awl 

let  BAC  be  equal  to  the  given  angle  A.    Complete 

the  parallelogram  ABDC,  then  AD  will  represent 


A  B 

the  compound  force.  Since  CD*=AB,  AC :  CD  :: 
a  :  b;  and  since  CD  is  parallel  to  AB,  the  angles 
BAC,ACD=lQO>, .-.  A  CD=  180° -LA$  hence 
the  problem  is  reduced  to  the  finding  trigonometric 
cally  the  third  side  AD  of  the  triangle  ACD9  in 
which  are  given  the  two  sides  A  C,  CD,  and  the 
included  angle  A  CD. 

Let  AC:  AB::  2  :  3,  and  LA^Qcf,  .\  L-ACD 
=  120°;  then  (Trig.  Sect.  XXVIII.  Case  3.)  5  :  I  :: 

tan.  30° :  tan.  \CAD-\CDA  =  J  tan.  30°;    .\  log. 

tan. \CAD-  \CDA  =  log.  tan.  30°  -  log.  5  « 
9 .  0624694  =  log.  tan.  6°  34';  hence  L*CAD  = 
36°  34',  and  LCDA  =  23°  26',  and  as  sin.  29° 26' 
(CDA) :  sin.  A  CD  (120°)  ::  AC  (a)  :  AD=A.  35, 
i.  e.  if  two  forces  which  are  to  each  other  as  3  :  2 
act  upon  a  body  at  an  Z.of  6(f9  the  compound  force 
will  be  proportional  to  4 .  35. 

This 
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This  method  likewise  applies  to  the  finding  the 
iragn/tade  of  the  force  compounded  of  any  number 
of  forces  whose  quan- 
tises and  directions  are 
^presented  by  the  sides 
of  the  given   polygon 
JBCDE.    For  since 
AB,    BC    and     the 
LABC  are  given,  AC 
and  the  L.BCA  may 
be  /bund;  but  L.  ACD 
=  LBCD-  L.BCA, 
.'.  AC,  CD  and   Z_  ACD  are  known,  from  which 
A Dan&L.ADE may  be  determined;  and  in  the  tri- 
angle ADE  we  have  AD,  DE,  and  the  LADE, 
.*.  AE\%  known. 

Ex.  1. 
Two  force§  at  right  angles  to  each  other  act  upon 
a  body  ;  by  one  of  them  it  would  be.  made  to  move 
over  4  yards,  and  by  the  other  3  yards,  hi  the  same 
time  ;  What  space  would  it  move  over  in  that  time 
by  the  joint  action  of  these  forces  ? 

Here  let  AB  or  CD=4,  AC±3,  and  L.BAC 
=  9^;    then  AD*=AC*+-  C  D 

CD*      (47..  1),      .-.  AD  = 
V AC*  +  CZ>*=  ^/9+  16  = 

25  =  5  ;  the  body  would 
therefore  move  over  5  yards 
by  the  joint  action  of  the  two 
forces. 


4 
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Ex.  3. 

Two  equal  forces,  whose,  directions  form  an  L- 
of  60°,  act  at  the  same  time  upon  a  body;  What  kg* 
the  proportion  of  the  compound  force  ? 

Let  AC-  AB,  then  ABDC  is  a  Rhombus ;  Bad 
as  the  LB  AC-  c  '      * 

6tf>,  the  LACD 
must  be  equal  to 
120°;  consequent- 
ly each  of  the  JL% 
CAD,  CD  A,  are 
30%  ACD  being 
an    isosceles    tri-^ 

angle.     Hence  AD  :  AC  ::  sin.  120°  (or  sin.  6(f) 
:  sin.  30° ::  cos.  30°  r  sin.  30° ::  (for  sin.  3(f—£  red. 

=  f,    if    radius=l)    >/T-£   :  \  ::       —  #-  £  :s 

2  • 

Ex.  4. 

A  body  is  acted  upon  at  the  same  time  by  three 
equal  forces ;  the  second  forms  a  right  angle  with 
tl\e  first,  and  the  third  forms  an  angle  of  45°  wit!} 
the  second  ;  What  is  the  relative  magnitude  of  the 
compound  force  ? 

Let  AB  -AC-  AD,  L  BA  C-gcf,  and  L 

CAD  =  45° ;  complete  the  parallelogram  ABEC3 
and  draw  the  diagonal  AE;  complete  the  pa- 
rallelogram A  E  F  D,  and  draw  the  diagonal 
AF;    then  AF   will  be   the  force  compounded 

•f 
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of  tie  three.    Since^5  =  BE=EC=  AC,  the 

UgacJB EC  is  ^square, 

.'.LEAC=  45°;  but 
LCJD^Ab",  /.whole 
LEJD=QOPi  hence 
LAEF-gcf.  NowAE* 
^ABt+BEt=2ABt, 
*aAAF,=  AEt+EFt 
=AEt+JD'=2ABt+ 

AB*(forAE*=2ABt  and  AD  =  AB)  =  3AB*i 
btaxAF*  :  AB* ::  3  :  1,  or  AF :  AB  ::  ^/i  :  1. 

Ex.  5. 
A  body  is  projected  with  a  velocity  of  32  feet  in  a 
second,  in  a  direction  making  an  angle  of  60°  with 
a  line  drawn  perpendicular  to  the  horizon ;  It  is  re- 
quired to  find  the  latus  rectum  of  the  parabola 
which  it  describes,  and  its  velocity  at  the  vertex. 

By  Art.  9.  Sect.  V.  a  body  falls  through  16  feet  to 
acquire  a  velocity  ofN 
32   feet  per  second, 
.and  by  Art.  11.  of  the 
present   section,    the 
velocity  in  any  point 
of    the     parabola    is 
equal  to  that  which  it 
would  acquire  in  fall- 
ing through  £tbpart 
of  the  parameter  to 
that  point;  hence  SP, 


or 
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or  £th  of  the  parameter  to  the  point  P,  is  equal  to 
16  feet.     Make  therefore  the  angle  SPY^GPT^ 
=  60°,  and  take  PS=  16  ;  then  S  will  be  the  focm 
of  the  parabola.  No\v&P(l6)  :  SY::  rad.  :  sin.  6cf 


1  :  V  |«,    .-.  SY=8^3  ;    but  SP  (l6)    :   5F  , 

(8^3)::  SY  (8^3)   :   &rf=-^r  =  12,  or  fate* 

rectum  =  48;  and  the  velocity  at  the  vertex  -^=» 
velocity  acquired  in  falling  through  5^=  velocity 
acquired  in  falling  through  1 2  feet  =  velocity  of  24 
feet  per  second. 


IX. 

On  the  Resolution  of  Motion. 

In  the  preceding  section,  we  have  shewn  how  a 
number  of  forces,  whose  quantities  and  directions 
are  given,  may  be  combined  into  a  single  one  acting 
in  some  given  direction  ;  from  which  it*  evidently 
follows,  that  the  motion  of  a  body  in  any  given 
direction  may  be  considered  as  resulting  from  the 
united  actions  of  several    forces   bearing  certain 

given 


(•)  See  Ex.  3.  of  this  Section. 
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given  relations  to  each  other,*  as  to  quantity  and 
(faction,  as  will  appear  from  the  following  investi- 

J.  Let  AB  represent  the  quantity  and  direction 
of  some  given  force ;  draw  any  lines  AD,  AC,  and 
join   DB,    CB;  D 

complete  also  the 
parallelograms 

ADBE,ACBF. 
Since  AB  is  the 
diagonal  of  two  pa- 
rallelograms whose 
adjacent  sides  are 
respectively  AD, 
AE,  and  AQ  AF, 
it  may    (by  Art.  ] .  Sect.  VIII.)  be  considered  as 
resulting  from  the  composition  of  two  forces  whose 
quantities  and  directions  are  represented  either  by 
AD,AE,orAC,AF,  i.e.  by  AD,  DB,  or  AC,  CB; 
it  is  evident,  therefore,  that  a  given  force  AB  may 
be  resolved  into  as  many  pairs  of  forces  as  there 
can  be  triangles  described  upon  a  given  right  line 
AB,  or  parallelograms  about  it.     And  as  the  forces 
represented  by  AD,  DB,  or  AC,  CB,  may  also  be 
resolved  into  other  pairs  of  forces,  it  appears  that, 
by  proceeding  in  the  same  manner  with  the  succes- 
sive resulting  forces,  a  given  force  may  be  resolved 
into    an  unlimited  number  of  others  acting  in  all 
possible  directions. 

2.  But 
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2.  But  the  number  of  these  forces  will  be  limited; 
when  the  resolution  of  the  given  force  takes  place 
under  certain  restric- 
ting    circumstances. 
For    instance,    if  it 
were  required  to  re- 
solve a  given    force 
A  B    into    different 
pairs  of  forces  which  4 
should  always  act  at 

right-angles  to  each  other  ;  then  upon  AB  describe 
a  semicircle,  th^n  the  number  of  pairs  of  forces  into 
which  the  given  force  can  be  resolved  will  be 
limited  to  the  number  of  triangles  ADB,  ACB, 
&c,  which  can  be  described  upon  the  base  AB,  and 
have  their  vertices  in  the  semicircumference^Z)CjB; 
for  besides  these,  no  other  right-angled  triangle  can 
be  described  upon  the  right  line  AB.  Or,  if  it 
were  required  to  resolve  a  given  force  AB  into 
different  pairs  of  forces  which  should  always  act  at 

some  given  angle  to 
each  other,  then  upon 
AB  (Euc.  33.  3.)  de- 
scribe a  segment  of 
a  circle  which  shall 
contain  an  angle 
equal  to  the  given  ^ 
angle,  and  the  number  of  pairs  of  forces  into  which 

the  given  force  can  be  resolved  will  be  limited  to 

th« 
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the  number  of  triangles  which  can  be  described 
open  the  base  A  B,  and  have  their  vertices  in  the 
cnjmiference  ADCB  of  that  segment. 

3.  The  number  of  pairs  of  forces  into  which  a 
giten  force  may  be  resolved,  so  that  the  sum  of  the 
resolved  forces  should  be  equal  to  a  given  quantity, 
is  determined  by  making  — *jtr 

AB  the  distance  between 
the  foci  of  an  ellipse  whose 

major  axis  MN  is  equal  to  N   A  b     M 

the  sum  of  the  lines  which  represent  the  two  forces 
into  which  the  given  force  AB  is  to  be  resolved. 
For  in  this  ellipse  take  any  points  Z),  C,  &c.  and 
join  BD,  DA;  BC,  CA,  &c;  then  by  the  property 
of  the  ellipse  BD  +  DA,  BC+  CA,  ami  are  all 
equal  to  the  major  axis  MN;   the  number  of  pairs 
of  forces,  therefore,  into  which  AB  may  be  resolved, 
so  that  the  sum  of  the  resolved  forces  shall  be  a 
given  quantity,  is  limited  to  the  number  of  triangles 
which  can  be  described  upon  AB,  and  have  their 
vertices  in  the  semi-elliptic  arch  NDCM.     If  it 
were  required  to  re- 
solve AB  in  such  a 
manner  that  the  dif- 
ference of  the  resolved 
forces    should    be    a 
given   quantity,  then 
make  A>  B>  the  foci 
of  an  hyperbola  whose  major  axis  MN  is  equal  to 

that 
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that  given   difference,    and  the  vertices    of    the  • 
triangles  whose  sides  represent  the  resolved  forces 
would  be  found  in  the  curve  of  that  hyperbola. 

Ex.  1. 
A  given  force  (a)  is  required  to  be  resolved  into 
different  pairs  of  forces  which  shall  act  at  an  angle 
of  45°  to  each  other;  What  is  the  radius  of  the  '. 
circle,  whose  segment  shall  limit  the  number  of 
the  resolved  forcoteccording  to  Art.  2  ? 

Let  AB  =  a,  and  upon  AB^  describe  the  segment 
of  a  circle  which  shall  &  _ 

contain  an  angle  ADB 
of  45°  ;  then  since 
ADB  =  45°,  the  angle 
ACB  at  the  cjnter  = 
90°  (Euc.  20.  3.);  hence 
(47.  l.)  AB*  =AC* 
+  CB*=2AC*  (for 
AC=  C B),    .-.  AC' 

=*— -  —  =  —  9  and  the  radius  AC—  — t=- 
22  of2 

Ex.  2. 
To  determine  the  radius  of  the  circle  when  AS 
is  required  to  be  resolved  into  pairs  of  forces  acting 
at  any  given  angle  A. 

Let  AB  =  a,LADB  =  A;  find  center  C,   and 
join    CA,   CB;    then   LACB  =  2A;  LCAB 

{CAB 
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{CAB being  an  isosceles  triangle)  =§  sum  of  L>  *  at 

faies£.  ISO  -2^=  90°-^=  complement  of  A, 

.'. sin. LCAB  =  cos.  A;  but  AB  (a)  :  BC  ::  sin. 

JOB  (2  A)  :  sin.  CAB  (cos.  4;,  hence  BC  or 

a  x  cos.  A 


sin.  2^ 

I*ta=10\     ■  axcos.^     10  x  cos.  40° 

A  >  then  radius  =  — : 7-=  — : — ; 

^=40° J  sin.  2 A  sin.  80° 

and  log.  /?=log.  10  + log.  cos.  40°  —  log.  sin.  80  =» 

I  +Q .  8842540  -  9  .  99335 15=0.  8909025  =  log. 

7  •  7786,  /.  radius  =  7.  7786. 


Ex.  3. 

1  A  given  force  (a)  is  resolved  into  different  pairs 
of  forces,  'the  sum  of  which  is  equal  to  2  a ;  What 
is  the  latus-rectum  of  .the  ellipse  which  limits  the 
number  of  .the  resolved  forces  ? 

Since  MN  =  2AB  (Fig.  in  page  63),  NA  and 
BM  are  each  equal  tb  \AB  =  \ai  ."•.  AM=  |  a,  and 
NA  x  ^M=  £  a  x  |  a  =  £  a*;  but  (by  Prop. 2.  Ellips.) 
semi-minor  axis  =  y/NA  x  AM=*/J7t*  =  a  x 
n/^,  .-.  minor  axis  =  0^/3.  Again,  major  axis  (2a) 
:  minor  axis  (a*/3)  : :  minor  axis  (a^/5)  :  latus- 

3a*      3 
rectum  =  —  =  5  a. 

k  X.  On 
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On  the  relative  Magnitude  of  Forces  before  ami 
after  their  Composition  or  Resolution. 

Having  explained  at  some  length  the  theory  of 
the  Composition  and  Resolution  of  Motion,  we  now 
proceed  to  shew  the  relation  which  the  compound 
or  resolved  forces  bear  to  those  from  which  they 
are  derived. 

1.  The  most  obvious  consideration  with  respect 
to  the  composition  of  motion  is,  that,  if  two  equal 
forces  act  upon  a  body  in  contrary  directions,  they 
will  destroy  each  other's  effects,  and  the  body  thus 
acted  upon  will  remain  at  rest ;  or  if  any  two  forces 
act  upon  a  body  in  the  same  straight  line,  then  the 
effect  (or,  in  other  words,  the  motion)  produced  will 
be  proportional  to  the  sum  or  difference  of  those  forces 
according  as  they  act  in  the  same  or  opposite  di- 
rections. But  if  these  forces  act  obliquely  to  each 
other,  then  the  resulting  force  will  be  some  inter- 
mediate quantity  between  that  sum  and  difference, 
the  magnitude  of  which  will  increase  according  as 
the  angle  of  inclination  between  the  directions  of 
these  forces  is  dimi7iishe<L{%) . 

2.  This 


(*)  It  is  evident  that  the  smaller  the  angle  of  inclination 
between  two  forces  is,  the  more  nearly  will  they  conspire  together p 
.and  consequently  the  whole  effect  produced  will  be  greater  5  on 
the  contrary,  as  the  angle  of  inclination  increases,  the  two  forces 
will  more  strongly  oppose  each  other,  their  whole  effect  therefor* 
will  keep  diminishing. 
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2.  This  latter  conclusion  may  also  be  drawn 

fan  the  geometrical  representation  of  the  forces. 

Irt'two  forces  be  represented  by  AB,  AD,  or  by 

AB,  AC,  of  which  AC=AD ;  let  the  angle  DAB 

fe  greater  than  the  angle  CAB,  and  complete  the 

puillelograms  DA  BE,  CABF;  then  since  DAB 

if  greater  than  CAB,  its  supplement  ABE  must 

D  E 


A  B 

be  less  than  ABF  the  supplement  of  CAB ;  hence 
in  the  triangles  ABE,  ABF,  we  have  AB,  BE 
equal  to  AB,BF,  (for  BE=BF  being  opposite 
sides  of  a  parallelogram)  and  the  angle  ABF  greater 
than  ABE,  .\  (24.1.)  ^f-P  is  greater  than  AE. 
L-et  L-CAB=0,  then  AF=AC+CF=sum  of 
forces ;  let  Z.  C^jB=  180°,  then  AF=  CFTAC** 
difference  of  the  forces  ;  in  all  other  cases  AF  is  of 
some  intermediate  magnitude  between  AC+CF 
and  CF—AC,  and  keeps  increasing  as  the  angle 
CAB  is  diminished. 

3.  In  the  composition  of  forces  which  act  obliquely 
to  each  other,  some  force  is  actually  last;  for  the  sum 
of  the  forces  before  they  are  compounded  together 
is  represented  by  the  two  sides  AD,  DE  of  a  tri- 
angle, and  after  composition  by  the  third  side  AE. 

The 
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The  contrary  happens  with  respect  to  the  resolution 
of  forces ;  for  the  two  resolved  forces  being  repre- 
sented by  the  two  sides  of  a  triangle  of  which4  the 
given  force  is  the  third,  the  absolute  quantity  of  the 
resolved  forces  must  be  greater  than  that  of  the 
given  force. 

■ 

4.  But  the  effect  of  forces  to  produce  motion,  in 
given  directions  is  not  changed  by  their  compbsition 

C  D 


A  B 

pr  resolution.  For  let  the  two  forces  AC,  AB, 
and  their  equivalent^/),  be  resolved  into  the  several 
forces  AE,  EC;  AG,  GB;  and  AF,  FD;  where- 
of AE,  AG,  A  Fare  in  the  direction  of  some  line 
AF  given  in  position,  and  EC,  GB,  DF  per- 
pendicular to  it;  then  by  sim.  A  GHB,  HDFt 
we  have, 

GHiHF: :  BH  :  HD,  &  GH+HF :  HF : :  BH+  HD :  HD, 
'.-.  GFiHF::  BD:  HD,  or  GF :  BD  (=AC)  : :  HFx  HD. 

But  by  sim^  &AEC,  HFD,  HF :  HD : :  AE  :  AC; 
Hence  GFiAC::  AE  :  AC,  .:  GF=AE,  and 
AF=:AG  +  AE;  i.e.  that  part  of  the  compound 
force  AD  which  acts  in  the  direction  AF'  is  equal 
to  such  parts  of  the  resolved  forces  as  act  in  the 
same  direction. 

Again> 


#WL' 
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Again,  bjr  sim.  A%  BG  :  DF  : :  JBH  :  H D ; 

..BG  +  DF:  DF::  BDorAC:  tiD, 
or  BG  +  DF.AC::  DF.HD^CE.AC. 

Hence  BG  +  DF=  CE,  /.  DF=  CE-BG;  but 
Ace  C£,  BG  represent  forces  acting  in  opposite 
directions  to  each  other,  their  effect  in  the  direction 
CE perpendicular  to  AF  will  be  represented  by  their 
Terence  CE-BG;  .-.  since  DF=CE-BG,  the 
pit  of  the  compound  force  which  is  perpendicular 
toitfis  equivalent  to  such  parts  of  the  resolved 
forces  JC,  AB  as  are  perpendicular  to  AF. 

XL 

On  the  Nature  of  the  Forces,  which,  hy  their 
joint  Action,  would  keep  a  Body  at  rest. 

1-  It  has  already  been  observed,  that  if  a  body  b$ 
acted  upon  by  two  equal  and  contrary  forces,  it  will 
remain  at  rest ;  it  has  also  been  proved,  that 
if  a  body  be  acted  upon  by  two  forces  whose 
quantities  and   directions    are  represented  by  the 


A  B 

too  sides  AC,  AB  of  the  parallelogram  ABDC,  or 
b)r the  two  sides  AC,  CD,  of  the  triangle  ACD, 
toe  diagonal  or  third  side  AD  will  represent  a  force 

equivalent 
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equivalent  to  them  both.  Suppose  now,  that  at 
the  same  time  that  the  two  forces  represented  by 
AC 9  AB,  or  A C,  CD,  are  applied  to  a  body  placed 
at  A,  a  third  force  represented  in  quantity  and 
direction  by  the  line  DA  (equal  and  opposite  to 
AD)  should  also  be  applied  to  the  body,  as  it  would 
in  this  case  be  acted  upon  by  two  equal  and  contrary 
forces,  it  would  remain  at  rest.  A  body  therefore 
acted  upon  at  the  same  time  by  three  forces  repre- 
sented in  quantity  and  direction  by  AC>  CD,  DA, 
i.  e.  by  the  three  sides  of  a  triangle  taken  in  order, 
will  remain  at  rest. 

2.  The  converse  of  this  proposition  must  also  be 
true,  viz.  "  that  if  a  body  be  kept  at  rest  by  three 
forces,  those  three  forces  will  be  represented  by  the 
three-  sides  of  a  triangle  formed  by  lines  drawn  in 
their  respective  directions."  For  suppose  a  body  to 
be  kept  at  rest  by  three  forces,  and  that  AC,  CD  re- 
present the  quantities  and  directions  of  two  of  those 
forces,  then  the  compound  force  arising  from  those 
two  forces  will  be  represented  by  the  line  AD;  if, 
therefore,  the  third  force  be  not  represented  in 
quantity  and  direction  by  the  line  DA,  equal  and 
opposite  to  AD,  some  motion  must  ensue,  which 
is  contrary  to  the  supposition.  Whenever,  there- 
fore, a  body  is  kept  at  rest  by  three  forces,  if  a  tri- 
angle be  drawn,  whose  sides  are  respectively  in  the 
direction  of  those  forces,  those  sides  will  represent 
the  quantity  and  direction  of  the  several  forces  thus 
acting  upon  the  body. 

3.  But 
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3.  But  the  proportion  of  the  three  forces  which 
tbv  keep  a  body  at  rest  will  be  represented  by  the 
dmodesofany 
ftkogie    drawn 
Parallel  or  Jber- 
pendkular  to  the 
tides  of  the  tri- 
angle which  are 
in  the  directions 
of    the   forces. 
For  Jet  the  tri- 
angle  ABC  be  that  whose  sides  are  drawn  in  the 
direction  of  the  three  forces,  then  the  triangle  a/Jy 
(whose  sides  are  parallel  to  AB,  BC9  CA)  and  the 
triangle  abc  (whose  sides  are  perpendicular  to  AB9 
BC,  CA)  being  each  of  them  similar (a)  to  the  tri- 
angle ABC,  must  have  their  sides  <*&  /3y,  ya,  or 
a b,  be,  ca,  respectively  proportional  to  the  three 
sides  ABy  BCy  CA,  which  represent  the  quantity 
and  direction  of  the  forces  acting  upon  a  body. 

4.  Since  AB  :  EC  ::  sin.  UBCA  :  sin.  L.BAC; 
BC:  CA::  sin.  L-BAC  :  sin,  ABC;    and   CA: 

AB 


*  1 1 


(*)  8ince  the  sides  of  the  triangle  d/3y  are  respectively  paral- 
lel CD  the  tides  of  the  triangle  AB  C,  it  is  evident  that  the  angles 
M0y,  fiya,  ya/3  are  respectively  equal  to  ABC,  BCA,  CAB} 
with  respect  to  the  triangle  abc,  since  the  L*%  at  D,  E,  F  are 
right-angles^  we  have  Da F+DAF=l$Qo,  also  DaF  +  bac=a 
IQCP,  .'.  DAF~bac,  and  in  the  same  manner  it  appears  that 
EBF^rzabc,  and  ECD^acb. 
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AB  ::  sin.  l^ABC  :  sin.  l^BCA,  any  two  of  these 
forces  which  keep  a  body  at  rest  are  to  each  other 
inversely  as  the  sines  of  the  angles  which  their  re- 
spective directions  make  with  the  third  force ;  and 
conversely,  "  if  a  body  be  acted  upon  by  three 
forces,  any  two  of  which  are  to  each  other  in- 
versely as  the  sines  of  the  angles  which  their  di- 
rections make  with  the  third  force,  it  will  in  that 
case  remain  at  rest." 

5.  A  body  will  also  be  kept  at  rest  if  it  be  acted 
upon  by  any  number  of  forces  which  are  represented 

in  quantity  and  direc-  £ 

tion  by  the  sides  of  a 
polygon  taken  in  order. 
For  let  a  body  be  acted . 
upon  by  any  number 
of  forces  represented 
by  the  sides  AB,  B  C, 
CD,  DE  of  the  poly- 
gon ABODE;  then 
(by  Art.  5.  Sect.  VIII.) 
these  forces  compounded  together  will  be  repre- 
sented in  quantity  and  direction  by  the  remaining 
side  AE  ;  if,  therefore,  at  the  same  time  that  the 
body  is  acted  upon  by  the  forces  AB,  BC,  CD,  DE 
it  is  also  acted  upon  by  another  force  represented 
in  quantity  and  direction  by  EA  (equal  and  opposite 
to  AE),  it  will  remain  at  rest ;  i.  e.  "  a  body  acted 
upon  by  forces  represented  in  quantity  and  direction 

by 
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by  foe  sides  AB,  BC,  CD,  DE,  EA  of  the  poly- 

gmJBCDEj  taken  in  the  order,  will  remain  at 

i«C*    The  converse  of  this  proposition  may  also 

ir  established  by  the  same  mode'  of  reasoning  as 

fat  made  use  of  in  Art.  2. ;  viz.  "  If  a  body  be  kept 

it  rest  by  any  number  of  forces,  those  forces  will 

be  represented,  in  quantity  and  direction,  by  the 

tides  of  a  polygon  formed  by  the  intersection  of 

lines  drawn  in  the  directions  in  which  they  re* 

spectively  act." 

Ex-  l. 
A  body  is  acted  upon  by  two  forces  a  and  b,  which 
are  at  right  angles  to  each  other ;  it  is  required  to 
find  the  magnitude  and  direction  of  a  third  force, 
which  shall  keep  the  body  at  rest. 

c 

Let  AC=a    "\  Complete  the 

AB=b      ^parallelogram 

^CAB=gO>  J  ABDC,  and 

join  AD;  then  the  two  forces 

acting  upon  the  body  may  be 

represented  by  AC,  CD;  con-  ^ ■"-£ 

sequently  DA  (the  third  side  of  the  triangle  ACD) 
will  represent  the  force  which  shall  keep  the  body 

Hf  rest.    Now  DA=  *jAO+CD*= s/a*+b*  for 

tjbe  magnitude  of  the  force ;  and  sine  of  L  CAD 

:  aiae  of  uCDA  (  =  DAB)  ::  CD  :  CA\.b\  a; 

/.  the  direction  DA  of  the  third  force  divides  tl>e 

L-CAB  into  two  angles,  whose  sines  are  to  each 

«ther  as  a  :  b. 

l  •  Ex. 
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Ex.  2. 

A  body,  acted  upon  by  two  forces,  is  kept  at  rest 
by  a  third  force  (a),  whose  direction  divides  the 
angle  contained  between  the  directions  of  the  two 
former  into  the.  given  angles  A  and  B ;  What  is 
the  magnitude  of  those  two  forces  ? 

Let  AC,  AB  be  the  two  forces  (Fig.  in  page  69) ; 
complete  the  parallelogram  ABDC,  then  DA 
(  =  a)  is  the  third  force ;  let  LCAD  =  A,  JLDAB 
=  jB,  then  L-ACD  =  l80°--A+7}.    Now 

AC :  AD  (a)  : :  sin,  CDA  or  DAB  (B) :  sin. ACD  (180°- A+Bi) 
ScABiAD  (a)  : :  sin.  ADB  or  CAD  (A)  i'siu.A  CD  (180°-^  +  £,) 

Hence^C= «n,flpc-a  ^  JR  = 

sin.  180°  -  A  +  B 
sin.  Ax  a 


sin.  \S0° -A  +  B 

XII. 

On  Me  Composition  and  Resolution  of  Motion 
arising  from  the  Operation  of  Forces  acting 
in  different  Planes. 

In  estimating  the  effects  produced  by  the  com- 
position and  resolution  of  forces,  we  have  hitherto 
considered  them  as  acting  in  the  same  plane  ;  we 
proceed  now  to  the  solution  of  the  problem,  by 
means  of  which  we  are  enabled  to  determine  the 
motion  of  a  body  resulting  from  the  operation  of 
any  number  of  forces  acting  in  different  planes. 

1.  Let  AKy  AG  be  two  straight  lines  drawn  at 

right 
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right  ingles  to  each  other  in  the  same  plane,  and 

htJL  be  drawn  at  right  angles  to  that  plane,  and, 

cwequently,  at  right  angles  to  each  of  the  lines 

AK,  AG  (Euc.  B.  1 1 .  Def.  3.)     Suppose  AB  to 

present  the  quantity  and  direction  of  a  force 

feting  upon  a  body  at  A;  let  fall  the  perpendicular 


A  E         K 

BP  upon  the  plane  passing  through  AK,  AG; 
join  AP,  and  complete  the  parallelogram  APBC. 
From  P  draw  PD  parallel  to  A K,  and  PE  parallel 
to  AG.  Since  AB  is  the  diagonal  of  the  parallelo- 
gram APBC,  the  force  represented  by  AB  is  re- 
solved into  two  others  .AC,  AP  equivalent  to  it ; 
and  since  AP  is  the  diagonal  of  the  parallelogram 
ADPE,  the  two  AD,  AE  are  equivalent  to  AP. 
Hence  the  given  force  A  Bis  resolved  into  three 
others  AC,  AD,  AE,  in  the  direction  of  the  three 
straight  Hne$  AL,  AG,  AK,  which  are  at  right 
angles  to  each  other,  and  issue  from  the  point  A. 

1.  Produce  LA  to  e,  GA  to  g,  and  KA  to  k ; 
ad  that  the  three  lines  (or  axes)  LI,  Gg9  Kh,  shall 
cut  each  other  at  right  angles  in  the  point  A ;  then 

it 
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it  is  evident  that  the  directions  of  all  the  forces, 
tirhich  can  possibly  act  upon  a  body  at  the  point  A9 
will  fall  within  one  or  other  of  the  eight  solid  angles 
formed  by  the  intersection  of  three  planes  cutting 
each  other  at  right  angles,  and  passing  through  the 
BxesLlfGg;  LI,  Kk;  Gg,Kk,  respectively;  and  from 
what  has  just  been  shewn,  each  of  those  forces  may 
be  resolved  into 
three  others,  in 
the  directions, 

AL,AGtAK; 
AL,AG,Ak; 

AL,  Ag,    Ah ; 
AL,  Ag,    AK\ 
or  A I \  AGf  AK; 
A  I,  AG,  Ak\ 
Al,   Ag,    Ak; 
A  I,  Ag,    AK; 

according  to  the  solid  angle  in  which  it  is  included. 
Thus,  then,  all  the  forces  which  can  possibly  act  upon 
a  body  at  the  point  A,  may  be  resolved  into  others 
acting  along  the  three  axes  H,  Gg,  Kk ;  for  the  forces 
acting  in  the  directions'//,'/;  AG,Ag\  AK,  Ak, 
respectively,  are  merely  forces  acting  in  opposite 
directions  in  the  same  straight  line.  Our  next 
business,  therefore,  is  to  estimate  the  magnitude  of 
these  resolved  forces. 

3.  We  shall  begin  with  calculating  the  relative 
value  of  the  three  forces  AG,  AD,  AE,  into  which 
a  single  force  AB  may  be  resolved*    For  which 

purpose 


AND  RESOLUTION  OF  MOTION.  JJ 

purpo*  let  AB=d;  radius  =  l ;    JLBAP  (which 
the  inclination  oiAB  to  the  plane  passing 

G 


A  E  K 

through  ^A",  AG)  =  a;  LPAE  (which  measures 
the  angular  position  of  AB  with  respect  to  the  fixed 
line  AK)  =  av 

Now, 

AB  (d):  AP :  i  radius  (l)  :  cos.  BAP  (cot. «), .-.  AP=dx  cos-  a. 

To  find  the  magnitude  of  AC,  AD,  AE,  we  have, 

AB  (<0  :  BP  or  AC  :i  rad.  (1)  :  sin.  BAP  (sm.  «), 

/.  jtfCsdxsin.  a. 

AP  (dxcon.a):  PE  or  AD::  rad.  (l)  :  sio.  PAE  (sin. «), 

.*.  ADsedx cos.  a x  sin.  a. 

AP  (^X cos.  a)  :  ^JB  i:  rtd.  (1)  :  cos.  PAE  (cos.  a), 

.\  AE=d x  cos.  a x  cos.  «^. 

4.  In  order  to  facilitate  the  computation  of  the 
value  of  these  quantities  as  applied  to  any  number  of 
forces,  let  d,  *f,  tt\  &c.  represent  the  magnitudes  ; 
a,  a',  a",  he.  the  ang/es  o/*  inclination  ;  a,  a',  a",  &c. 
the  angular  distance  from  the  fixed  line  AK;  of 
the  forces  acting  from  the  point  A  in  directions 
afore  the  plane  passing  through  ,the  axes  Gg,  Kk 

(Fig. 
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(Fig.  in  p.  76))  and  £>  &>  *",  &c.  the  magnitudes ; 
b,  b',  b",  &c.  the  angles  of  inclination ;  0,  /F,  0*, 
&c.  tne  angular  distance  from  ^A" ;  of  the  forces 
acting  below  that  plane.  By  resolving  these  several 
forces  in  the  same  manner  as  the  force  AB  has  just 
been  resolved,  the  effective  parts  of  them  acting 
along  the  three  axes  LI,  Gg,  Kk,  may  be  calculated 
according  to  the  following  method ;  viz. 

dxs'm.  a+d'x  sin.  cf+d"  x  sin.  a"+  &c— b  x  sin.  b  —  V  x  sin.  b'— 

a"xsin.*"-&c. 

will  represent  the  whple  quantity  of  force  acting 
along  the  axis  LI,  reckoned  in  the  direction  AL;{9) 

d x cos. a x sin. *+d!  x cos. a!  x sin.  a'+&c.+tf x cos.  b x sin. /3+ 
b'  x  cos.  b'  x  sin.  /3'4-  &c. 

(making  the  sinfes  of  *,  /3,  «',  /3',  &c.  positive  or  ne- 
gative,  according  as  the  angles  themselves  are  less 
or  greater  than  1 80°)  will  express  the  whole  quan- 
tity, of  force  acting  along  the  axis  Gg,  reckoned  in 
the  direction  AG ;    and, 

dxcoB.  ax  cos.  a+rf' x  cos.  a'x  cos.a'+&c.  +  £  xcos.  ftxcos./? 
+£'  x  cos.  #'  x  cos.  /3'+  &c. 

(making  the  cosines  of  «,  ft «',  fl',  &c.  positive  for  all 
angles  between  O  and  900;  or  between  270°  and  36o^; 
and  negative  for  all  angles  between  9O0  and  27(f) 

will 


(*)  It  is  evident,  that  to  find  the  whole  quantity  of  force  acting 
in  direction  AL,  to  carry  the  body  out  of  the  plane  which  panes 
through  Gg,  Kk,  we  must  subtract  the  sum  of  the  forces  acting  in 
direction  A I  from  the  sum  of  those  which  act  in  direction  AL. 
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will  express  the  whole  quantity  of  force  acting  along 
the  a*  ATA,  and  reckoned  in  the  direction  AKJ® 


I  By  way  of  explanation  of  these  trigonometrical 
questions,  it  may  be  observed,  that,  as  the  angles 
ffmtmation  of  the  forces  to   the  plane  passing 
tkmgh  the  axes  Gg,  Kh,  can  never  exceed  900,  the 
sines  and  Cosines  of  those  angles  will  all  be  posi- 
tive ;  but  as  the  angles  of  position  of  the  forces  with 
respect  to  the  line  AK  may  vary  through  all  degrees  of 
magnitude  between  O  and  36o°,  their  sines  and  co- 
sines will  be  either  positive  or  negative,  according 
to  the  different  quadrants  to  which  they  belong.   To 
illustrate  this;  with  cen-  g 

ter  A  describe  a  circle 
round  the  axes  Gg,  Kk, 
and  let  AP  represent 
the  direction  of  any  one 
of  the  forces  d,  d!9  d\ 
&c.  or  I,  y,  3",  &c.  when 
reduced  to  the  plane  of 
this  circle.  Suppose 
now  the  angular  posi-  g 

tbn  of  AP  with  respect  to  AK  to  be  measured  on 

the 


^^^^^  • 

T*A 

D 

I 

E       / 

iV        E 

I 

'P 

? 

D 

(b)  In  computing  the  magnitude  of  the  forces  acting  along  the 
Ggf  Kk,  it  should  be  recollected,  that  although  the  signs  of 
all  the  terms  as  they  stand  here  are  positive,  yet,  when  the  proper 

signs 
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the  circumference  of  this  circle,  beginning  from  the  j 
point  A" ;  then  through  the  two  quadrants  KG,  Gk  * 
the  sine  PE  of  the  angle  PAK  is  positive,  and 
through  the  two  quadrants  kg,  gK  it  is  negative: 
with  respect  to  the  cosine  AE  of  the  Z.  PAK,  it  is 
positive  for  the  quadrant  KG,  negative  for  the  two 
quadrants  Gk,  kg,  and  positive  again  for  the  qua- 
drant gKS*     Having  thus  ascertained  the  signs  of 
these  trigonometrical  quantities,  it  only  remains  to 
collect  them  into  three  several  sums  corresponding1 
to  the  three  axes  LI,  Gg,  K'k  ;  the  resulting  quan- 
tities will  represent  the  magnitude  of  three  forcer 
(issuing  from  A  in  the  directions  of  those  axes)  by 
the  joint  action  of  which  the  motion  of  the  body 
placed  at  A  will  be  ultimately  determined. 

6.  We  have  now  so  far  advanced  in  the  solution 
of  this  somewhat  intricate  problem,  as  to  have  re- 
duced all  the  forces  which  can  possibly  art  upon 
a  body  at  A  to  three  others  acting  at  right  angles  to 
each  other.     To  shew  how  these  three  forces  may 

be 


signs  are  annexed  to  the  sines  and  cosines  of  the  angles  of  position, 
o»  $,  a,  /3',  &c.  these  expressions  will  represent  the  difference  which 
arises  from  subtracting  the  forces  in  direction  A  g  from  those 
in  direction  AG,  and  the  forces  in  direction  Ak  from  those  in 
direction  AK, 


(J  For  this  +  and  —  variation  of  the  tine  and  cosine  of  a* 
angle  through  the  different  quadrants  of  the  circle,  see  the  Table 
in  the  Second  Lecture  of  my  treatise  on  Plane  Trigonometry. 
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be  impounded  together,  we  need  only  attend  to 
the  miner  in  which  the  given  force  AB  was  re- 
•stedinto  three  others,  AC,  AD,  AG,  at  our  first 
cting  out.     For  suppose  a  body  placed  at  A,  and 


A  £         K 

icted  upon  by  three  forces  whose:  quantities  ana 

directions  are  represented  by  the  three  lines  AC, 

AD,AE,  which  meet  each  other  at  right  angles  in 

the  paint  A;  then  reversing  the  operation  in  Art.  1. 

the  two  forces  AD,  AE,  compounded  together, 

will  be  represented  by  the  diagonal  AP  of  the 

parallelogram  ADPE;  and  the  two  forces  AE,  AP, 

compounded  together,  will  be  represented  by  AB, 

f  the  diagonal  of  the  parallelogram  APBC ;  the  three 

forces,  thus  acting  upon  the  body,  are  consequently 

reduced  to  one  {AB)  equivalent  to  them  all00.    For 

the 


(b)  From  the  construction  of  the  figure,  it  appears  that  AM 
k  the  {diagonal  of  a  right-angled  parallelqpipedon,  whose  base  is 
tfe  parallelogram  ADPE  formed  by  the  two  lines  AD,  AE,  and 
wbeee  height  is  A  C,  the  line  representing  the  third  force.  # 

M 


82  ON  THE  COMPOSITION 

the  purpose  of  finding  the  actual  quantity  and  di- 
rection of  the  force  represented  by  AB,  let  AC  or 
BP  =  x,AD  or  PE=y:AE  or  DP=z;  then 
(47.1.)  AB*  =  BP*  +  AP*=((orAPq  =  AD*  + 
DP*)  BP*+AD*  +  DP*=x*+y*  +  z\  .\  AB= 

sjx*+y%  +  z%  for  the  quantity  of  the  compound 
force.  With  respect  to  its  direction,  we  have  (sup- 
posing rad.=  l)  AP  (^/y^+z5) :  PE  (y) ::  rad.  (l) 

:  sin.  P-^E  =     ,  ?      ,;  this  gives  the  position  oi 

y/y  +z 

AP  with  respect  to   the  line  AK.     Again,  Ah 

(\/*9+yf  +  z«)  :  BP  (*)  ::  rad-  (0  :  sin-  BAP= 
t.  =r ,  which  gives  the  inclination  of  ^Z?  tc 

the  plane  passing  through  AG,  AK;  on  suppositioi 
therefore  that  jt,  y,  z  are  determined  quantities 
the  magnitude  of  the  force  ^jB,  its  position  witi 
respect  to  the  fixed  line  AK,  and  its  inclination 
to  the  plane  passing  through  AG,  AK>9  are  actual  1; 
known. 

7 .  For  the  purpose  of  applying  these  expression 
to  ascertain  the  quantity  and  direction  of  i 
single  force  equivalent  to  the  forces  d,  d,  (t.  &c 
*,  &>  V,  &c.  acting  upon  the  body  at  A ; .  let  th< 
sum  of  all  the  forces  acting  along  the  axis  LI  (a 
exhibited  in  Art.  4.)  =  ±x;  the  sum  of  thosi 
acting  along  the  axis  Gg=±y;  and  the  sun 
of  those  acting  along  the  axis  Kk  =  ±  z ;  thei 
the  quantity  of  this  single  force  will  be  represents 
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G 


^yV^+^  +  z*;  its  position  with  respect   to   the 
juHmeAKwiU 
k  measured   by 
•  angle    whose 

sue  is     ,-=- — . 

the  particular  qua-  * 
drant  to  which  it 
belongs  being  de- 
termined by  the 
signs  of  y  and  z ; 
its  inclination    tq 


du  plane,  passing  through  Gg,  Kk,  will  be  in  an 


angle  whose  sine  is 


±x 


-  ,  and  it  will  fall 


fltow  or  below  that  plane,  according  as  x  is  positive 
or  negative. 

8.  By  way  of  conclusion,  it  may  be. observed,  that 

if  x'=o,  then  the  motion  of  the  body  Will  be  in  the' 

plane  passing  through  Gg,  Kk  ;  its  quantity  will  be 

represented  by  */y%+z\  and  its  angular  position 

with  respect  to  A K  by  an  angle  whose  sine  is 


s — ^— =. .     If  ya=s.O,  then  the  motion  of  the  body 

will  be  in  the  plane  passing  through  LI,  Kk ;  its 
quantity  will  be  ^^+2*;  and  its  inclination  to  the 

plane  passing  through  Gg,  Kk,  in  an  angle  whose  sine 

+  x 
is     f  .    If  z*=0,  then  its  motion  will  be  in 

V^  +  z*  the 


84  ON  THE  COMPOSITION 

the  plane  passing  through  LI,  Gg;  its  quantity  will  be~ 
x/j7*+y%  and  •  its  inclination  to  the  plane  passing 
through  Gg-,  Kh,  wilL  be  in  an  angle  whose  sine  if 

9~     ■    .    If  two  of  these  quantities  (x*,  y*,  or  z%)  . 

should  become  equal  to  O,  then  the  motion  of 
the  body  will  be  along  the  axis  belonging  to  the 
third;  and  if  all  three  become  equal  to  O  (or 
\/a?f  +  y*  +  z*  =  0)  then  all  the  forces  acting  upon 
the  body  at  A  are  in  a  state  of  equilibrium,  and  the 
body  will  remain  at  rest. 

EXAMPLE. 

A  body  is  acted  upon  by  Jive  forces,  which  are 
to  each  other  as  the  numbers  7,  6,  5,  3,  2 ;  the 
directions  of  the  three  former  are  above,  and  of 
the  two  latter  below,  a  plane  given  in  position,  •  and 
passing  through  the  body.  The  forces  acting  above 
the  plane  are  inclined  to  it  in  angles  of  25°,  45°,  and 
601 ;  those  acting  below,  in  angles  of  50°  and  85°, 
respectively.  The  angles  of  position  of  these  forces^ 
with  respect  to  a  certain  fixed  line  in  that  plane, 
taken  in  the  order  of  the  numbers  7,  6,  5,  3,  2, 
are  60°,  95°,  1 50°,  200°,  ahd  280°.  It  is  required  to 
find  the  quantity  of  a  force  equivalent  to  them  all, 
together  with  its  direction,  both  as  to  the  plane,  and 
to  the  fixed  line  drawn  in  that  plane. 

let  A  be  the  place  of  the  body,  abode  a  circle 

drawn 


I 
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>  dim  b    the    plane 

passing 

through  the  body, 

tyli  two  axes 

B 

im  at    right 

afa  to    each 

J 

■*=—- .D    /    \ 

tfker     in      that 

viLy  \ 

rtK,and£/the 

\   1 1    Jf>v  \ 

im  at  right  an- 

eL 

\  1  //          v  c 

gles  u>  Gg,  ATA, 

Ml//       J**** 

and    consequent- 

iL 

E 

ly  at  right  angles 

*fc 

r 

to  (he  plane.   Let  ^ 

\    y 

the  angular  posi-     t 

\  / 

tion  of  the  forces 

_\/ 

e  reckoned  from 

t 

«* 

the  fixed  line  AT* ;  then  if  ATa,  AT£,  ATc,  ATrf,  ATe  are 

taken  arcs  of  6o°,  95°,  ISO0,  200°,  and  280°,  respec- 
tively, Aa,  Ab,  Ac,  Ad,  Ae  will  be  the  angular 

position  of  the  forces,  when  reduced  to  the  plane 

abcde. 


Calculating  the  quantity  of  force  acting  along  the 
axes  LI,  Gg,  Kk,  according  to  the  rule  laid  down  in 
Art.  A,  we  shall  have  7  x  sin.  25°  +  6  x  sin.  45°+  5 
xsin.  6o°-3xsin.  50° -2  x  sin.  85°  =  7  x  .4226  + 
6  x. 7071  +  5  x. 8660-3  x.7660-  2  x.O022  = 
7-2406  for  the  force  acting  along  the  axis  LI, 
which  being  positive,  take  AC  (in  the  direction 
AL)s=  7. 2046,  and  it  will  represent  the  quantity  of 
force  impelling  the  body  upwards  from  the  plane 
abcde. 

For 
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For  the  sum  of  the  forces  acting  along  the  axis  Gg, 
we  have  7  x  cos.  25°  x  sin.  6o°+6  x  cos.  45°  x  sin.  95° 
+  5  x  cos.  6o°  x  sin.  150°  -  3  x  cos.  50°  x  vsiri.  200? 
-2x  cos.  85°  x  sin.  280°  =  /  x  .  9063  *  .8660  + 
6  x  .  707 1  x  .  9961  +  5  x  .  5000  x  .  5000  —  3 
x  .6427  x  .3420  -  2  x  .0871  x  .9848  =  9-7388; 
which  being  also  positive,  take  AD  (in  the  direction 
^G)  =  9.7388,  and  it  will  represent  the  quantity 
of  force  aoting  in  that  direction. 

Lastly,   7  x  cos.  25°  x  cos.  60°  —  6  x  cos.  45°  x 
cos.  95°—  5  x  cos.  6o°  x  cos.  150°—  3  x  cos.  50° x 
cos.  200°  +  2  x  cos.  85°  x  cos.  280°  =  7  x  .9063  x 
.5000-6  x  .7071  x  .0871-5  x.5000x  .8660- 
3  x. 6427  x.  9396  + 2  x. 087 1  x.1736=  -^1.1423; 
which  being  negative,  take  AE  (in  direction  A k) 
ss  1.1423,  and  it  will  represent  the  quantity  of 
force  acting  along  the  axis  Kh. 

Complete  now  the  parallelogram  ADPE,  and 
join  AP;  then  AP  will  be  the  direction  of  the 
compound  force  in  the  plane  abode ;  complete 
also  the  parallelogram  A  PEC,  and  join  AB;  then 
AB  will  represent  the  quantity  and  direction  of  the 
force  resulting  from  the  composition  of  all  the  forces 
acting  upon  the  body  at  A. 


i 


To  find  the  actual  magnitude  and  direction  of 
AB,  we  must  have  recourse  to  the  process  adopted  I 
in  Art.  7-  for  in  this  case  we  have  a?= 7  •  2406,  y  =   I 

9.7388,z=-1.1423i/.x/^9+yt  +  i,=^/l48.574 
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z\ 


=  12.18  =  A B.     Also,    sin.  PAK-    ,-ff — 

Q  7388 

/  = .  99324 ;  .\  PAK  is  an  angle  whose 

y  P0«  14S 

•  JB*f=.Q9324,  but  whose  cwine  (z)  is  negative,  i.e. 
an  angle  of  960. 40'.  Finally,  sin. BAP=  .        * 

7  2406 

=  -fr—r-=. 5944==  sin.  36°. 28'.     Hence  ^B    is 

inclined  to  the  fixed  line  Kh  in  an  angle  of  q6°.  40', 
and  its  inclination  above  the  plane  abcde  is  in  an 
angle  of  36 .  28'. 

XIII. 

We  have  thus  shewn  the  method  of  resolving 
all  the  forces  which  can  possibly  act  upon  a  body 
into  the  direction  of  "  three  axes"  at  right  angles 
to  each  other.  If  this  resolution  takes  place  in 
the  direction  of  each  -  axis  separately,  without 
reference  to  the  plane  passing  through  the  other 
tivo ;  and  if  the  forces  at  the  same  time  be  in  a  state 
of  equilibrium ;  then  the  solution  of  the  problem 
becomes  somewhat  more  simple,  as  will  appear, 
from  the  following  investigation. 

l .  Let  AB  represent  the  quantity  and  direction 
of  any  given  force,  and  let  Gg9  LI,  Kk  be  three 
axes  cutting  each  other  at  right  angles  at  the 
point  A;  from  B  let  fall  the  perpendiculars  BC, 

BD, 


\ 
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BD,BE  upon  AG,AL,AK  respectively;   then 
AC>  AD,  AE  (which  are  the  cosines  of  the  angles 


V 


\ 

I 

i  ^ 


BAC,  BAD,  BAE)  represent  the  parts  of  the 
given  force  which  are  in  the  direction  of  the  axes 
Gg,  LI,  Kk. 

2.  Hence  if  P,  P,  P",  &c.  be  any  number  of 
forces  acting  in  the  points/;  and  if  «,«',«", &c. 
be  the  angles  which  they  make  with  the  axis  Gg; 
A, ft, fi", &c.  the  angles  which  they  make  with  the 
axis  LI;  y,y',y",  &c.  the  angles  which  they  make 
with  the  axis  Kk,  respectively,  and  radius  =  1 ; 
then,  when  these  forces  are  in  equilibria  with  each 
other  at  the  point  A, 

P  X  COS.  «  +  P'  X  COS.  m  +  P"  X  COS.  «"'+  &C.  =  O 

P  x  cos.  fi  +  F  x  cos.  fi'  +  P"  X  COS.  0"  +  &c.  =  O 

PxCOS.y+Fx  COS.  V  +  P"  X  COS.  y"  +  &C.  =  O 

will  be  three  independent  equations  which  deter- 
mine the  relation  of  these  several  quantities  to 

each 


\ 
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tada  other  at   the   time    the    equilibrium   takes 

3.  If  the  forces  act  in  the  same  plane  (viz.  the 
jbne  passing  through  the  axes  Gg>  Kk),  then, 
006. /s,  cos./s',  cos.  /»",  &c.  =s  O,  and  cos.  y,  COS.  y', 
oos.y*,fcc.w  will  be  equal  to  sin.*,  sin./,  sinV,&c. 
.\  these  three  equations  are  reduced  to  two,  viz. 

P  X COS.  «  +  F  X  COS.  a  +  P"  X  COS.  «"  +  &C.  =  O 

P  x  sin.  *  4-  P*  x  sin.  «'  +  P"  x  sin.  «"  +  &c.  =  0 

which  will  determine  the  relation  of  the  quantities 
to  each  other  when  P,  P/,  P",  &c.  are  in  a  state  of 
equilibrium. 

4.  As  there  are  three  independent  equations  in 
Art.  2,    and    two    in  Art.  3 ;    the    magnitude   or 

position 


(*)  For  each  force  may  be  resolved  into  three  others  in  the 
direction  of  the  three  axes  Gg,  LI,  Kk,  of  which  the  parts 
effective  in  the  direction  of  each  axis  will  be  to  the  force  itself 
::  cosine  of  the  angle  which  it  makes  with  the  axis  :  radius  (l)j 
thus,  the  part  effective  along  the  axis  Gg  :  P  : :  cos.  *  :  J,  or 
part  effective^ Px  cos. »;  and  so  of  the  rest:  And  since  the 
forces  are  in  equilibrio,  the  sum  of  the  resolved  forces  in  the 
direction  of  each  axis  must  be  equal  to  O;  from  which  the 
nature  of  these  equations  is  manifest. 

(b)  For  since  AB  is  the  plane  passing  through  the  axis 
Gg,Kk,  and  LBAC=*,  .'.  LBAE=gCP-*;  hence  AC=co*. 
B AC=  cos.  *,  and  ^£=cos.  BAEsscos.  90P—  «=ssin. « 3  and 
so  of  the  rest. 
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position  (with  respect  to  one  of  the  three  axes)  .of 
any  three  of  the  forces  P,  P/,  P",  &c.  in  the  former 
case,  and  of  any  two  of  the  latter,  may  be  considered 
as  undetermined  quantities,  whose  values  are  to  be 
ascertained  from  the  relation  which  subsists  between 
the  remaining  given  quantities  at  the  time  the 
equilibrium  takes  place.  For  instance,  let  there 
be  three  forces  P,  P',  P",  acting  in  different  planes, 
and  let  every  thing  be  given  except  the  magnitude 
of  the  two  last,  and  the  position  of  the  first  with  respect 
to  the  axis  Kk ;  then,  if  P'=x>  P'^y,  cos.  y=  z, 

Px  cos.  «  +  xx  cos.  *  +y  x  cos.*"=0 
P  x  cos.  fi  +  x  x  cos.  If +y  x  cos.  /s"=0 
Pz  .  .  .    +xx  cos.y'+y  x  cos.y"=0 

are  three  equations,  from  .  which  such  values  of 
x,  y,  z  (or  P/,  P//  and  cos.  y)  may  be  deduced,  as 
shall  produce  an  equilibrium  of  the  three  forces. 


END    OF    THE    LECTURE. 
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Lecture  IV. 


ON  THE  CENTER  OF  GRAVITY. 


1  he  center  of  gravity  of  a  body  is  "  that  point, 
about  which,  if  supported,  all  the  parts  of  a  body 
faded  upon  only  by  the  force  if  gravity)  would 
balance  each  other  in  any  position."  In  order  there- 
fore to  ascertain  this  point,  it  will  he  necessary  to 
resolve  a  body  into  its  constituent  parts ;  and  then 
find  two  lines,  about  each  of  which  (if  supported) 
these  parts  will  balance  each  other  in  all  positions : 
the  common  intersection  of  those  two  lines  will  be 
the  center  of  gravity  required.  In  bodies  of  a 
regular  form  and  uniform  texture  this  is  very  easily 
effected,  but  the  difficulty  increases  as  the  nature 
or  shape  of  the  body  becomes  more  complex.  We 
shall  begin  with  shewing  the  method  of  finding  the 
center  of  gravity  of  a  body,  or  of  a  system  of  bodies, 
in  a  few  familiar  instances. 

XIV. 
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XIV. 

On  the  Method  of  finding  the  Center  of  Gravity 

of  a  Body  or  System  of  Bodies. 

1.  In  regular  plane  figures,  such  as  squares, 
parallelograms,  circlet,  polygons  inscribed  in  circles, 
&c.  &c.  the  center  of  gravity  is  the  same 
with  the  center  of  magnitude.  For  instance, 
let  the  annexed  figures  represent  thin  lamina;  of 
matter  of  an  uniform  density,-  and  let  them  be 


ft; 


divided  respeetirely  into  two  equal  parte  by  the 
straight  lines  AB,  CDJ*  Conceive  now  each  of 
these  lamina  to  be  resolved  into  lines  of  particle* 
equal  and  parallel  to  AB,  there  will  then  be  the 
same  quantity  of  matter  similarly  disposed  on  each 

side 


(■)  In  the  square  and  parallelogram  this  will  be  done  by 
bisecting  anr  two  opposite  lidat,  ami  joining  (he  points  of 
buectkm^  in  the-  or ck,  by  drawing  two  diamakn  at  right  angle* 
to  etch  other ;  in  the  hexagon,  by  drawing  AB  t*  tw* opposite 
angles,  and  bisecting  two  opposite  sides  by  CDi  tec.  tec. 
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ode  of  AB ;  if,  therefore,  AB  be  supported,  the 
yets  AC B,  ADB  will  balance  themselves  about 
it;  the  center  of  gravity  will  consequently  be  in  the 
beAB.  For  the  same  reason,  because  all  lines 
drawn  parallel  to  AB  are*  bisected  by  CD> 
the  center  of  gravity  will  also  be  in  the  Kite 
CD ;  it  must  therefore  be  in  their  common  inter- 
section G. 

1.  In  the  same  manner  it  might  be  shewn,  that 

the  center  of  gravity  of  the  regular  solids,  such  as 

the  cube,  parallelopipedan,  cylinder,  sphere,  &c*  is 

the  same  with  the  center  of  magnitude*    For  each 

of  these  solids  might  be  divided  into  two  equal  and 

mrthtr  parts  by  planes  passing  through  it  in  thiee* 

different  directions ;  the  intersection  of  two  of  these 

planes  would  be  a  right  line,  and  the  intersection  of 

that  line  with  the  third  plane  would  be  the  eenter 

of  gravity  of  the  solid.(b) 

3.  Suppose  now  A  ancfli  (Fig,  l.  page  94)  to  be 

two 


(b)  Let  the  three  first  ngupt*  ia  the  opposite  page  represent 
respectively  the  section  of  a  cube,  paralieioptped*  and  sphere,  cut 
through  their  middle;  then  may  the  line  Misrepresent  the  iater- 
seetiofrof  a  plane  at  right  angles  to  ACBD(aa&  AB  the  inter* 
section  o£  a  third  plane)  cutting  these  solids  ia  a-  similar  maimer ; 
the  point  G  wiQ,  therefore  be  the  center  of  gravity,  jht  tot 
cylinder,  it  is  evident  that  the  center  of  gravity  will  be>  in  she 
point  which  bisects  its  axis. 
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two  equal  particles  of  matter  connected  together  by 
the  inflexible  rod  AB  void  of  gravity ;  bisect  AB  in 
G,  then  G  will  be  the  common  center  of  gravity  of 
A  and  B  ;  for  it  is  evident,  that  if  G  be  supported, 
.  the  two  particles  will  balance  themselves  about  it. 
The  pressure  upon  G  will  be  equal  to  the  weight  of 
the  particles  A  and  B,  and  this  pressure  does  not 
at  all  depend  upon  the  length  of  the  line  AB ;  it 
will  therefore  be  the  same  whether  the  particles  be 
placed  at  A  and  B,  or  a  particle  equal  to  A  +  B 
be  placed  at  G.  The  same  may  be  said  with  respect 
to  the  particles  A>  B,  C>  D,  &c.  (in  Fig.  2.)  which 
are  disposed  uniformly  Fig.  1. 

along   the    inflexible    A  G  B 

rod  AN  void  of  gra-     •  *  • 

vity ;  viz.  that  the 
pressure  of  A  and  N 
is  the  same  as  if  A+N  g 

was  placed  at  G;  of  Fig.  2. 

B  and  M  the  same  as  if  B  +  M  was  placed  at  G ; 
&c.  &c.  and  that  the  whole  pressure  of  the  particles 
A,  By  C,  Dy  &c.  is  the  same  as  if  A+  B  +  C+  Z>  + 
E  +  Fy  &c.  was  placed  at  G. 

A.  This  reasoning  might  be  extended  to  the  lines 
of  particles  composing  the  lamxnce  in  Art.  1 ;  for  the 
particles  Ay  B,  C,  D,  &c.  (Fig.  2.)  may  be  increased 
in  number  till  they  become  contiguous  to  each 
other,  and  the  effect  is  the  same  whether  we  con- 
sider them  as  connected  together  by  an  inflexible 

rod 
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rod  void  of  gravity,  or  actually  united  together  by 
the  power  of  cohesion.  Supposing  CD  therefore 
to  be  supported  (see  Figures  in  Art.  I .)  the  pressure 
upon  it  will  be  the  same  as  if  all  the  particles  con- 
tained in  the  lines  parallel  to  AB  were  incumbent 
upon  it;  and  supposing  the  point  G  only  to  be 
supported,  the  pressure  will  be  the  same  as  if  the 
particles  thus  collected  in  CZJwere  incumbent  upon 
it;  the  pressure  of  the  lamina  ACBD  upon  the  center 
of  gravity  is  therefore  the  same  as  if  all  the  matter 
contained  in  it  were  incumbent  upon  G.  The  same 
mode  of  demonstration  might  be  applied  to  the 
laminae  composing  the  regular  solid  bodies  in 
Art.  2;  so  that  it  may  be  asserted  as  a  general  truth, 
that  when  a  body  of  this  kind  is  supported  by  a 
prop  placed  under  its  center  of  gravity,  the  pressure 
will  be  the  same  whether  the  whole  quantity  of 
matter  be  uniformly  diffused  through  the  space 
occupied  by  the  body,  or  whether  it  be  all  as  it  were 
concentrated  in  that  center  of  gravity. 

5.  For  the  purpose  of  investigating  the  theorem 
for  finding  the  common  center  of  gravity  of  two 
unequal  bodies,  let  ABCD,  CDEF  (Fig.  in  page  96) 
represent  the  sections  of  two  cylinders  of  uniform 
density  and  of  the  same  diameter,  whose  axes  are 
MN,  NO ;  bisect  MN  in  G  and  NO  in  g,  then 
will  G9g  be  their  centers  of  gravity.  Let  ABCD 
be  suspended  from  the  hook  P,  by  the  string  P  G 
attached  to  its  center  of  gravity ;  and  let  CDEF 
be  suspended  in  the  same  manner  from  the  hook  Q, 

by 
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by  the  string  Qg ;  let  them  also  be  ao  placed  that 
their  ends  may  he  contiguous  to  each  other.  Then 
v'xUABCD  balance  itself  about  G9  and  CDEF 
about  g,  so  that  the  two  axes  NM>  ffO  (after  the 
cylinders  are  suspended)  will  tie  in  the  same  straight 
time ;  and  the  pressures  upon  G,g,  will  be  the.  same 
as  if  the  whole  weights  of  the  cylinders  were  col- 
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lected  respectively  in  those  points.-  Suppose  now 
the  two  ends  which  are  contiguous  to  each  other,  to 
be  Jbrmly  cemented  together,  so  that  the  two  cylin- 
ders should  become  one  mass ;  this  will  not  at  all 
Effect  the  pressures  upon  G9g,  but  will  merely 
serve  to  connect  those  two  points  together,  in  such 
a  manner  that  the  pressures  upon  them  may  be 
considered  as  acting  at  the  extremities  of  aa  m- 
Jiexible  rod  Gg  void  of  gravity.  Bisect  the  am 
MO  of  the  whole  cylinder  ABFE  in  the  point  K, 
and  K  will  be  its  center  of-  gravity ;  let  the  prop 
Kit  be  placed  under  Kf  and  let  the  two  strings 
PG>  Qfr  by  which  it  k  suspended*,  be  removed,  and 

the 
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the  cylinder  will  then  balance  itself  about  the  point 
K ;  or,  in -other  words,  the  two  pressures  acting  at 
G,  g9  will  be  in  equilibrio  about  that  ppint.  It  only 
remains,  therefore,  to  find  the  relation  of  K G  to- 
Kg;  nowM^  MO,  andMG=j  MN,  /.  MK 
-MG  (or  KG)  =  \  MO-MN  =  ±  NO;  again, 
OK=±MO,  and  0g=±  NO,  .-.  OK-  Og  (or  Kg) 

=  i  MO-N0=±MNi  hence  KG:  Kg  ::  iNO 
•.  \MN  ::  NO  :  MiV  ::  cylinder  CDEF  :  cylin- 
der A B  CD.i9)  But  the  pressure  upon  G  (P)  is 
equivalent  to  the  weight  of  the  cylinder  ABCD> 
and  the  pressure  upon  g  (p)  to  that  of  the  cylinder 
CDEF,.\  KG:  Kg::p:  P  or  P  :  p  ::  Kg:  KG, 
i.  e.  two  weights  or  pressures  P,  p,  acting  at  the  ex- 
tremities of  the  inflexible  rod  Gg  void  of  gravity, 

will  be  in  equilibrio  about  the  point  K,  when  their 

.*    • 

distances  from  that  point  are  to  each  other  inversely 
as  those  weights  or  pressures. 

6.  This  furnishes  us  with  the  method  of  finding 
the  common  center  of  gravity  of  any  number  of 
bodies  whatever,  connected  together  by  inflexible 
rods   void  of  gravity. 

Let 


(*)  For  cylinders  of  the  same  diameter  are  to  each  other  at 
their  axes. 


W   im        m     .     -  _       - 


98 


LeL4.fi,  C,  2),  &&  A 

be  the  bodies,  and  let 
thecenters  of  gravity 

■ 

of  A  and  B  be  con- 
nected together  by 
the  inflexible  line 
AB; 

take,   A 
or,  comp*0,    A+  B 
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B 


B 
B 


*  • 


BG  : AG^ 

BG  +  AG(AB)  .AG, 


then  will  the  bodies  A  and  B  balance  themselves 
about  G,  and  consequently  G  will  be  their  common 
center  of  gravity  (by  Art.  5). 

Next,  let  the  center  of  gravity  of  C  be  connected 
with  G  by  the  inflexible  line  CG,  then,  for  the  reason 
assigned  in  Art  3,  the  pressure  upon  G  will  be  the 
same  as  if  a  body  equal  to  A  +  B  was  placed  at  G  ; 
take,  therefore, 

A+B:  C.:  Cg  :  Gg, 
orjcomp^,     A+B+Ci  C  ::  Cg+Gg(CG):Gg, 
then  g  will  be  the  center  of  gravity  of  A  +  B  and 

c, 


(■)  Since  A  :  B  : :  BG  :  AG,  by  multiplying  extremes  and 
means  A  x  AG=B  x  jBG  ;  i.  e.  when  two  bodies  are  in  equilibrio, 
the  product  of  each  body  into  its  distance  from  the  center  of 
gravity  is  equal  on  each  side  that  center.  These  quantities, 
Ax  AG,  and  BxBG,  therefore  express  the  respective  forces  by 
which  A  and  B  counteract  each  other's  effects  in  their  tendency, 
to  motion  round  G. 
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C,  and  consequently  the  common  center  of  gravity 
of  the  three  bodies  Ay  B,  C. 

Again,  let  the  center  of  gravity  of  D  be  connected 
with  g  by  the  inflexible  line  Dg,  then  the  pressure 
upon  g  will  be  the  same  as  if  A+B  and  C(i.  e. 
A  +  jB  +  C)  were  placed  at  g.    Take,  therefore, 

A  +  B+C:D::DK:gK, 
or,comp<*o,  A+B+  C+D :  D ::  DK+gK(Dg)  :  gK, 
then  K  will  be  the  center  of  gravity  of  A+  B  +  C 
and  Dj  and  consequently  the  common  center  of 
gravity  of  the  four  bodies  Ay  B,  C,  D;  moreover, 
the  pressure  upon  K  will  be  the  same  as  if  A+B 
+  C+  D  were  placed  at  K;  and  thus  we  might  pro- 
ceed for  any  number  of  bodies. 

7.  It  is  evident*  that  the  foregoing  demonstration 
does  not  all  depend  upon  the  number  or  weight  of 
the  bodies,  or  their  distance  from  each  other;,  it  rests 
merely  on  the  supposition  that  their  centers  of  gravity 
are  connected  together  by  inflexible  rods  void  of 
gravity.  It  may  therefore  be  applied  to  any  number 
of  particles  of  matter  situated  in  different  planes,  and 
placed  at  all  possible  distances  from  each  other. 
Increase  the  number  of  these  particles  till  they 
become  contiguous  to  each  other,  and  for  the  imagi- 
naty  line  void  of  gravity  substitute  the  power  of 
cohesion,  then  the  system  of  bodies  A>  B,  C,  D,  &c 
may  represent  an  irregular  mass  of  compact  matter, 
not  unlike  such  as  are  to  be  met  with  in  the  works 

of 
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of  nature  or  of  art ;  and  although  it  may  be  diffi- 
cult to  find  the  actual  center  of  gravity  of  such 
a  mass,  yet  the  latter  part  of  our  rule  still  remains 
true, ;  viz.  "  that  if  this  mass  be  supported,  its  pressure 
downwards  will  be  the  same  as  if  the  whole  quantity 
of  matter  contained  in  it  was  concentrated  in  its 
center  of  gravity" 

8.  From  hence  it  follows,  that  whatever  be  the 
form  or  dimensions  of  a  body  placed  upon  a  plane 
parallel  to  the  horizon,  it  will  remain  at  rest,  if 


F  B  C         O 


the  line  drawn  from  its  center  of  gravity  per- 
pendicular to  the  horizon  falls  within  its  base.  For 
let  A  BCD  represent  the  section  of  a  body  pass- 
ing through  its  center  of  gravity  of  G,  and  draw 
GF  perpendicular  to  HO  the  plane  upon  which  it 
stands;  then,  since  the  tendency  of  the  body  to 
descend  is  the  same  as  if  its  whole  weight'was  con- 
centrated in  G,  it  will  rest  or  fall  according  as  G  is 
supported  or  not9  i.  e.  according  as  F  falls  within  or 
without  the  base  BC;  moreover,  the  stability  of  the 
body  will  depend  upon  the  distance  at  which  the 

point 
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point  F  falls  within  the  base.  From  this  property 
of  the  center  of  gravity  it  also  follows,  that  if  a 
body  be  suspended  {torn  any  point,  it  will  not  rest 
till  the  line  which  joins  the  center  of  gravity  and 
point  of  suspension  is  perpendicular  to  the  horizon. 
For  let  A BCD  represent  the  section  of  a  body  as 
before,  G  its  center  of  gravity,  S  the  point  of 
suspension ;  join  S  G,  and  draw  SOW  per- 
pendicular to  the  horizon;  produce  SG  to  N, 
and  draw  GR  parallel 

to  S  W\  then,  since  the 
weight  of  the  body  may 
be  considered  as  col- 
lected in  G,  its  tendency 
to  motion  will  be  along 
the  line  GR.  Let  GR 
therefore  represent  this 
tendency,  which  resolve 
into   GN   in    the    di- 

.  rection  SG,   and   RN 
perpendicular  to  it;  the 

part  GN  is  counteracted  by  the  reaction  from  the 
point  of  suspension  S,  and  NR  is  employed  in  pro- 

'  ducing  motion  in  the  direction  of  the  circular  arc 
GO;  G  therefore  (and  consequently  the  body)  will 
not  remain  at  rest  till  NR  vanishes,  i.e.  ti^^he 
angle  NG R  (=OSG)  vanishes,  or  SG  coir&ffies 
with  SO.  We  proceed  to  apply  the  principles 
just  now  investigated,  to  the  solution  of  a  few  practi- 
cal examples. 

EXAM. 
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EXAMPLE  l. 

To  find  the  center  of  gravity  of  the  triangle 

ABC* 

Bisect  the  side  AC  in  D,  and  join  B D>  which 
will  bisect  all  lines  drawn  parallel  to  AC;  conse- 
quently, if  BD  be  supported,  the  parts  ABD, 
DBC  of  the  triangle  ABC  will  balance  themselves  on 
each  side  of  it;  hence  the  center  of  gravity  is  in  the 
line  BD.  Bisect  the  side  B  C  in  E,  and  join  AE; 
then,  for  the  same  reason  B 

as  before,  the  center  of 
gravity  will  be  somewhere 
in  the  line  AE ;  it  must 
therefore  be  at  their 
common  intersection  G. 
Produce  now  BD  to  F, 
and  draw  CF  parallel  to 
EA;  then  since BE^  EC, 
BG  will  be  equal  to  GF;  but  in  the  two  triangles 
AGD,  DFC,  there  is  one  side  and  two  angles  equal 
to  each  other,   .".  GD=DF,  and  consequently  GF 

(or  BG)  =  2GD;  hence  BG  =  lBD,  and  GD= 

\BD. 

EXAM. 


(*)  In  finding  the  centers  of  gravity  of  plane  figures,  a  lamina 
•f  matter  of  an  uniform  density,  in  the  shape  of  those  figures,  is 
of  course  understood. 
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EXAMPLE  2. 

Given  the  three  sides  of  the  triangle  AB  C,  to  find  the 
distance  of  its  centerof gravity  from  each  of  its  angles. 

Bisect  the;   three  sides  A B,   B  Cy   CA  in  the 
points  E,  F,  D,  and  join  B 

JF,  BD,  CE,  which  will 

intersect  each  other  in  the 

center  of  gravity  G;  then, 

from  what  was  shewn  in 

the  preceding  example,  we 

have, 
BG=\BD,  /.  BD=l  BG,  and  BD*=\BG\ 

CG=\  CE,  /.  CE=\  CG,  and  CB*=\CGK 

AG=\  AF,  .-.  AF=lAG%*nd  AF«^\AG\ 

How\etAB  =  a,BC=b,cA=c;  \htnAE*±\a\ 
CP=ii9,  and^2)8=ic2;  but 

■.•*  AB*+BC*=2AD*+2BD\  or  a«+£«=£  c^+^^G*  (A). 
AC*+AB9=2CF*  +  2AF*9  or  c*+a*=±b%+l  AG*  (B). 
jfCi+BCq=2'AE*+2CE*,oTc9+b*=z±a*+tCG*  (£). 

From 

(b)  For  let  ABC  be  any  triangle 5  bisect  AC  in  A  and  draw 
MF  at  right  angles  to  it  j  then,  B 

BjEac.  12.2, 

^^=^D«+Bi>,4-2^Dxi>iV; 
aid  Euc.  13. 2,  * 

B&zxAD'  +  BDt-aADxDN 
(far  CD=AD),  .\AB*+BC*=2AD*    A  d  N  C 

+22?Z)ft;  and  by  bisecting  the  other  sides  of  the  triangle,  we 
•btain  equations  (B)  an4  (C). 
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From  equation  (A)  we  have  BG = 5  ^2a*  +  2bt-c\ 

(B)  .  .  .  .  AG =1^2?  + 2a*- b\ 

(C)  .  .  .  .  CG=\j2ci  +  2b*-a\«> 

EXAM.  3. 

To  find  the  center  of  gravity  of  a  trapezium  ABCD, 
.whose  two  sides  AD,  BC  are  parallel. 

Bisect  AD,  BC,  in  E,  F,  and  join  EF-,  then 
since  GF  bisects  AD,  BC,  it  will  bisect  all  lines 
drawn  parallel  to  BCih),   and,   consequently,   the 

center  of  gravity  of  the  trapezium  is  in  the  line 

EF.   Join  BE,  BD, 

DF,  and  take  GE= 

{BE,  gF=\DFi 

then  G  is  the  center 
of  gravity  of  the  tri- 
angle ABD  (Ex.  1.) 


(*)  By  way  of  corollary  to  this  Example,  It  may  be  observed, 
that  if  a  body  be  placed  at  G,  and  acted  upon  by  three  forces 
represented '  in  quantity  and  direction  by  GA,  GC,  GB,  St  will 
remain  at  rest.  For  the  force  compounded  of  GA,  GC  would  be 
the  diagonal  of  a  parallelogram  whose  sides  are  GA,  GC,  which 
(since  the  diagonals  of  parallelograms  bisect  each  other)  is  equal 
to  2GD,  i.  e.  to  GB.  Hence  a  force  represented  in  quantity  and 
direction  by  GB  would  counteract  the  effects  of  GA,  GC,  and 
therefore  a  body  thus  placed  would  remain  at  rest. (Fig.  page  103.) 

(b)  For  if  BA,  FE,  CD  be  produced,  they  will  meet  in  the 
same  point,  which  will  be  the  vertex  of  a  triangle  whose  bast  is 
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f  the  center  of .  guavity.  of  *  the*  triangle  iBD€. 
6^;  then,  oonceiving  the  i  triangles  AJkD, 
BDC  to  be  collected  in  G9  g3  their  common  oen#r 
of  gravity  must  be  iji  tfeejipe*  Gg ;  i.  e.  the  center 
of  ^jjrayity  p( x  the.  trgfcfzimn  AB  CD flaust  be,  in  the 
line  G#;  it  is  a&o  in  the  ljne  £F;  consequently 
it  is  in  K,  the  intersection  of  EF  and  Gg.  Draw 
Gm9gn  parallel  tojf'DprBC;  then  since  ;£<?= 

"i  JBJSaJSw  .mu$t  be  equal,  to  i  JEif;  and  for  the  fame 

,rqa6W .&*=%&&;   .;3^=WI  =  M?.    : Now  ^IT 
-  being  6be  common  ^epter  ©f  gravity  of  the  trj^glps 
ABDjBDCy  wei  have 

GK*Kg::ABDC:AABD::BC:AD<»9 
but  by  sim*A%/?jr  :\Kg :  :£ro :  iTn,  .-«dCw  *Cn :  :>#C  :^ZX 

Hence  we  have,)  1st, 
£m :  Km+ Kn  (jnn^Em)  : :        BC       sBC+AD, 
b{Km  +  Em(EK)  :mn  ::  *BC+iiD?BC+AD{A). 

MrKtn+Kn(mn*nF)ttKn::  /BC+AD:AD9 
&      «n;>.irm-nF(fJr);:    BC^D:BQ±2ADtB). 
ex  aequo  (^)  and  (B), 

If,;  therefore*  :the;/)0*<tf/e/  sides, of: the  trapezium 
J^e  -4)i^ptQd,^W)d^f  &e  Jkine  which  .joiijs  the  points 

:      ,of 


'■  "* 


BC;  and  since  EF  bisects  the  base  BC,  it^iUJbjsecfjalJJjifles 
drawn  parallel  to  it. 

,  (bX  Kor  *eitru|Pgles4y<jy>,  BJ^C^^^^^^^^lOtude^ 
.-.  (Euc.  1. 6.)  ^JBX>  :  £/)(?  : :  AD  :  £C 

P 
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of  bisection  be  divided   in    the    ratio    of  2BC  + 
AD  :  B  C  +  2  AD,  it  will  determine  the  center  of 
gravity* 

EXAM.  4. 

To  find  the  center  of  gravity  of  an   irregular 

polygon. 

Every  polygon  #hose  sides  and  angles  are  given 
may  be  divided  into  triangles  whose  areas  and 
centers  of  gravity  may  be  found  by  the  rules  of 
trigonometry.  Let  AB.CDEF  be  an  irregular 
polygon,  divided  into  triangles  whose  areas  are  re- 
presented by  P,  Q,  K,  &c.  and  whose  centers  of 
gravity  are  re- 
spectively a,  b9  c, 
&c.  Conceive 
these  triangles  to 
be  collected  in  the 
points  a,  b,  c,  &c. ;  B 
join  a  by  and  take 
bG:  aG::P:  Q, 
then  G  will  be  the 
Renter  of  gravity  of  the  figure  A  BCD.  Join  Gc, 
and  take  eg  :  Gg  :  P+  Q  :  R;  then  g  will  be  the 
center  of  gravity  of  the  figure  ABCDE.  Let  g  and 
d  be  joined,  and  make  dK  :  gK::  P+Q  +  R:  S, 
then  K  will  be  the  center  of  gravity  of  the  whole 
polygon;  and  so  we  might  proceed,  whatever  be  the 
number  of  sides. 

If  it  was  required  to  find  the  center  of  gravity 

of 
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•f  the  perimeter  of  the  polygon ;  then  bisect  the 

sides  in    the  points   a,  b,  c,  &c.   and   (since  the 

center  of  gravity  A 

pf  a  right  line  is 

evidently    in    its  X  I    ^***<$ 

middle  point)  a,  b,  c 

&c.    will   be  the 
centers  of  gravity  B* 
of  the  skies  ABy 

BC,  CD,  he.  re- 
spectively.     Join  c 

ab,  and  take  bG  :  aG  ::  AB  :  BC;  then  G 
would  be  the  center  of  gravity  of  that  part  of  the 
perimeter  represented  by  AB  C.  Again,  join  Gc> 
and  take  eg  :  Gg  : :  AB  +  BC  :  CD,  then  g  is  the 
center  of  gravity  of  such  part  of  the  perimeter  as  is 
represented  by  A  BCD;  and  so  we  might  proceed 
till  we  had  found  (0)  the  center  of  gravity  of  the 
whole  perimeter. 


EXAM.  5. 
To  find  the  common  center  of  gravity  of  any  number  of 
bodies  placed  in  a  right  line.  (Fig.  in  p.]  08.) 

Let  the  bodies  A,  B,  C>  D  be  so  placed,  that  the 
line  OD  may  pass  through  their  respective  centers 
of  gravity ;  it  is  required  to  find  the  distance  of 
their  common  center  of  gravity  from  the  point  0. 
Suppose  OD  to  be  an  inflexible  line  void  of  gravity, 
and  let  G  be  the  common  center  of  gravity  of  the 
bodies  ;  then  if  G  be  supported,  the  effort  of  each 

body 
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bbdy  to  prbdude  motion  roundO  would  be  measured 
by  the  prodwct  of  its>  weight  into  its  distant*  frbm  G; 

A  B  C  B 

| »    ~        • J •'  '  # 

O  G 

(See  Note,  page  97),  i.  e.  the  effort' of  A*±?AxA&'; 
of  B=?Bx  BG ;  &c.  &c;  and  asj  the  bodies  are? 
supposed  to  be  in  equilibrio  about  G>  the  sttm  of 
their  efforts  on  each  side  G  must  tie  e^ttef  to1  each' 
other,  or 


AxAG+&xBG=zOxCG+DxDG,  i.e.  AxOG-OA 


+BxQQ-GBsxGxOC-OG+DxOD-OG;  /.     . 

CkO€+£>xOD,V 

heticer  0»  ^**<M+** Q*+g*  Qg+Dx  OP 

A+B+C+D 

From  which  we  infer,  that  the  distance  of  the 
common  center  of  gravity  of  any  number  of  bodies 
thus  placed  is  equal  to  the  sum  of  the  products 
arising  from  multiplying  each  body  into  its  dis- 
tance Jfom  sortie  givert  point  divided  by  the  sum  of 
the  bodies. 

C6h  If  Ojt**,-  tUriAG±—-*+CxAC+D%AD> 

A+B+C+D 

an* 

(*)  By  actual  mnltiplkAtioo  aad  tfinipoiiti*. 
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and  if  the  bodies  lie  on  different  sides  of  the  point  0, 
(for  instance,  A,  B  on  onesidt,  and  C,  D  on  the  otter,) 


then  OG=  A+B+G+D ~~- 

EXAM.  6. 

Tfiree  bodies  A,  B,  C,  weighing  respectively  3,  2, 
emd  1  pounds,  have  their  centers-  of  gravity  joined*  by 
the  VamAB,  BC,  CA;  ofwtiich lAB^&feeP,  BC 
=r  4-,  CA-*  2 ;  What  is  the  distance  of  theiw  common 
center  of  "gravity  from  the  Body  C  ?' 


the  three  side*  of  the  triangle  ABC 

5,  4,  1r  the  three  angles  A,  B±C  will  be  f<ww&d*by 

the  rules  of  Trigonometry,      a  G'  » 

to  be  respectively  4£°.  27' y 

M°.  J  9',  and  108°.  14'.  Let 

G  be  the  center  of  gravity 

of  the  bodies  A  and  B,  and 

g  the  common  center  of  gravity  of  the  three*  bodies. 

found  a*  in  Art.  6;  then  since  ^B  =  5,  ^=5,  jB  =  2, 

and  A:  BiiBG  :  AG,  AG  will  he  equal  to  a  feet, 

and  BG  to  three  feet ;  hence  in  the  triangle  GAC 

there  is  given  AC=  <i,  AG=*2%  and  the  angle  CAG 

=  4<J°.  27',  /.each  of  the  angles  AGC,ACG= 

69**  161',  from  which  CG  is  found  to  be  equal  to 

1.073.     But  from  the  rule,  Cg  :  Gg  ::  A+  B  :  C> 

•••  Cg  :  Cg  +  G^  (  =  CG*l,673)::^  +  B  (*) 
:^+B+C(6)i  hence  Cg=  *  y7|*.?  =i.3&4 

feet. 

Ex. 
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EXAM.  7. 

Given  the  distance  of  three  bodies  A,  B,  Cy  from 
their  common  center  of  gravity  g,  and  the  angles 
AgB,  BgC,  AgC ;  to  compare  the  weights  of  the 
bodies. 

Join  Ag,  Bg  (Fig.  in  Ex.  6.)  and  let  the  sines 
of  the  angles  AgB,  BgC>  AgC>  be  respectively 
a,  by  c ;  produce  Cg  to  G9  and  G  will  be  the  center 
of  gravity  of  A  and  2?;(a)  for  the  same  reason,  if 
Ag  was  produced,  it  would  pass  through  the  center 
of  gravity  of  jB  and  C;  and  if  Bg  was  produced, 
it  would  pass  through  that  of  A  and  C*  Let  sin. 
/LAGg  or  BGg  =  s.      Now 

sin.Z. AG g  (s)  :  sin. CAgG  (=sin.  AgC=c)  ::Ag:  AG^Agx- 
and  .' 

m.£.BGg  (s)  :  sin. L.BgG  (=sin.  BgC=b)  nBg:  BG=Bgx~. 

*  s 

b  c 

Hence, ^  :  2?(::  BG  :  AG)  i:  Bgx-  :  Agx- ::  Bgxb  :  Agxc. 

s  s 

For  the  same  reason, 

B  :  C  ::  Cgxa  :  Bgxc, 

.'.  ex »quo, -^ ;  C  ::  Cgxaz  Agxt'. 

Cor. 


(*)  For  it  is  evident,  that  if  C£  be  produced,  it  must  meet 
AB  in  such  a  point,  that  A+B,  when  placed  at  G,  must  balance 
C;  the  point  G  is  therefore  the  center  of  gravity  of  A  and  5. 
In  the  same  manner,  if  Ag,  Bg  were  produced,  they  would  meet 
BC,  AC,  in  such  points,  that  B+C  must  balance  A,  and  A+C 
must  balance  £,  which  points  are  the  common  centers  of  gravity 
•f  B  and  C,  and  of  A  and  C  respectively. 


■— * 
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Cor.  If  a=b  =  c;  i.  e.  if  the  angles  at.  g  are  each 
of  them  120°,  then  A  :  B  ::  Bg  :  Ag ;  £  :  C:; 
Cg  :  Bg;  andA:  C::  Cg  i  Ag. 

EXAM.  8. 

yd  cylindrical  tower,  consisting  of  uniform  mate- 
rials closely  cemented  together,  is  20  feet  high ;  and 
the  diameter  of  its  base  is  4  feet ;  How  far  may  it 
deviate  from  its  perpendicular  position,  before  it  is  in 
danger  of  falling. 

Let  AB  CD  represent  a  section  of  the  tower 
passing  through  its  axis  EF,  and  let  G  be  its  center 
of  gravity.  Suppose  it  to  be  so  much  A.  E  p 
inclined,  that  the  perpendicular  line  l 
GB,  let  fall  from  G,  falls  upon  the 
edge  of  its  base  BC ;  then  GF  (to) 
:  BF(2)  ::  radius  (l)  :  cos.  Z.GFB; 

.-.  cos.  GF B=  ~=  .200  =  cos.  L7&* 

33'.  An  angle  of  78°.  33'  is  therefore 
the  limit  of  its  inclination,  before  it  is 
in  danger  of  falling  (Art.  8).  If  the 
angle  GFB  is  less  then  78".  33',  then  the  per- 
pendicular GB  falls  without  the  base,  and  the  tower 
cannot  sustain  itself. 

EXAM.  9. 

A  piece,  of  timber  of  uniform  density  and  prismatic 
form,  a  section  of  which  (perpendictdar  to  its  sides, 

and 
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dmdtpamrtg  through  tits,  xenteraf gravity  iO)  is  re- 

iprt.stMed  by  the,  square,  A  BCD,  is  placed  *pon  -an 
inclined  plane;  it  \is  -required, to tskeui  .ftfcn  itjoill 
have  a  tendency  to  roll,  and  wiiAi  to  slide  down  the 
plane. 

"Draw  'GT  perpen'dicular  to  the  plane,  nnd'GK 

perpendicular  to  its ' base,  ■vndtetJPL'N 'be  greater 
artd  p  L*N  less than'  half  a  right  angle.  In  the  former 
case,  since'.E'ZiX'is  greater  than  43°,  L'BK  or  t?.£F 
will  be  less  than  45° ;  .'.  the  angle  'EGFH  greater 

'then  the-an^e'GSFy andconseguently-'RFisgreater 

1  thanJ  Of* or  5F ;  benee  the' body1  has  always  'a-ten- 
dency  to  .'fall  over  in  'the-'direetion'GiS,  atfdiwill 
therefore  roll  down  the  plswe  PL.  In  the-  Jotter 
case  the  angle  EGF  is to*  than  QRF,  .'.  BFi»Uss 
thtn/GF  or»BF;'the*-hole"weigiit  «f  thc/body 
therefore  presses  upon*  the 
plane  p  L.  .,Let  G£  re- 
present this  weight,  which 

'resolve  into  two; OSF,  F£  ; 
G.F>  will  represent  the  re- 
action of  the  plane  upon 
the  body,  arid  FB  will  re- 
present a  force  which  tends       x^Jt  X~ji 
to  make  the  body  slide  down  the  plane.    Hence  it 
appears,  that  the  body  will  have  a  tendency  either 
to  roll  or  slide,  according  as  the  angle  of  the  plane's 

HneHnalion  i»greater  or  test  than  45°. 

XV. 
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XV. 

In   considering  the  circumstances   under  which 

a  body  would  slide  or  roll  down  an  inclined  plane, 

it  should  be  observed, '  that  if  the  surfaces  of  the 

body  and  the  plane  be  perfectly  smooth,  no  rolling 

will  take  place,  whatever  be  the  angle  of  inclination 

of  the  plane.     To  give  a  body  a  tendency  to  rotatory 

motion  about  its  center  of  gravity  (G),  it  is  evident 

that  there  must  be  some  mutual  action  between 

the    surface  of  the  body  and  the  surface  of  the 

plane  (such  as  that,  for  instance,  which  arises  from 

friction,  the  unrolling  of  rope,  &c.  &c.) ;    if  there 

be  not  some  such  action  as  this,  all  the  parts  of 

the  body  being  equally  accelerated,  the  body  will, 

under  all  circumstances,  slide  down  the  plane.    (Sea 

Note  a,  page  58,  vol.  II.) 


, .  •  Questions  for  Practice. 

1 .  If  three  equal  bodies  be  placed  at  the  angles 
of  any  triangle  ;  shew  that  the  common  center  of 
gravity  of  those  bodies  is  in  the  same  point  with 
the  center  of  gravity  of  the  triangle. 

2.  Four  bodies  A,  B,  C,  D,  weighing  respectively 
) ,  2, 4,  and  7  pounds,  are  placed  with  their  centers 
of  gravity  in  a  right  line,  at  the  distance  of  3, 5, 7V 

o  and 


114  CENTER  OP  GRAVITY. 

and  9  feet  from  a  given  point ;  What  is  the  distance 
of  their  common  center  of  gravity  from  that  given 
point ;  and  between  which  two  of  the  bodies  does 
it  lie  ? 

Ans.     Between  C  and  D ;  and  its  distance  from 
the  given  point  7f  feet. 

3.  The  bodies  A,B,C,  weighing  respectively 
d,  3,  and  12.  pounds,  are  so  placed,  that  AB=  8  feet, 
^/C=4feet,  and  the  angle  BAC  a  right  angle; 
What  is  the  distance  of  their  common  center  of 
gravity  from  the  body  C?  Ans.     2  feet. 

4.  Three  bodies  A,  B,  Cy  are  so  situated  with 
respect  to  their  common  center  of  gravity  (g)>  that 
Ag=  10,  Bg=  15,  Cg=20  feet;  the  angles  AgBy 
BgC,  and  AgC,  are  each  of  them  120°;  A  weighs 
12  pounds  ;  What  are  the  weights  of  B  and  C? 

Ans.     £  =  8lbs.  C=61bs. 

5.  Supposing  the  height  of  the  cylinder  in  Exam.  7. 
to  be  only  twice  the  diameter  of  its  base;  what  is  the 
limit  of  its  angle  of  inclination  before  it  is  in  danger 
of  falling  ?  Ans.    6o°. 

We  have  thus  shewn  the  method  of  finding  the 
center  of  gravity  of  a  body  or  system  of  bodies  in 
a  few  ordinary  cases ;  and  have  at  the  same  time 
established  this  fundamental  principle,  that,  when 
the  body  or  system  is  supported,  its  pressure  (or 

tendency 
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tendency  to  motion)  is  the  same  as  if  all  the  mattgr 
contained  in  the  body  or  system  was  collected  in  that 
center  of  gravity.  We  are  next  to  consider  how 
the  common  center  of  gravity  of  a  system  of  bodies 
is  affected,  when  some  or  all  of  them  are  actually 
in  motion. 


XVL 

On  the  Method  of  investigating  the  Effect  pro- 
duced upon  the  Common  Center  of  Gravity 
of  a  System  of  Bodies,  when  some  or  all  of 
them  ore  actually  in  motion. 

1 .  Let  A  and  B  be  two  unequal  bodies ;  then,  if 
they  approach  to  or  recede  frpm  each  other  with 

a    A     a  h  B  b 


velocities  inversely  proportional  to  their  weights, 
their  common  center  of  gravity  G  will  remain  at 
rest.  For  take  Aa  :  Bb  ::  B  :A,  and  suppose  A  to 
move  through  Aa  whilst  B  moves  through  Bb, 
then  (since  V  <x  S  when  T  is  given)  velocity  of  A 
:  velocity  ofB::  (Aa  :  Bb  : :)  B  :  A;  hence  we  have 
AG.BG       -..B.A, 

and  Aa  :  Bb  ::  B  :  A ; 

:.  AG±Aa  :  BG±Bb  : :  B  :  A,  i.  e.  aG  :  bG  r.B.A; 
from  which  it  appears  that  G  is  their  common 
center  of  gravity  when  the  bodies  are  arrived  at 

a  and 
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a  and  b,  ue.  the  center  of  gravity-  has  remained  at 
restvshiht  the  bodies  have  approached  to  or  receded 
horn  each  other  through!  the  spaces  Aa^  Bb. 

2.  Suppose  now  that  one  body  (A)  remains  at 
rest,  whilst  the  other  body  (B)  moves  uniformly 
along  the   sides  BC,  CD,  DE,  of  the    polygon 

E 


A  »  B 

BCDE.  When  the  body  arrives  at  C,  join  AC, 
and  take  AK  :  KC  ::  B  :  A,  or  Alt  : At ::  B  : 
A+B,  then  K  will  be  the  place  of  the  center  of 
gravity.  When  the  body  arrives  at  D,  E,  join  also 
AB\>  AE,  and  divide  them  in  the  points  L,  M  in 
the  ratio  of  B  :  A,  then  will  L,  M  be  the  position 
of  the  center  of  gravity  at  the  end  of  those 
respective  times.  Let  GK,  K  L,  LM  be  now 
joined;  and  since  AG :  AB  ::  B  :  A  +  B,  and 
AK  :AC::B:  A+  B,  .-.  AK  :  AC  ::  AG  :  AB; 
hence  GK  is  parallfel  to  BC,  and  the  triangle 
AGK  similar  to  the  ttiangle  ABC.  In  the 
same  manner  it  may  bte  proved  that  the  tri- 
angles AKL,  ALM  are  respectively  similar  to 
ACD,  ABE,  and  the  whole  figure  AGKLM  to 

the 
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the  polygon  ABCDE.  Whilst  (he  body  £  there- 
fore moves  uniformly  along  the  sides  of  the  polygon 
BCDE,  the  common  center  of  gravity  G  describes 
with  a  uniform  motion  a  similar  polygon  GKLM; 
and  since,  from  the  nature  of  similar  figures,  GK+ 
KL  +  LM:BC  +  CD  +  DE::(AG:AB,  i.e.) 
B  :  A  +  B,  the  velocity  of  the  center  of  gravity 
will  be  to  the  velocity  of  the  body  B  ::  B  :  ^f  +  B. 
Suppose  now  the  number  of  the  sides  of  the  poly- 
gon BCDE  to  be  increased  without  limit,  so  that 
it  may  be  considered  as  assuming  the  form  of  a 
Curve,  then  shall  we  come  to  this  general  conclusion, 
that,  whilst  the  body  B  proceeds  uniformly  along  the 
'perimeter  of  the  figure  BCDE  (wltether  rectilinear 
or  curvilinear ) ,  the  center  of  gravity  G  will  describe 
with  a  uniform  motion  a  similar  figure  GKLM,  with 
a  velocity  which  is  to  that  of  B  as  B  :  A+  B. 

3.   Let  us  nelt  take  the  case  of  three  bodies 

Ay  B,  €  (Fig.  in  p.  1 1».)  moving  with  uniform  ve^ 

.  lbcities,  m  equal  successive  parts  of  time*  through*  the 

spaces  A  a,  Bb,  Cc.     Let  G  be  the  position  of  the 

common  center  of  gravity  of  the  three  bodies,  and  g 

that  of  B  and  C,  before  they  begin  to  move;   then 

(by  Art.  6.  Sect.  XIV.)    Gg  :  Ag  ::  A  :  A  + 

B  +  C.    Whilst  A  movesiVom  A  to  a,  E'+  C  may 

be  considered  as  at  rest  in  g,  .':  (by  Art.  2;)  the 

common  center  of  gravity  (G)  will  in  the  same 

time  describe  GK  parallel  to  A  a,  and  GK  will  be  to 

Aa  ::(Gg:  Ag  ::)  A  :  A'+  B+  C.     When  A  is 

arrived 
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arrived  at  a,  join  aC  and  BK ;  produce  BK  till  it 
meets  aC  in  m,  then  (see  Note,  page  1 10.)  m  will  be 


the  center  of  gravity  of  A  and  C ;  join  mby  then 
whilst  B  moves  from  B  to  b9  the  common  center  of 
gravity  will  describe  KL  parallel  to  Bb9  and  KL  will 
be  to  Bb  ::  (mK :  mB  ::)  B  :  A  +  B+C.  When 
JB  is  arrived  at  b9  join  a  4,  CL ;  produce  C£  till  it 
meets  ab  in  n,  then  n  will  be  the  center  of  gravity 
of^  and  B;  join  nr,  then  whilst  C  moves  from  C 
toe,  the  common  center  of  gravity  will  describe 
LM  parallel  to  Cc,  and  LM  will  be  to  Cc  :: 
(nL.nC  ::)  C:  A  +  B  +  C.  Whilst  the  bodies 
Ay  By  Cy  therefore,  in  equal  successive  parts  of 
time,  move  uniformly  through  the  spaces  A  a,  Bb, 
Cc,  their  common  center  of  gravity  will  in  the 
same  time  deseribe  thrpolygon  GKLM,  whose  sides 

GK. 
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GK,  XL,  LM  are  respectively  parallel  to  A  a,  Bb, " 
Ccy  and  bear  to  them  the  ratio#  of  A^  B%  and  C 
:A+B+C. 

A.  If,  instead  of  moving  in  successive  intervals  of 
time^  the  three  bodies  A,  B9  C  were  9II  to  begin  to 
move  at  the  same  instant,  and  describe  the  lines 
A  a,  Bby  Ccy  cotemporaneously,  let  us  then  consider 
what  effect  would  be  produced  upon  their  common 
center  of  gravity.  Now  since  GK,  A  a  are  described 
in  the  same  time,  the  velocity  of  the  common  center 
^f  gravity  (v)  :  velocity  of  the  body  A  (V)  : :  GK  : 

Aa  ::  A:A  +  B  +  C;  hence  AxF=>A  +  B  +  C 
x  v ;  i.  e.  the  momentum  of  A{%)  is  equal  to  the  ■ 
momentum  of  a  body=*A+B+  C  moving  with  the 
velocity  (v)  ;  the  same  force  therefore  which  causes 
the  body  A  to  move  vover  A  a,  would  in  the  same 
time  cause  a  body  equal  to  A  +  B  +  C  to  move 
over  GK.W  For  the  same  reason,  the  forces  which 
impel  B  and  C  over  Bb,  Cc,  are  such  as  would  in 
the  same  time  cause  a  body  =  ^+2?+C  to  move 

over 


(•)  By  Sect  Il.-AxV  represents  the  momentum  of  A  moving 
with'  the  velocity  (F),  and  A+E+Cxv  represents  the  momen- 
tum of  a  body  equal  to  A+B+  C  moving  with  the  velocity  (v) ; 
where  the  letters  A,  B,  C  in  course  represent  the  weights  or 
quantities  of  matter  in  the  bodies  A,  B,  C. 

(b)  For  the  forces  are  proportional  to£be  momenta  generated 
in  a  given  time. 
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over  JtSt,  LM.  Hence  it  appears,  that  the  motion 
df  'the  common  center  of  gravity  4long  the  sides  of 
the  polygon  GKLM  is  analogous  to  the  motion  of 
a  body  equal  A  +  B+  C  acted  upon  by  3  forces 
which  woiild  carry  it  over  *G K,  KL,  LM  in  »the 
same  time  that  they  would  carry  the  bodies  A>  £,  C 
over  the  spaces  Aa,  Bb,  Vc  respectively.  'But 
a 'body  adted  Vipon  at  once  lby  ^these  forces  would 
(byArt.  5.  Sect.'FIFI.)  describe  the  other  side 
GM  of  the  polygon  'GKLM  in  the  •same  time  that 
It  would  describe  either  of lthe  sides ^K,  KL9  LM, 
when  the  /forces  act  separately ;  if  the  bodies 
Ay  B,  -C,  (therefore,  move  cotemporaneously,  their 
•common  xtenter  of  gravity  J^riil  describe  the  line 
HMy  ^whilst  (the  bodies  themselves  describe  the 
three  lines  A  a,  >Bb,  Cc;<*) 

5.  It  as  evident,  that  the  .reasoning  contained  in 
4he  last  article  may  be  extended  to  *  any  number  of 
ibodie6 ;  we  are  therefore  <aridved  at  >this  ^general 
'conclusion,  that,  when  a  system  qfibodiesar&in  motion, 

their 


-«* 


(•)  "We  have  bere^suppowd  theibcftm.-dttB;  Cito  have  their 
centers,  of  gravity  in  the  fame  -plane  i  in  whjphcase.it  i* evident 
that  the  motion  of  their  common  .center  of  (gravity  -wULhe  in  the 
.same  plane.  If  the  motion  of  the  bodks^beM  liferent  planes, 
then  the  value  of  each  \ineGKtKiLtiLM  jnjgbt  be -.found  as 
before;  but  as  they  will  then  lie  in  different  planes,  the  resulting 
quantity  GM  must  be  ascertained  according  to  the^  principles  laid 
down  in  Sect.  XII.  Lect.3. 


CENTER  OF  GRAVITY.  121 

* 

their  common  center  of  gravity  will  move  in  the  same 
manner  nsif  a  body  equal  to  the  sum  of  the  bodies 
was  placed  in  that  point,  and  the  same  motions  were 
communicated  to  it  as  are  communicated  to  the  bodies 
separately.    From  which  it  appears  in  the  first  place, 
that  if  the  bodies  which  compose  Jhe  system  move 
uniformly  in  right  lines,  then  their  oommon  center 
of  gravity  will  either  remain  at  rest,  or  will  move 
uniformly  in  a  right  line;  for  if  a  body  equal  to  the 
sum  of  the  bodies  were  placed  in  that  center,  and 
then  acted  upon  by  the  same  forces  which  cause 
the  bodies  to  move  separately  in  right  lines,   it 
would  either  remain  at  rest  (viz.  when  the  forces 
counteract  each  other),  or  would  describe  uniformly 
the  remaining  side  of  a  polygon  whose  other  sides 
represent  the  quantity  and  direction  of  the  several 
forces  acting  upon  it.  In  the  second  place,  k  may  be 
observed,  that  the^  common  center  of  gravity  of  the 
system  will  not  be  affected  by  the  mutual  action 
-of  the  bodies  upon  each  other;  for  action  and  re-action 
being  equal,  the  effect  produced  upon  the  common 
center  of  gravity  by  such  mutual  action  will  only  be 
that  of  two  equal  and  opposite  forces  acting  upon 
a  body  -equai  to  the  sum  of  the  bodies  placed  in 
1toat  «ce«ter;    which  would  evidently  not  disturb 
its  state,  either  of  motion  or  quiescence.      Lastly,  it 
appears,  that  if  the  motion  of  the  bodies  in  these 
right  lines  was  to  cease,  and  they  were  left  to  the 
mutual  at  traction  of  each  other,  then  their  common 

a  center 
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center  of  gravity  would  remain  at  rest,  and  the 
bodies  would  approach  each  other  in  lines  drawn  to 
it  from  their  respective  centers  of  gravity,  and  'all 
collect  together  in  that  common  center. (a) 


c 


I 


(a)  This  wilt  probably  require  a  little  explanation.  What  we 
mean  is  this.  If  the  motion  of  the  bodies  A,  B,  Ct  &c.  in  the 
directions  A  a,  Bb,  Cc,  A  a 

&c.  were  to  cease,  and 
they  were  left  to  the  mu- 
tual attraction  of  each 
other,  their  common  cen- 
ter of  gravity  (G),  being 
under  the  same  circum- 

* 

stances  as  a  body  (equal 
to  the  sum  of  the  bodies) 
acted  upon  by  equal  and 
contrary  forces,  would 
remain  at  rest;  but  at 
the  same  time  it  is  evident,  that  the  bodies  would  move  towards 
each  other,  and  this  motion  we  assert  would  be  along  the  lines 
AG,  BG,  CG,  &c.  which  meet  in  G.  For  suppose  any  ooe  of 
them  (A  for  instance)  to  move  out  of  the  line  drawn  from  A  to  G, 
in  the  direction  A  a ;  then  if  g  be  the  common  center  of  gravity 
of  the  remaining  bodies,  (by  Art.  3.)  whilst  A  'moves  through  A  a, 
G  will  describe  the  line  GK  parallel  to  Aa ;  and  the  same  might 
be  proved  of  the  other  bodies  B,  C,D,  &c.  In  this  case,  there- 
fore, the  common  center  of  gravity  would  not  be  at  rest,  which 
is  contrary  to  the  principle  just  now  explained.  Hence  the  bodies 
A,  B,  C,  &c.  in  their  approach  towards  each  other,  cannot  possibly 
deviate  from  the  lines  A  G,  BG,  CG,  &c.  -,  they  will  consequently 
all  collect  together,  at  the  point  G. 
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EXAM.  I. 

Let  two  equal  bodies,  A  and  B,  move  from  the 
point  D,  with  the  same  uniform  velocity,  along  the 
sides  DE,  DFcfthe  isosceles  triangle  DEF,  whose 
angle  EDF=  120° ;  //  is  required  to  compare  the 
velocity  of  their  common  center  of  gravity  with  that 
of  either  of  the  bodies  A  or  B. 

When  the  bodies  are  arrived  at  the  points  A,  B, 
30111  AB ;  and  since  the  bodies  move  with  the  same 
uniform  velocity,  D 
DA=DB;  .\ 
DA  1 DB  11  DE  A, 
:  DF,  and  AB 
is  parallel  to  EF.  £~ jf ^p 

Again,  because  A  =  B,  the  center  of  gravity  G  will 
bisect  AB;  hence,  whilst  the  bodies  move  uniformly 
along  DE,  DF,  the  center  of  gravity  will  move 
through  the  line  DK,  which  bisects  (and  is  also 
at  right  angles  to)  AB,  EF.  Now  the  LEDF= 
120°,  .\EDK  =  6(f,  and  DEK= 30°;  but  since 
DE,  DK  are  described  in  the  same  time,  velo- 
city of  A  :  velocity  of  center  of  gravity  : :  DE  : 
DK  ::  rad.  :  sin.  30° ::  2  :  1  ;  the  center  of  gravity 
therefore  moves  with  half  the.  velocity  of  either  of 
the  bodies  A  or  B. 

The  same  conclusion  may  be  deduced  from  the 
principles  laid  down  in  Art.  4.  of  this  Section  -,  for 
suppose  the  two  bodies  to  be  placed  at  D,  and  take 
DB=BF;  then  if  A  remains  at  rest  whilst  B  moves 

uniformly 
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uniformly  along  DF>  the  center  of  gravity  will  in 
that  time  move  from  D  to  B ;  and  if  B  remains 
at  rest  in  F  whilst  A  moves  from  D  to  E9  the 
center  of  gravity  will  describe  the  line  BK  parallel 
to  DE;  and  since  the  side  DF  is  bisected  in  B, 
the  side  EF  will  be  bisected  in  K.  Suppose  now 
the  bodies  A  and  B  to  move  cotemporaneously,  then 
their  common  center  of  gravity  will  describe  DK, 
the  third  side  of  the  triangle  DBK,  in  the  same  time 
that  it  would  have  described  either  .of  the  other  two 
sides  (DB,  BK)  when  the  bodies  move  successively. 

EXAM.  2. 

Let  the  two  bodies  A  and  B  be  placed  at  the  ex- 
tremity A  of  the  diameter  of  the  circle  ADF ;  and 
then  let  B  describe  the  circle  ADF  whilst  A  remains 
at  rest  in  tfie  point  A ;  In  what  manner  will  their 
common  center  of  gravity  move? 

Let  By  b  be  any  two  positions  of  the  body  B9 
and  G,  g>  the  corre- 
sponding positions 
of  the  common  cen- 
ter of  gravity  of  A 
and  B.    Join  Bb, 
Gg ;  then,  by  Art.  2,  • 
Gg    is   parallel   to 
Bb,  .-.  the  L-AGg 
=  L-ABb,    hence 
ADb,   Adg,    are 
similar  segments  of 
circles;  and  when  B 

has 


D 
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has  described  the  semicircle  ADE,  the  center  of 
gravity  will  have  described  the  semicircle  Ade;  and 
so   for  the  semicircles  on  the  other  side  of  AE. 

Now  Ae  :  eE  ::  B  :  A,  .'.  At :  AE  ::  B  :  A+  B  ; 

• 

hence  while  B  describes  the  circle  ADF,  the 
common  center  of  gravity  of  A  and  B  will  describe 
the  circle  Adf,  whose  diameter :  diameter  of 
ADF : :  B  :A+B.  This  conclusion  indeed  follows 
immediately  from  the  reasoning  in  Art.  2 ;  for  it  was 
there  shewn  that  the  whole  figure  described  by  the 
common  center  of  gravity,  is  similar  to  that  which 
the  moving  body  (B)  describes* 

EXAM.  3. 

Two  bodies,  A  and  By  begin  to  move  at  the  same 
instant  from  the  extremity  D  of  the  diameter  (DE) 
of  the  circle  DAEB,  and  continue  to  move  on  with 
the  same  uniform  velocity  till  they  meet  in  E ;  they 
pass  each  other  at  E,  and  then  continue  to  move  on 
till  they  arrive  at  the  point  D>  from  whence  they  set 
off  i  What  is  the  course  of  the  common  center  of 
gravity  during  this  revolution  of  tfie  two  bodies  ? 

Suppose  the  bodies  arrived  at  the  position  AB, 
then  since  DA^DB, 
the  line  AB  will  be 
bisected  by  DE  in  N. 
Let  G  be  the  common 
center  of  gravity  of  A 
and  2*,  then  ^  +  B:B 

::AB:AG,.\%A+B 

:B::iAB(orAN)  

:  AG ; 
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i  AG;  hence  AN:  AG::  A  +  B  :  lBy   and  /.  AN 
:  AN  -  AG   (GN)    ::    A+  B:A  +  B-2B 
(A—B)  ;    i.e.  AN  :  GN  in    the   given   ratio   of 
A  +  B  :  A  —  B;    consequently  whilst    the   bodies 
-//  awd    B    describe    respectively    the    semicircles 
DAE,  DBEy    their    common    center    of   gravity 
describes   the  semi-ellipse  DGKE\    in  the  same 
manner  it  may  be  proved  that  whilst  A  and  B 
describe  the  semi-circles  EBD,  EAD>  their  common 
center    of   gravity   would  describe   a  semi-ellipse 
ELMD,  equal  and  similar  to  DGKE.    Whilst  the 
bodies  A  and  B  therefore  perform   their  respective 
revolutions,    their  common  center  of  gravity  will 
describe  the  ellipse  DGEM,   whose  major  axis: 
minor  axis  ::  (AN :  GN::)  A+B  :  A-B. 

Cor.  If  the  bodies  be  equal,  A—B=09  and  the 
ellipse  becomes  a  straight  line.  Indeed  it  is  evident 
that  in  this  case  the  common  center  of  gravity 
would  move  in  a  line  which  always  bisects  AB,  at, 
i.e.  in  the  diameter  DE. 

EXAM.  4. 

Three  bodies,  A,  B,  C,  at  the  same  instant  begin  to 
move  uniformly  from  the  three  angles  of  a  given  tri- 
angle, and  in  tfce  same  time  change  places  in  the 
direction  ABC ;  How  will  their  common  center  of 
gravity  be  affected  by  this  motion  of  the  bodies  f 

Let  G  be  their  common  center  of  gravity,  and 
suppose  the  bodies  first  to,  move  in  succession. 
Whilst  A  moves  from  A  to  B,  their  common 
center  of  gravity  will  (by  Art.  3.)  describe  GK 

parallel 
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parallel   to  AB,  and  GK  will  be  to  ABwAx 
A  +  B  +  C,    /.   GK 

_     A*AB  A 

~~  A  +  B+C 

Whilst    B    moves 

from  B  to  C,  the 

center    of    gravity 

will    describe    KL 

BxBC 

"A+B+C9    and 

if    LM  be  drawn   parallel  tq  CA,    and  equal    to 

Cx  AC 

*     d — 7,,    whilst    C  moves   fronv  C  to  A  the 

center  of  gravity  will  describe  LM.  Suppose  now 
the  bodies  to  move  cotemporaneously,  then  their 
common  center  of  gravity  will  describe  GM  {the 
remaining  side  of  the  polygon  GKLM)  whilst  the 
bodies  change  places  in  the  direction  ABC. 

To  find  the  actual  value  of  GM,  we  have  KL, 
LM,  and  the  JL  KLM  ( =  ACB)  given,  from  which 
AfA'and  the  LMKL  may  be  found;  but  LGKM 
=  GKL  (or  ABC)  -  MKL ;  in  the  triangle  GKM 
there  are  therefore  given    G K,  KM,  arid  the  A. 
G  KM,  from  which  G#f  may  be  determined. 

Cor.  K  A=B=C,  then  GK=~AB,KL=\BC, 
and   LM=\AC,  :\  GK,  KL,  LM  are  to  each 

9 

other  as  AB,  BC,  AC;  and  since  the  L*  GKL, 
KLM  are  respectively .  equal  to  ABC,  BCA,  the 
three  lines  GK,  KL,  LM  will  form  a  triangle 
similar  to  the  triangle  ABC  GM  therefore  in 
this  case  is  equal  to  0,  and  the  body  remains  at 

rest. 
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test.  This  dso  follows  from  the  general  theorem 
in  Art.  5  ;  for  the  common  center  of  gravity  being 
under  the  same  circumstances  as  a  body  acted  upon 
by  three  forces  which  are  to  each  other  as  the  three 
sides  of  a  triangle  taken  in  order,  will,  by  (Art.  1 . 
Sect.  XI.)  remain  at  rest. 

XVIL 

On  the  Investigation    of  General   Theorems 
for  finding  the  Center  of  Gravity  of  any 
Body  or  any  System  of  Bodies  whatever. 

In  the  former  part  of  this  Lecture  we  shewed 
the  method  of  finding  the  center  of  gravity  of  a 
body  or  system  of  bodies  in  a  variety  of  particular 
instances.  We  now  proceed  to  consider  the  subject 
m  a  more  general  point  of  view,  by  the  investigation 
of  theorems  for  ascertaining  its  position  with 
respect  to  auy  body  or  system  of  bodies  whatever. 

1.  Let  p,  p\  />",  &c.  be  any  number  of  small 
bodies  or  particles  of  raatter,(a)  and  ABCD  a  plane 
placed  in  any  position  with  respect  to  them.  Join 
pp\  and  let  g  be  the  common  center  of  gravity  of 
p  and  p' ;  draw  px>  gh,  p'x  at  right  angles 
to  the  plane  ABCD,  and  consequently  pa- 
rallel to  each  other ;  join  x  x\  and  since  the 
points  p,  g,  />'  are  in  a  straight  line,  the  points 

X.    n  y  X 

-— ^~      -  -  -  -  -  -  -  -  -        -  _j i i       — - 

(M  Or  rather  let  them  be  considered  as  so  many  small  bodies 
collected  in  their  respective  centers  of  gravity  in  the  points 
p,  p',  p",  &c. 
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x9  h,  x0   will    also    be   in   a   straight    line,    and 
therefore  xx'  will  pass . 
through  k.    Join  gp", 
and  let  G  be  the  com- 
mon center  of  gravity 
oip,p\p"\  draw  GK,  . 
p"9  x"  perpendicular  to-  f* 
the  plane ;  and  through 
g  draw  mn  parallel  to 
xx  y  meeting/,*  pro- 
duced  in  n. 

Now p  :p'::p'g  i  Pg  : :  (by  sim.  A§) p'm  :  /m ; 

/.  pxpfizzp'  x  p'm, 
or  px  nx-px=p'  xp'x-mx;  But  nx=gk=mx, 
/.  />  x  g*  -px=p  x  p'x'-zk, 
and  p+p'xgk=pxpx+p'xp'x, 

L       pXpX  +  ti  Xp'x'       r  _.  _ 

.#.  gk  =  £— I——E— £ — .  for  the  same 
reason  if  />  + p'  is  placed  at  g,  we  have 

/>  xpx+p  xpx  +p  xp  x    w 

and  thus  we  might  proceed,  whatever  be  the  number 
of  particles.    Hence  "  the  distance  of  the  common 

€€  center 


Q>)  Hence  p Xpx+p' xpV+p"xp'V-r.&c.  =  />+/>'+/>" 
SccxGA",  which  is  the  well-known  theorem  for  estirnating  the 
pressure  of  fluid*. 

S 


it 


(C 


(C 
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*«nWr  of  gravity  oi  any  number  of  bodies  or 
particles  of  matter  from  st  pbme  giver*  m  position, 
is  eq\mt  lo  the  sum  of  the  products  arising  from 
ntiiltiplying  each  body  into  it%  distbwe \  from  the 

a  plane  divided  by  the  mm  of  the  bodies" 

2.  Jf  there  be  two  particles  py*  tm  opposke  sides 
<${  the  plane,  then  draw  p*>  **  perpendicwftrr  to  the 
plane,  as  before,  and  let 
g  be  their  center  tf  gra- 
vity ;  through  g  draw  gh 
perpendicular  and  mn  pa- 
•  tallel  to  the  plane,  and 
produce  *x  to  meet  mn  in 
the  point  m.  For  the  same 
reason  as  in  Art.  1,  we  hafe  Jl  x/m=»ir  x»m,  or 

pxpx—gk  =  *xvx  +  gk,  /.  (by  multiplication  and 
transposition)  p  +  *xgh~px  px  —  *x**9  and  gk 

—t — c.^ m    Here  we  may  observe  that  the 

sign  of  tx  is  negative j  and  the  same  will  be  the  case 
for  all  particles  lying  on  the  opposite  side  of  A B;  if 
therefore  "  p,  p',  p",  &c.  be  particles  lying  on  one 
"  side  of  a  plane  given  in  position,  and  t,  t',  t  ',  &c. 
"  be  particles  lying  on  the  other  side,  at  the  perpen- 
?c  dicular distances px9p'xypi*">  &c.  and  tx, t'*',t"x", 
"  &c.  respectively  ;  then  *Ae  distance  of  the  common 
•"  center  q/*  gravity  qfp,  p',  t,  t,  &c. /rom  fAa/  p/awe 
"  will  be  equal  to 
pxpx+p'  x  //* +&c,~*xir*^«;x«y--&c.  (    qg)  „ 

/;+p'  +  &C.  +  *  +  ir'+&C.  ^^ 


u 
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where  G  isflHfe  on  the  same  or  contrary  side  of  tfte 
plane  with  p,p\p",  toe.  according  as  ^Kfe+f'K 
p'  *'  +  &c.  is  greater  or  less  than  *xt(  +  »'x»Vt  &c. 

3.  Let  now  AB,  AC,  AD  be  three  straight  lines 
issuing  from  the 
pojnt  A,  at  right  t>, 

angles  to  each 
other ;  in  which 
case  the  planes 
passing  through 
A By  AC;  AC, 
AD%  aid  AM, 
AD,  reapectiwe- 

*y;  wiU   also  be.    B      *Y*     f  *■ 

at  right  angles  to #ach  other  (Euc.  U.Def.4).    Let 
px,  p'f,  p"x",  be  the  perpendicular  distances  of  the 
particles  ■$,  p',  p";  ■from  thje  plane  passing  ^through  . 
AC,  AD;  tand  py,p 'g\  p"y\  their  distances  from 
the  plane   passing  -ttuoagh  ABt  AD;  take  AM 

P*t?+t>tJ+}"''P'!/,l  and  complex  the  W- 

rallclograjQ  ALKMi  then  {since  Kh-^^tM,  and 
KM—AL)  the  point  AT  will  be  thcgvntfcntff  <be 
common  center  of  gravity  of  the  particles  -With 
respect  to  the  planes  passing  through  _**£}  AiO; 
AS,  A3  respectively.  Join  AK,  and  produce  it 
to  £,  and  let  All  *he  perpendjeuiara  pz,p'z,p"z" 

upon 
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upon  AE  ( i.  e.  upon  the  plane  passing   through 

AB,  AC) ;  draw  GK  at  right  angles  to  AK,  and 

make  it  equal  to  *- — ° § — 5 — r^ — " —  >  then 

the  point  G  will  be  the  actual  position  of  the 
common  'center  of  gravity  of  the  particles  p,  p',  p" ; 
for  it  will  be  its  position  as  referred  to  the  three 
Planes  forming  the  solid  angle  BACD.  Complete 
the  parallelogram  AKGfi,  and  join  AG;  then  AG 
will  be  the  diagonal  of* a  parallelopipedon  whose 
base  is  the*  parallelogram  ALKM  and  height  AN 
ovGK. 

A,  But  the  process  of  reasoning  in  the  last  article 
may  be  extended  to  particles  disposed  in  any  manner 
round  the  point  A.  For  let  the  lines  BA,  EA,  CA, 
DA    be    pro-  c 


on  one  side  or  other  of  those  planes.    Now  since 

the  particles  p,  p'   lie  on  one  tide  of  the  plane 

passing 
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passing  through  Cc,  Dd,  and  the  particles  *,  * 
on  the  other j  the  distance  of  the  common  center  of 
gravity  of  p,  p' ,  w,  w,  &c.  from  that  plane,  will  (by 
Art  2.)  be  equal  to 

pxpx  +  p 'xjfrV  —  w  xirx  —  *>xw'x    ,      y\ 
/>+/>+*  +  *'  l"     "' 

For  the  same  reason,  its  distance  from  the  plane 

passing  through  Bb,  Dd  will  be 

P xP!f  +  fxt)l ~/»' xfty'""*' x *'*'  /_Tr\ 

And  its  distance  from  the  plane  passing  through  Bb, 
Cc  will  be 

p  xpz  +  wx  *p—p'  xp'z'  —  *'  x  *>'   /     ~v 

/>+/>+*  +  *'  v        ' 

Hence  this  general  theorem  ;  €€  Let  AB,  A  C,  AD 

"  be  three  co-ordinates  issuing  at  right  angles  from 

any  point  A,  and  let  AM  be  taken  equal  to  X, 

AL  equal  to  Y,  and  AN  to  Z.      Complete  the 

"  parallelopipedon,  whose  sides  are  AM,  AL,  AN ; 

then  its  diagonal  AG  ( =  JX'+TP  +  Z9)  <a)  will  be 
the  distance  of  the  common  center  of  gravity  of  the 
particles  p,  p\  w,  m,  &c.  from  the  point  A;"  the 
actual  position  of  AG  with  respect  to  the  planes 
passing  through  Bb,  Cc,  or  Dd  being  determined 
by  the  signs  of  X,  Y,  and  Z ;  for  AM,  AL,  AN 
must  be  measured  along  the  lines  AB  or  Ab,  AC 

or 


iC 


(»)  See  Art  6.  page  82. 
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or  Ac,  AD  or  Ad9  according  as  those  signs  are 
positive  or  negative. 

5.  If  the  particles  lie  in  the  plane  passing  through 
Bby  Cc9  then  Z *=<),*  and  the  position  of  their 
common  center  of  gravity  will  be  determined  by 
taking  AM**X<>  AL=Y,  and  completing  the 
parallelogram  ALKM;  for    the    diagonal    (A  K) 

of  this  parallelogram  { «=  *JX*  +  I*) will  then  be 
the  distance  of  that  center  from  the  point  A. 
If  the  particles  lie  m  the  same  right  line  (Bi)y 
then  Y  also  =  O,  and  the  distance  of  theif  tommon 
center  of  gratfty  from  the  point  A  is  determined 
by  taking  AM=  U/JT*  *0 
p xp4+jj>  xp'A+  k-fx *A-*' x *A- &c.<*} 

p+J)  +  &C.  +  r  +  r'  +  &C. 

which  coincides  with  the  rule  for  finding  the  com- 
mon center  of  gravity  of  any  number  of  bodies 
placed  in  a  right  line,  as  exhibited  in  Exam.  5. 
page  107. 

{>.  Suppose  now  the  particles  p,  p\  w,  *,  &c.  to 
be  all  equal  to  each  otlier,  and  symmetrically^  dis- 
posed 


C)  For  in  this  case  px,  p'x',  vk,  &c.  becomes  pA,p'A,  wA,  &c. 

C)  *y  th#  symmetrical  disposition  of  the  particles  with  respect 
to  the  planes,  is  meant,  that  the  same  number  of  particles  are 
placed  at  the  same  dktanc$s  on  each  tide  the  planes. 
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posed  with  respect  to  the  planes  passing  through  Cc, 
ZM;  BbyDd;  Bb,  Ce,  respectively;  then  pxpz** 
*x**,kc.;  pxpy=p'xpy,&Ci  pxpz=*p'xf/t\ 
&c;  .\  (since  the  positive  and  negative  factors' ia 
the  numerators  of  the  fractions  expressing  the 
values  of  X,  I^Z,page  133T  destroy  eaqh  other} 
-T  =  O,    ¥**  O,    Z  =  o ;    consequently   AG  a* 

{jX^+V  +  zy^o.     la  regufer  solid     bodies 
of  uniform,  density,  such  as  cubes?  spheres,  cylinders, 
&e.  the  particles  of  which  they  are  composed  are 
fynmetom&hj  placed  with  respect  to  three  planes- 
intersecting  each  other  at  right  angles,  and  passing 
through  their  center  of  magnitude ;  in  all   these 
cases  therefore  (supposing  the  co-ordinates  to  issue 
from  that  center)  *^G  =  0,  or  the  center  of  gravity 
coincides  with  the  center  of  magnitude,  as  we  observed 
in  the  former  part  of  this  Lecture.     In  regular 
plane,  figures,  such  as  squares,  circles,  polygons  in- 
scribei  in  circles,  &c,  &c,  Z  =  0,  and  their  particles 
are    symmetrically  disposed   with  respect    to   two 
right  lines  intersecting  each  other  at  right  angles 
in  their  centers  of  magnitude,  V.  in  this  case  also 
X  =  0   and    F=0,   and   their  centers   of  gravity 
coincide  with   their  center   of  magnitude.     If  the 
particles  be  uniformly  arranged  along  a  right  line, 
and  A  be  taken  in  the  middle  of  the  line,  then  will 
JT=0,  y=0,  Z=0,  and  A  will  be  the  center  of 
gravity. 

7*. H" 
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7.  If  the  equal  particles  p,  * ;  />',  *  ;  &c.  be 
placed  in  corresponding  parts  of  the  curve  pAp\ 
whose  axis  coincides  with  the  co-ordinate  ABy 
and  bisects  the  parallel  ordinates  w*',  pp\  &c.  then 
since  they  are  in  the  same  plane,  Z  =  O;  and  because 
they  are  symmetrically 
placed  with  respect  to  the 
co-ordinate  AB,  F=  0 ;  the 
center  of  gravity  (G)  there- 
fore is  determined  by  find- 
ing the  value  of  X,  which  B 
in   thi6    case  is   equal    to 

p  +  *  +  p'+&c. 
the  signs  of  all  the  terms 
being  positive,  because  the 
particles  all  lie  on  the  same  side  of  the  plane  passing 
through  Cc.  This  leads  to  an  easy  investigation  of 
the  common  fluxional  expression  for  finding  the 
center  of  gravity  of  any  curve  line  or  curvilinear 
area,  and  the  surface  or  solid  generated (t)  by  the 
revolution  of  such   curve   line  or  area  about  its 


axis. 


8.  For  let  the  abscissa  Ay=x,    ordinate  *■*=#, 

arc 


(•)  Or  rather  a  portion  of  matter  of  an  uniform  density  in 
die  shape  of  such  curve  line,  area,  solid,  ice.  &c. 
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src^v^z,  tben#x:&i'x'fe./4«tt>4,  #\the  partides 

»,  jK  are  placed  at  the  same  distance  from  the  co- 
ordinate ^C     Hence, 


For  the  Curve. 

Since  each  particle  r,  y,  #,  p\  &e.  may  be  con- 
sidered as  d  small  part  of  the  turt;e,  it  may  be  repre- 
sented by  the  Jhtxion  of  t ;  the  numerator  df  the 
fraction  expressing  the  value  of  X  will  therefore  be 

the  «*m  o/*  the  products  arising  from  multiplying  the 
fluxion  of  the  curve  into  the  abscissa  (#),  which 
(adopting  the  fluxional  notation)  is  the^ww*  ofxz; 
the  denominator  of  the  fracliott  i»  the  sum  of  the 
particles  *r*\  p>  &c  which  may  be  expressed  either 
by  zy  or  by  the  fluent  of  i.  The  general  fluxional 
equation  for  determining  the  distance  of  the  center 
of  gravity  of  any  curve  tine  *A*  from  its  tertex 

A,  is  therefore  X=^~-  —^-^  • 

Fof  ikt  Are*L 

Suppose  now  a  line  of  partkles  to  Extend  from 
9  tow!  (which  may  be  considered  as  representing 
the  fluxion  of  the  area)>  then  the  common  distance 
of  this  line  of  particles  from  the  co-ordinate  AC 
will  be  (x),  and  the  numerator  of  the  fraction  will 
be  the  sum  of  the  products  arising,  from  multiplying 
the  fluxion  of  the  area  into  the  abscissa  (x)T  which  is 
fluent  of  yxxx ;   the  <fe»^Wfor  is  the  stim  of 

t  all 
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all  the  lines?  of  particles,  or  the  Jluent  ofyx;  hence 

fyx    £  Area pAp'' 

For  the  Surface  generated. 

If  the  whole  figure  revolves  round  its  axis  AZ, 

-then  any  particle  (*■)  will  generate  a  ring  of  matter 

•whose  distance  from  the  plane  passing  through  A  C 

is  (x)9  and  which  may  be  considered  as  the  Jluxion 

of  the  curve  surface  (2pyi){h);  in  this  case,  therefore. 

T_  fluent  of  a?  x  2py  i  _f  xy  i 

""     fluent  of  2py&     ""  fyi  ' 

For  the  Solid  generated 

In  the  revolution  of  the  figure,  the  line  of  particles 
*Vwill  generate  a  lamina  of  matter  of  a  circular 
form,  whose  distance  from  AC  is  (x)  as  before, 
and  which  may  be  considered  as  the  fluxion  of  the 

.solid  {pfi)*\    hence  X=fl"ent  of  **  ff*  = 
Kr*     '  fluent  ot  py*x 

Jj  %.  .    Let  us  now  apply  these  expressions  to 
a  few  actual  examples. 

EXAM. 


(»)  Here  p  =  circumference  of  a  circle  whose  diameter  is 
unity  =s  3  .1415,  &c.  .*.  the  circumference  of  a  circle  whose 
diameter  is  2y=2py,  and  the  matter  m  the  rwg=z2pyz. 

(b)  The  area  of  this  lamina  of  matter  ia  py\  and  its  tfdckneu 
(i),  the  content  of  it  therefore  is  py*x* 
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EXAM.  1. 

Tojtnd  the  center  qf  gravity  in  all  these  cases,  when 

m 

pAp'  is  a  straight  line. 

When  the  curve  pAp'  becomes  a  straight  line,  the 
figure  itself  becomes  an  isosceles  triangle,  in  which 
let  AB=^ay  AC=b,  BC=c,  Av  =  xy*v=y,A*=iz, 
and  therefore  *y = *n  =s  x,  pn  =  y,  p* =  %.  We  shall 
consider  each  case  separately. 


J.  Forthe«7fe^C,.^jB;  since AB (a)  :  AC  (b) 

::  rn  (£)  :  *p  (i),    we 

have  «  =  — -,  . .  .a «   ^  - 


flbxx 
a 


a 


bx 


bx*       a  _    B 
2a       £,r"~ 


- ;  hence  for  the  u>Ao/e  D 
triangle  AG  =  \AB. 


2.  For  the  ^frea.  Since  AB  (a)  :  BC(c): :  Av  (x) 
:  *y  (y),     we    have    y=  — ;      .\  X  =s     ■;/    .  ■« 

J  •  "  /»        car5      2a     •  2j?  *^  ■  s    ;  »* 

*^«~x— y»-r-;  .\  AG=\AB. 

cxx     3a      erf        3   '  3 


3.  For 


J40 
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3.  For  the  Surface  generated.    Here  X=£^ 

nbc  .    f-v* 

'      s      3«*      2* 


„  be 


bcx9 
3a*      tar 


S  =  —  i  /.  for  the  whole 


conical  surface,  j{G  =  rv^B  the  ja^e  as  for  the 
Urea,  -  ~  c*  ,  . 


4,  For  the  Solid,  or  Cone.  Xj 


m*  r.$*i 


C     X  \J  CL  \J  X  m  j-m  .  M    V>* 

EXAM.  2. 

To  ,/fad  *A*  center  o/*  gravity  of  the  area  and  solid 
generated)  when  the  curve  pAp'  is  a  Parabola. 

As  the  fluent  expressing  the  length  of  a  parabolic 
arc  in  terms  of  its  abscissa  or  ordinate  contains 
logarithmic    quantities,    it    is  c 

difficult  to  find  the  value  of  Xi 

in  the  first  and  third  cases,  but 

it  is  very  easily  obtained  for  B 

the  area  and  solid  generated. 

If  a  *r  the  latus-rectum  of  the 

Parabola,  then  ax  =  y* : 

D 

I.  Forthe^rea.    xJTj***/*- +***-*** 

f.y*     fa>x*s         5 
3         3a? 
x~fl.  _j  =  -£-;  .'.  for  the  whole  parabola  JG* 


\AB. 


1.  For 


CfiHTEB  ©F  GRAVITY- 


141 


1.  For  the  Solid.    X=  -J>  - .  =^ .-» —  x 

/Ty'*      /  a-rx       3 

„__. .  *,.,  for  jhg  wj,0]e  paraboloid  AG*=-AB. 


EXAM.  3. 
To  find  the  center  tf gravity  of  the  arc,  area,  surface, 
anti  solid,  when  the  curve  pAp'  is  a  circle. 
Let  B  be  the  center  of  the  circle, 
and  let  the  radius  AB=Br=rt  and 
since  4»a«,  Br(=AB-Ar)=r—x; 
now  by  similar  triangles  p*n,  Bry,  E  '. 
we    have  p»  (a)  :  />n  ( if)  : :  B*  (r)  : 
Bv(r~- x),  .*,  ry=rk— xi,  andxi= 
rx-ry. 


I.  For  the  -4rc.     JT= 


— *  =  r — ^;    .*.  for  the  semicircle,  A  G=tr—-~ 


=  (ifr=.)l- 

.303  to. 


c^C-1 


1     flj_  .57  &c 

1.57  &c.     i.57  Stc  ' 


1.  For 


(•)  The  circumference  of  a  circle  whose  diameter  is  1  = 
8 .  1415  Sec  ,".  circumference  of  a  circle  whose  radius  is 
1=6.282,  arc.  and  B  ottadraat  at  ibis  latter  circumference  ~ 
1 .  570,  &c. 
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2.  For  the  Area.     Since  y*ss2r\r  —  x2,  x*  =  %rx 
— y*,  .\xx=rx  — yy,  znAyxx—ryx  —  y*y ;  hence 

ftyx  fmyx  urea  Aw 

-,  r 2 — _ — ;    .-.  for    the    semicircle  AG  = 

3  area  iffK 

f"~3quad.^i*C~  (      r~;  3x1.57  &c.  = 

1  _3.71&c. 

1     4.71  &c.   "4.71&C.  ~'7B7etC- 

3.  For  the  Surface.  By  sim.  A'prn,  Brr,  p*  (i) 
:rn(i)  ::  B*(r)  :  «■»>  (y),     .*.    y«=rx;     hence 

A**  X11%         /**  T XX         T X*  X 

X=JL  -v  g'7'      .   =  r-^  =  -  ;     and   .-.  for  the 
hemisphere  AG  =  \AB. 

4.  For  the  Solid.  xJ^$  =-^*z££* 

J \y  x      f\2rxx—J\x*x 

« : —  =  — - ;    /.for  the   fiemisphere 

rx*-l-x9        I2r-4x  r 

AG=\AB. 

I  might  now  proceed  to  apply  these  fluxional 
theorems  to  finding  the  centers  of  gravity  of  seg- 
ments of  the  ellipse j  hyperbola,  and  other  Algebraic 
curves, (a)  or  of  the  surfaces  and  solids  derived  from 

them ; 


(*)  By  Algebraic  curves  are  meant  those  in  which  the  relation 
between  the  abscis*  (x)  and  ordinate  (y)  it  defined  by  an 

nlamhrnii"  PflUation. 


algebraic  equation. 
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.  them ;  but  questions  of  this  kind  abound  in  all  the 
treatises  upon  the  principles  of  fluxions ;  I  shall 
therefore   conclude    this  Lecture  with  a  few  ex- 
amples, for  the  illustration  of  the  method  of  finding 
the  center  of  gravity  of  a  body  or  system  of  bodies 

from  the  equation  A G  =  y/X*+  Y*  +  Z\ 

EXAM.  4. 
A  body  of  the  form  exhibited  in  the  annexed  figure 
(in  which  P  represents  a  paraboloid,  S  a  sphere,  and 
C  a  cone,  of  equal  heights)  is  hewn  out  of  a  cylinder 
•f  an  uniform  density ;  it  is  required  to  find  its  center 
of  gravity. 

If  the  cylinder  out  of  which  this  body  is  hewn 
be  divided   into    three  parts,  each   of 
■which  is  represented  by  unity,  then  will 

/>=£,  $=?,  and  C  =  i,(b)  and  conse- 
quently this  body  :  its  circumscribing 
cylinder  : :  £  -f  5  +  j  :  3  : :  ]  :  2,  i.e.  it 
is  equal  to  half  its  circumscribing  cylin- 
der. Now  this  is  evidently  a  case  in 
which  r=0,  Z  =  0,  for  the  figure  is 
symmetrical  about  its  axis.  Let  M  be 
the  center  of  gravity  of  the  paraboloid,  L  of  the 
sphere,  and  N  of  the  cone ;  then  if  the  common 
height  of  these  solids  be  represented  by  unity,  AM 

will 


(b)    For  the  paraboloid,  sphere,  and   cone,  are  respectively 
one  half,  two  thirds,  and  one  third  their  circumscribing  cylinder. 
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will  be  «  ^  AL= |,  and  AN=~. w  Conceive  these 

three  bodies  to  be  collected  in  their  respective  centers 

of  gravity,  then,  by  Exam.  5.  page  I07>  we  shall  have 

*■      a^     sP  xAM+  Sx  AL  +  Cx  AN=  \ 
X<xAG=  (^ P+S+'C / 


,       1    ,  S      3.111 

axi+ixa+5xT 


2    '    3   '    3 


2+12+11       25  7        ,, 

— ^ — s= —  =  1 — ,    the 

6+8  +  4         18      •  18* 


height  of  the  body  itself  being  3. 


EXAM.  5. 

To  find the center  of gravity  of  the  semi-Parabola  ^-BZ). 

Since  A BD  is  a.  plane,  Z  =  0,  and  .XT  has  already 
been  found  (in  Exam.  2.) 

=a\AB\  but  since  it  is 

not  symmetrical  about  the 
axis  ABf  we  must  find  the 
value  of  Y.    Let  A B=b, 

thenityor />#'=£-*;  and  b  M  y„  a 
reckoning  the  fluxion  of  the  figure  from  A  B,  that 
fluxion  will  be  expressed  by  (the  parallelogram 
px'/n)   b  —  xxp\   the  numerator  of  the  fraction 

therefore, 


(•)  For  AM=\  of  the  axis  by  Case  2.  Exam.  2.  L  is  in  the 
center  of  the  sphere,  ;.  AL  =  1  +  \  =  \  ;  and  M  is  -  from   the 

vertex  of  the  Cone  by  Exam.  1,  .\  A  N  =  2  +  y  =~. 
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iherefore,  which  expresses  the  value  of  Y (s/jfx 

fluxion    of  the   Figure)  =  f\ y  x  b  —  x  x  y=f.  b  —  a? 

•     u           v      rb-xxyy       fb-xxiax™ 
xyy;  hence    r  =  ^ 7 *  ,-  ,  «*  •       * — —. 


'  f.jabx—f'.  j^cixx 


%abx  —  \ax* 


/.  for    the  whole    pambola    (when   x=b)    Y  = 

3  3 

=  afi,  and  .\  ££>=*****)  J JBZ).     Take    therefore 


3 


^3/=  X=  ;  AB,  and  AL=Y=-BD,  and  complete 


8 


the  parallelogram  AUG L,  then  ^G-  N/JT*+  P  is 
known  in  terms  of  the  given  lines  ^J5,  /J/X 

EXAM.  6. 
To  ^/m/  /Ae  center  of  gravity  of  the  quadrant  of  a 

circle  ABC. 
Here  it  will  be  tetter  to  let  A  be  in  the  center 
of  the  circle;  then  it  is  evident, 
since  the  figure  is* symmetrically 
placed  with  respect  to  the  co- 
ordinates AB,AC\  that  JTvvill 
be  equal  to  Y.  Let  Av^x, 
*v  =y,  Arczr,  then  x*  +y*  =  r*, 
and  2xx  +  2yy  =  O,  or  #.£= 

=  -  j?/+Cor. ;  when  /!=0,  y=r,  .\  Cor.  =  j r3,  and 

■         i^—^^    -  ■     ■     — — ^y— — — — — 

(b)  The  equation  to  the  curve    (see  Exam.  2.)   is  ax=y% 
.-.  ax  =  2yy,and  yy  =  \ax ;  also  y= Vox,  .'.y  =sjajr~*i. 

U 
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f.yxi-^-fri  hence  xJ$£=}/-&   , 

and     for     the     whole    quadrant    (when    y  =  0), 

-r8  1 

Xss       3 .  ietr-!    then  X=- ,     .ur> 

quad.^BC  3quad.^i*C 

= - (B)  = =  .424 ;       but    X  =   I', 

3X.785 2_.355 

/.  AG=s/X*+  P^y/vXt^Xy/T;  take  .\AM 
and  ^L,    each  equal    to  .424,<and  complete  the 

parallelogram   A  M  G  N9     then  AG  =  .  424  *J~2 

= .  699  =  distance  of  the  center  of  gravity  from  the 

center  A. 

EXAM.  7. 

Seven  equal  bodies  are  placed  with  their  centers  of 

gravity  in  the  angles  of  the  cubical  space  ABCDF;  it 

is  required  to  find  the  distance  of  their  common  center 

of  gravity  from  tlie  other  angle  A% 

In  this  case  the  sides  AB,  AC,  AD  of  the  cube 

F -O 


l»)  Area  of  a  circle  whose  radius  =  1  is  3.1415  &c.   .-.  a 
quadrant  of  this  circle  ==  .  JS5  Sec. 
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may  represent  the  co-ordinates  issuing  from  the 
point  A.     Let  the  side  of  the  cube  =  a>  and  con- 
ceive the  bodies  to  be  collected  in  their  respective 
centers  of  gravity  ;  then,  since  the  bodies  C,  0,  D 
are  placed  in   the  plane  ACOD,   their  distance 
from   that  plane  is  equal  to  O,  and  consequently 
three  of  the  factors  in  the  numerator  of  the  fraction 
expressing  the  value  of  X  become  equal  to  O,  .*.  we 
shall  have 

.,-    _    B+E+F+Hx  a     ,        _  ^  ,  4d 

sum  of  the  bodies  7 

For  the  same  reason,  since  the  bodies  -S,  //,  Z> 
are  placed  in  the  plane  ABHD>  we  have 

J££m=Y=E+F+0+*'xa  =  — 

sum  of  the  bodies  7 

And,  since  the  bodies  B,  E,  C  are  placed  in  the 
plane  ABEC,  we  have 

AN-ZrzH*F*0+D*a=  — 

sum  of  the  bodies  ^ 


In  finding  the  general  fiuxional  expression  for 
the  center  of  gravity  of  a  curve  and  an  area  in 
page  137,  we  have  calculated  it  only  for  its  distance 
(X)  from  the  axis  AC,  which  answers  the  purpose 
for  the  wliole  curve  or  area,  since  we  know  from 
other  circumstances  that  the  center  of  gravity  lies 
in  the   axis  AB.     If  it  be  required  to  find  the 

center 
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center  of  gravity  of  half  the  curve  (viz  Ap)  or  hatf 
the  area  (viz  Apy),  we  must  find  the  value  of  {Y)y 

which  in  this  case  will  be  J-^J—  for  the  curve,  and 

z 

(supposing  the  fluxional  area  tvyp  to  be  collected 

into  its  center  of  gravity)  -^-2 — ^  or  —  •;  -   for 

*        J/       Apy  lApy 

the  area{*.     (Fig.  in  page  136.) 

Since  Y=  —*—  for  the  carve,  and  F= '    ^  *   for 

z  '^/>y 

the  area,  let  />  =  3. 141,  &c;  then  for  the  curre, 

F=-fe^ ;    and   for  the   area,    T=  J&%*     ; 
ipz  .  Ip^Apy' 

hence  /!^i  =  2/)7xz=  the  circumference   of  a 

circle  whose  radius  is  Yxz;  and  f[py*x=2pY 
x  Apy  =  the  circumference  of  a  circle  w/iose  radius  Li 
YxApy;  but  f'2pyz=  the  surface  generated  by 

the 


(*)  From  this  mode  of  expressing  the  value  of  (Y),  the  two 
Examples  in  pages  144, 145,  might  have  been  solved  in  a  more 

simple  manner.     For,  in  the  Parabola,  y*=ax,  .*.  Y^—- 

lApy 

f'axx       ax*  -     n^BD^xAB     3  D  _ 

=^T7r~ =7-.— ==(when*==^2?,  y=BD)  -t-^t — tb—^BD. 

2  Apy     A  Apy     v  J  IBJJxAB     8 

For  the  quadrant  of  a  circle,  if  2?>=:jr,ya=r9— r%  .'.  Y=v  ^f>> 

2xjG  5T* 


""     2l*6V>    "*  21ftV>  -(when  *-f/  2^5C"*3^2 


3^^' 
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the  revolution  of  the  curve  Ap  round  its  axis  AB9 

aadmf'py*x  =  content  of  the  solid  generated  by  the 

rerolution  of  the  area  Afg  round  the  same  axis. 

We  are  thus  furnished  with  a  method  of  ascertaining 

the  value  of  the  surfaces  and  solids  generated  by 

the  revolution  of  Algebraic  curves  about  their  axis,* 

when  we  have  previously  found  the  distance  of  the 

center  of  gravity  of  the  generating  curve  or  area 

from  that  axis.     It  is  called  the  centrobaryc  method ; 

but    in    the   present  advanced   state  of  analytical 

science,  it  is  a  method  very  little  used  ;  it  will  be 

quite  sufficient  therefore  if  we  shew  its  application 

in  one  or  two  well-known  cases. 

•  1 .  Let  h  =  the  length,  r  =  the  breadth  of  a  right- 
angled  parallelogram,  and  let  it  revolve  about  (A) ; 
the  distance  of  its  center  of  gravity  from  A  =  ^r, 
.".  the  circumference  of  the  circle  described  <?by  it 
=2/>  x%r=pr;  hence  the  cylinder  generated  =  area 
of  parallelogram  x  Ipr—hr  xjbr=jbAr*=/>r8  x  A*, 
area  of  its  base  x  its  height. 

2.  Let  the  parabolic  area  Apy  (Fig.  in  page  136) 
revolve  about  its  axis  AB  ;  then  the  distance  of  its 
center  of  gravity  from  AB  =  %y,    .\  the    circum- 
ference of  the  circle  described  by  it  =  2/>  x  |y=f  py; 
hence  the  solid  generated =  \py  x  area  Apy  =  \py 
x  \xy  =  \pxy*  =>half  the  circumscribing  cylinder. 
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Lecture  V. 


ON  THE  COLLISION  OF  BODIES. 


*  - 


Jl  bevious  to  the  investigation  of  the  effects  pro- 
duced by  the  collision  of  bodies,  it  will  be  necessary 
to  define  what  is  meant  by  hardness,  elasticity,  &c. 
and  to  explain  the  manner  in  which  that  collision 
takes  place. 

XVIII. 

Definitions,  and  preliminary  observations. 

1  •  Hardness  is  that  property  of  body  by  which 
it  resists  the  impression  of  other  bodies  which  im- 
pinge upon  it;  and  the  degree  of  hardness  is 
measured  by  the  quantity  of  this  resistance.  If 
the  resistance  be  so  complete  as  to  render  it  totally 
incapable  of  any  impression,  then  a  body  is  said  to 
be  perfectly  hard. 

2.  Elasticity  is  that  property  by  which  the  parts 
of  a  body,  after  they  have  yielded  to  the  impression 
of  other  bodies,  restore  themselves  to  their  former 

position  ; 
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position;  if  the  force  of  restitution  be  equali9)  to 
the  force  of  compression,  then  a  body,  is  said  to  be 
perfectly  elastic  ;  but  if  the  force  of  restitution  be 
less  than  that  of  compression,  then  it  is  imperfectly 
clastic,  and  the  degree  of  elasticity  will  be  measured 
by  the  proportion  which  these  two  forces  bear  to 
each  other.00 

■ 

3.  All  such  substances  as  come  under  the  de- 
nomination of  solid  bodies  are  possessed  of  one 
or  other  of  these  qualities,  but  not  in  a  state  of 
perfection ;  they  are  dll  of  them  imperfectly  hard, 
and  few  of  them  without  some  small  degree  of 
elasticity.^       Glass,  ivory,  marble,  steel,  &c.  are 

amongst 


(a)  i.  e.  if  the  parts  of  the  body  return  to  their  former  position 
precisely  in  the  same  time  and  in  the  same  manner  as  that  in 
which  they  were  displaced. 

(i»)  It  seems  almost  unnecessary  to  mention  softness  *as  a 
distinct  property  of  matter,  as  it  merely  implies  imperfect  hard- 
ness in  bodies  void  of  elasticity. 

(c)  A  common  experiment  for  shewing  that  a  substance  is 
possessed  of  elasticity,  is  to  suspend  two  spherical  balls  (of  ivory 
for  instance)  from  the  same  point  by  equal  strings,  and  then, 
having  stained  one  of  them  with  ink,  to  bring  them  gently  into 
contact  with  each  other ;  a  small  black  spot  will  thus  be  made 
upon  the  unstained  ball  just  at  the  point  of  contact.  If  one  of 
these  balls  be  then  made  to  impinge  upon  the  other,  that  spot 
will  be  enlarged,  whilst  Me  spherical  figure  of  the  ball  remains' the 
same  ;  from  which  it  is  inferred,  that  during  the  act  of  collision 
one  or  both  the  bodies  rpust  have  been  compressed,  and  that  the 
parts  to  displaced  must  have  afterwards  restored  themselves  to 
their  former  position. 


»  * 
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amongst  the  most  elastic  substances  with  which  we 
are  acquainted;  and  in  some  of  these  the  proportion 
of  their  elasticity  to  perfect  elasticity  has  been  pretty 
nearly  ascertained;  thus  in  glass,  the  force  of 
restitution  has  to  the  force  of  compression  the  ratio 
of  about  15  :  l6 ;  in  steel  these  forces  are  said  to 
bear  to  each  other  the  ratio  of  5  :  Q  ;  but  these 
ratios  are  subject  to  slight  variations,  according  to 
the  shape  or  size  of  the  body, 

A.  In  considering  the  changes  which  take  place 
in  the  motion  of  bodies  by  the  act  of  collision,  it 
may  be  observed,  that  when  a  perfectly  hard  body 
impinges  directly^  upon  another  of  the  same  kind, 
no  other  effect  is  produced  than  a  communication 
of  momentum  from  one  to  the  other  according  to 
the  principles  .of  the  third  law  of  motion ;  for  the 

two 


(*)  One  body  is  said  to  impinge  directly  upon  another,  when 
the  two  bodies-  approach  each  other  along  the  line  which  joins 
their  centers  of  gravity  ;     ^-w 

and  if  the  bodies  be  of  a  A        A  ^*v 

spherical  shape  and  of  uni-  I     J±   J  Vfi/ 

form    density,    then    this    ^-^^ 

line  will  pass  through  the  point  of  contact.  Thus  suppose  A  and 
B  to  be  two  spherical  bodies,  whose  centers  of  graVity  are  at  the 
points  A,  B ;  join  AB ;  then  if  the  bodies  approach  each  other 
in  such  a  manner  that  their  centers  of  gravity  are  always  in  the 
line  A  B,  they  are  said  to  impinge  upon  each  other  by  direct 
impact;  and  (by  Euc.3.  12.)  the  line  AB  (A  ancf  B  being  the 
centers  of  magnitude  as  well  as  gravity)  will  pass  through  their 
point  of  contact. 


*"l . 


4-r 
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two  bodies  after  impaet  will  move  on  together  as 
one  mass,  in  the  direction  of  the  body  which  ha9 
the  greater  rttomentum  M-  But  the  contrary 
happens  in  the  collision  of  perfectly  elastic 
bodies;  for  although,  during  the  act  of  com- 
pressjpn,  there  is  the  same  communication  of  mo- 
mentum as  in  the  fbrmer  instance (c),  yet  during 
the  act  of  restitution  another  collision  (as  it  were) 
takes  place,*  by  which  the  bodies  are  protrudted 
from  each  other,  and  after  impact  move  on  sepa- 
ratelif ;  each  body  having  lost  or  gained  twice  as 

much 


I  I  ■   I         '     >  "^    ■■  1 '     ■■!'■■         .  1 1  |  I     <  ■ 


(b)  Fof  1q<  the  tyniies  tefqre;  impact  raov$  ia  the,  same  ctfr 
rection  j  then  if  the  body  which  moves  with  the  greater  velocity 
has  also  the  greater  momentum,  it  will  evidently  drive  the  slower 
body  before  it;  but  if  the  slower  body  has  the  greater  momentum, 
then  the  swifter  body,  having  lost  part  of  its  velocity  by  the  act 
of  collision,  will  move  on  in  contact  with  the  slower  body, 
as  there  is  no- cause  operating  to  produce  a  separation  of  the 
bodie*.  If  the  bodies  move  in  opposite  directions,  then,  by  the 
act  of  collision,  the  momentum  of  one  of  them  will  be  destroyed, 
and  it  will  be  driven  back  again  by  that  which  has  the  greater 
momentum.  If  in  this  latter  case  the  momenta  be  equal,  it  is 
evident  that  the  two  bodies  would  rest  after  impact. 

(c)  This  communication  of  momentum  from  ope  body  to  the 
other  will  go  on  till  the  velocities  of  the  bodies  are  equal ;  at 
which  period  the  act  of  compression  ceases,  and  the  two  bodies 
are  under  precisely  the  same  circumstances  as  two  perfectly  hard 
bodies  of  the  same  dimensions ;  the  momentum  lost  or  gained 
will  therefore  be  the  same. 
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much,  momentum^  as  it  would  have  done  had  they 
been  perfectly  hard.  The  effects  produced  by  the 
collision  of  bodies  which  are  imperfectly  hard  or 
imperfectly  elastic  will  of  course  be  of  an  inter- 
mediate nature ;  they  will  neither  move  on 
together  after  impact,  as  in  the  case  of  perfectly 
hard  bodies,  nor  will  they  recede  from  eafih  other 
with  so  great  a  velocity  as  if  they  had  been  per- 
fectly  elastic. 

5.  In  the  three  following  Sections  we  shall  con- 
sider the  circumstances  which  take  place  in  the 
direct  impact  of  bodies  of  this  kind,  beginning 
with  the  case  of  perfectly  hard  bodies,  and  then 
proceeding  to  such  as  are  perfectly  elastic;  the 
theorems (b)  which  relate  to  the  collision  of  bodies 

imperfectly 


(*)  Since  the  bodies  are  perfectly  elastic,  whatever  force  has 
been  expended  in  the  communication  of  momentum  from  one 
body  to  another  during  the  act  of  compression,  the  same  will  be 
exerted  (and  for  the  same  purpose)  during  the  act  of  restitution ; 
the  whole  quantity  of  momentum  lost  or  gained  will  therefore 
be  double  of  that  which  takes  place  in  the  collision  of  perfectly 
hard  bodies.  The  same  conclusion  would  follow,  if  one  of  thr 
bodies  was  perfectly  hard  and  the  other  perfectly  elastic. 

(*)  To  render  the  investigation  of  these  theorems  as  simple 
as  possible,  we  shall  suppose  the  bodies  to  be  spheres  of  an  uniform 
density,  moving  uniformly  along  the  line  which  joins  their  centers 
of  gravity,  and  impelled  by  no  other  force  than  that  which  first 
puts  them  in  motion  along  that  right  line ;  so  that,  in  estimating 

their 
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imperfectly  elastib  will  then  be  easily  deduced, 
in  all  cases  where  the  relation  between  perfect 
and  imperfect  elasticity  can  be  expressed  arithme- 
tically. 


XIX. 

On  the  direct  Impact  of  perfectly  Hard 

Bodies. 

It  has  already  been  observed,  that  when  a  perfectly 
hard  body  impinges  upon  another  of  the  same  kind, 
the  two  bodies  will  move  on  together  after  impact 
as  one  mass ;  in  this  case,  therefore,  we  have  only 
to  find  the  common  velocity  after  impact,  and  the 
velocity  lost  or  gained  by  either  of  the  bodies. 

1.  Let  A  and  B  be  two  perfectly  hard  bodies, 
a  and  b  the  respective  velocities  before  impact ; 
then  will  A  a  represent  the  momentum  of  A  before 
impact,  and  B  b  the  momentum  of  JB.(e)    If  the  bodies 

move 


their  momenta,  we  need  only  take  into  consideration  the  quantity 
of  matter  contained  in  them,  and  the  uniform  velocity  with  which 
they  move. 

(•)  The  letters  A  and  B  here  represent  the  quantities  of  matter 
in  the  bodies  A  and  B ;  since  therefore  their  respective  ve- 
locities are  a  and  b,  their  momenta  will  be  represented  by  Aa,Bb 
(Sect.  2.  p.  6.) 
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move  ki  the  same  direction,  Aa  +  Bb  will  represent 
the  sum  of  their  momenta  before  impact;  but  if  the 
bodies  move  in  opposite  directions,  then  will  the 
sum  of  their  momenta  be  represented  by  Aa  —  Bb^'. 
Now  let  v  as  their  common  velocity  after  impact, 
then  A  +  Bxv  will  be  the  momentum  of  the  mass 
after  impact ;  but  by  the  third  law  of  motion  no 
momentum  is  lost  by  the  action  (or  collision)  of 

the  b6&<fc  xrpoft  each  other110;  hence  A+Bx  v  = 
Aa±Bb,    /.  v  =     j~  n    >  where   the  positive  or 

negative  sign  must  be  used  according  as  the  bodies 
inove  in  the  same  or  opposite  directions  before 
impact. 

2.  To  £nd  the  velodty  lost  by  A  and  gained  by 
B,  when  ihe  bodies  move  m  the  same  direction,  vrt 
have,  velocity  lost   by  A  =  velocity  before  impact 

,     ^      -  ,  A*+Bb     B.<a-b 

-velocity  qfter  impact  =a — ^Tg"  "    A+B  ' 

The  velocity  gained  by  '5  =  velocity  a/ter 'impact  - 

velocity 


(*)  Throughout  this  Lecture  we  shall  always  estimate  the 
motion  in  the  direction  of  A;  whenever,  therefore,  the  bodies 
move  in  opposite  directions,  if  As  motion  be  reckoned  positive, 
Rs  motion  must  be  reckoned  negative ;  hence,  in  the  .present 
instance,  the  whole  momentum  of  the  two  bodies  (or  the  sum  of 
their  momenta)  is  properly  representee!  by  A  a— Bb. 

(*)  See  page  15; 
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i     ..      ,  r                ,       Aa  +  Bb     ,     A.<a  —  b 
velocity  before  impact  ™  ■«     p 6=  -7 — ~-  • 

3.  When  the  bodies  move  in  opposite  directions, 

4,  1    -*     *    A   1      a  Aa—Bb      B.a  +  b 

the   velocity  lost  by  A=a-    ^  +  £   =  ^  ; 

and  the  velocity  gained  by  B  =    j# ""  fa-  +  ^ (c>  — 

4.  If  the  bodies  move  in  the  same  direction,  then 
their  relative  velocity  before  impact  (i.e.  the  velocity 
with  which  they  approach  each  other)  is  a  —  b; 
and  "when  they  move  in  opppsite  directions,  it  1s 

a+  6;  hence,  \fthis  relative  velocity  be expresssed «by 

Br 
(r),  then,  in  all  cases,  the  velocity  lost  byA~  — ^ — fe 

.  A  +  IS , 

Ar 
and  the  velocity  gained  by  B=~j — g»  whilst  the 

relative   velocity,    therefore,   continues    the    same, 

the  velocity  dost  by  A  and  gained  by  £  will  remain 

iinaltened. 

5.  if 


(«)  if  the  (bodies 'move  in  opposite  directions  ibefone  impact, 
and  in  As  direction  {ifler  impact,  then  the  velocity  gained  by  £ 
upon  the  whole  (in  As  direction)  will  be  the  common  velocity  + 
its  velocity  before  impact. 
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5.  If  B=A9  then  we  have, 

,   .         /Aa±Bb     \A.a±b     a±b     r 

Br         \     Ar  r 


Velocity  lost  h,  A  =  (    -j-f^   =) 


A  +  B      '    lA  2 

Velocity  goMhy  B  =  (-gLs   =)     £      =     L. 

i.  e.  when  the  bodies  are  equal >  the  common  velocity, 
and  the  velocities  lost  by  A  or  gained  by  JB,  are  all 
equal  to  each  other  and  to  half  the  relative  velocity. 

6.  If  B  rests  before  impact,  then  6=0,  and  we 
h&ve,  jia 

Comma*  velocity  ~~-jT ~%  (for  Bb=6)  =  (\fA=B)  \  a. 

Ra 

(X)  Velocity  lost  by  A  =  ~-7— j>  (for  2?6=0)=(if  A=B)  i  a. 

Aa 

(Y)Velocity  gained  by  *=_ (for  ^>=0)=(if  A=B)  \  a. 

Now,,  m  general^  the  velocity  lost  by  A=*--z — h> 
and  the  velocity  gained  by  B  =  —z — d»  comparing, 

therefore,  these  expressions  with  the  equations 
marked  (X)  and  (F),  it  is  evident  that  the  velocities 
lost  by  A,  and  gained  by  B,  will  be  the  same, 
whether  both  bodies  be  in  motion  before  impact,  or 
A  impinges  upon  B  at  rest  with  a  velocity  equal  to 
their  relative  velocity  (r).^ 

(•)  For  from  equation  (X)  it  appears  that  if  A  impinges  upon 

Bat  rest  with  velocity  (r),  then  velocity  lost  by  A=         ■■■   ? 

A  4"  *» 
but  this  is  the  velocity  lost  by  A,  when  the  bodies  are  both  moving 

with  a. relative  velocity =r j  and  the  same  reasoning  applies  to 

the  velocity  gained  by  B. 
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7 .  When  the  bodies  move  in  opposite  directions, 

v  =  — 3 — s-;   if  therefore  Aa  =  Bb,  v  =  0;  i.e. 
A  +  B  ' 

if  A  :  B  : :  b  :  a  (or  the  bodies  move  before  impact 

with  velocities  inversely  proportional  to  their  quan- 

m 

tities  of  matter)   then   they   will   both   rest  after 
impact. 


EXAM,  l . 

A,  weighing  10  lbs.  and  moving  with  a  veloiity  of  3 

feet  in  a  second,  impinges  upon  B,  which  weighs  Jibs. 

moving  in  the  same  direction,  with  a  velocity  of  2  feet 

in  a  second ;  to  find  the  common  velocity  after  impact, 

the  velocity  lost  by  A,  and  the  velocity  gained  by  B. 

ere bZ7    )  •'•  (by AtL l •) com* V*  =  A+B~  = 

a  =  3     f  30+14      44         10  r 

fc=2    J  10  +  7       17         17 

V*  lost  by  A=     *"~    =~  feet  in   l"  (Art.  2.) 

V9  gained  by  B  =  — .  ,  D  -  =  — -  feet  in  l". 
°  A  +  B        17 


EXAM.  2. 

A,  moving  with  a  velocity  (5),  impinges  upon  B 
moving  in  a  contrary  direction  with  a  velocity  (3)  ; 
and,  in  the  act  of  collision,  A  loses  j  of  its  momentum  ; 
What  are  the  relative  magnitudes  of  A  and  B  ? 

Here 
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—  B.a+h 

Here  a=5\  •'•  Telocity  lost  by  A=  -^ — ~  (Art.  3.) 

bsz3f        SB      ,  .      A+B 

u     °J   =-z — 5;  hence  the  momentum  lost 

SAB 
by  A=—z — 5.     Now  A*s  momentum  before   im- 

pact  =  ^a  =  5^;    one  third  of  which    is- — ;  we 

have  therefore  -, — 5  =  —  ,   or  24  2?  =  5^+  5jB  ; 

A  + 1>        3 

hence    }QB  =  5A,  2lx\AA  :  2?::  19  :  5. 

EXAM.  3. 

-^,  weighing  Tibs,  impinges  upon  B  weighing 
Albs,  and  moving,  in  A9s  direction,  with  a  velocity  of 
5  feet  in  1 ";  Ay  the  act  qf  collision,  Rs  velocity  U 
trebled ;  What  was  Als  velocity  before  impact  ? 

H«re  A  =  7  ")    •'•  Telocity  gained  by  B=    (by 


*  =  4   f  Art.  2.)  ^-^»  VL±Zl; 
b  ~  5J  A+B  11 

but  since,  by  the  act  of  collision,  ffs  velocity  was 

trebled,     its    velocity    gained  =26=10;     hence 

•  •  ■■  < 

=  10,  or  7a-  35  =110',    .\  7a=145,   and 

11  '  ' 

a  =  2o£feet  in  l". 

And  thus  we  might  apply  the  principles  laid  down 
in  this  Section  to  the  solution  of  a  variety  of  ex- 
amples of  this  kind ;  for  let  the  common  velocity  after 
impact  =  v9  velocity  lost  by  A=zl,  and  velocity  gained 
by  B  =  g  ;  we  have  then, 


■  t  * 


Aa±Bb      ,     B.a  +  b  ,  A.a±b 

if 
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if  therefore,  of  the  five  quantities  contained  in  each 
of  these  equations,  any  three  be  given,  then  the 
proportion  of  the  other  two  may  be  found ;  or  if 
any  four  be  given,  then  the  actual  value  of  the  fifth 
may  be  found, 

XX. 

On  the  direct  Impact  of  perfectly  Elastic  Bodies. 

Let  the  bodies  A  and  B  be  perfectly  elastic,  then 
the  velocity  lost  by  A  and  gained  by  B  will  be  twice 
that  which  it  would  have  been  on  supposition 
that  they  were  perfectly  hard.(a)  Moreover,  as  the 
bodies  in  this  case  will  move  on  separately  after 
impact,  it  will  be  necessary  to  find  the  velocities  of 
A  and  B  by  distinct  operations. 

1.  Let  the  bodies  move  before  impact  in  the 
same  direction ; 

then  F>  ofJ\  m  V"  before!  __  yy  ^ 
after   impact)   .     impact  J  


sB.a-b^A-B.a+iBb 
a       A  +  B         A+B      > 

and  , 


(•)  See  Note  page  154,  where  it  is  shewn  that  in  the  im- 
pact of  perfectly  elastic  bodies  twice  u  much  momentum  is  lost 
or  gained  as  in  the  case  of  perfectly  hard  bodies ;  but  since 
Ifoc  Q  x  V,  if  Q  be  given,  then  M<x.V\  the  velocity  lost  there- 
fore is  twice  as  much  as  when  the  bodies  are  perfectly  hard.* 


(k)  For  in  perfectly  hard  bodies  /=  A  ~  ■ ,  and  g=  £~ 


7,B.a—b        ,        2A.a—  b       -* 


,.     7   7,B.a—b        ,        2A.a— 
:.  in  perfectly  elastic  bodieSfr*"^  ,  ^  *  and  S^^jTJg 
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»^  °/*)=V  before!  +  ^ 

after  impact)        impact  J 

A  +  B ^      A+B      ' 

2.  If  the  bodies  move  before  impact  in  opposite 
directions,  then  b  is  negative,  and 

tjt*    r  j    /v     •   *    *     A-B.a-lBb . 
r9  of  A  after  impact  = -i — 5 

A  +  Ji 


77V    rn    />      •    *     ,     A-B.b  +  lAa 
V*  of  B  after  impact  = -^ — g • 

3,  If  B  =b  ^,  then  A—  B  or  -6  —  A  are  each  equal 
to  O ;  .*.  when  the  bodies  move  in  the  same  direction 
before  impact,  the  velocity   of  A  after   impacts 

(  — — ^=  jr-g-=   )b;  and  tlie  velocity  of  B  after 

.    ^  { lAa       lAa      \        Tr.u  , 

impact  =  I   -J — 7T  =  —j  =    Ifl.    If  they  move  be- 
fore impact  in  opposite  directions,  then  velocity  of  A 

*    -  .        /-afl*     -2££     \     f       ,  . 

q/rer  impact  =  I  -^ — ^  =        p     =    1  —  b,  and  Me 

ve/oaty  0/  B  after  impact  =  f  A  +  B  =  ~^  =    )  fl- 

Hence,  in  a//  ccwe^  when  the  bodies  are  equal,  they 
move  after  impact  with  interchanged  velocities. 

4.  If  B  rests  before  impact,  then  6  =  0;  .\  the 

^  of  A  after  impact  =x  — ^ — ^-  ,  and  velocity  of  B 

after 


(■)  See  Note  (k)  in  the  preceding  page. 
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after  impact  ^-^ — s .    If  A  be  greater  than  B,  then 
A^B.a         A  +  B 
—j — ~  is  positive,    .\  A  moves  after  impact  in 

the   same  direction  as   it    did    before    with  Vy  = 

— = — ^-,    and  B  precedes  it  with  a    velocity  = 

lAa 

j — k  (which  is  greater  than  a).  If  A  be  Jess  than  By 

then  —i — ~  is  negative,  .'.A  is  reflected  bach  by 

its  impact  upon  /?  with  a  velocity  =  — > — 5-  » 
and  5  moves  forward  in  As  original  direction  with 
a  velocity  =* --^ — ^  (which  is  2e»  than  a).    If  A  be 

j  *    d  *u      A-B.a         Q    lAa       lAa 
equal  to 5,  then  -^—  =  0,  &^^  = -^=a; 

i.  e.  if  JB  rests  before  impact,  then  A  will  rest 
after ;  and  B  will  move  forwards  in  As  direction 
with  -^$  velocity  before  impact. 

5.  If  the  bodies  move  with  the  same  velocity  in 
opposite  directions,  then  a  =  b,  and 

t.   i  •*    a    •  *    .    fA^B.a-^Bb     \A-3B.a 

ai  velocity  after  impacts  I =    I — - . 

\  A+B  J     A+B 

* 

fr     .   .      A    .  (A-B.b  +  <lAa     \3A-B.a 

Xs  velocity  after  impact=\     A  +  B =  /    A+Jtf  " 

Now 
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Nov  ii  A  be  greater  than  3B.  then 

v/—  3£f  and  ZA—  B  irilleack  bepcudiize. 
If  AhteqmaltoZB.  then 

-ZA-B.a     &Ba 
A-ZB=0-9  and =  - =  ">-- 


^u. 


If  Abe  less  than  3jR,  but  grmter  than  £.  then 
A—ZBi&  negative,  and  3A—B  i$pof::i\t. 
Hence  thb  general  theorem,  tt  Let  two  perfectlj 
"  elastic  bodies  impinge  upon  each  other  with  eytc; 
"  velocities  in  opposite  directions  ;  then,  if  one  body 
"  bt*  more  tkun  treble  the  other,  both  bodies  will 
"  move  on  after  impact  in  the  direction  of  the  greater 
u  body ;  if  one  body  be  just  treble  of  the  other, 
"  then  the  greater  body  will  remain  at  rest  after 
"  impact,  and  the  lesser  body  will  be  reflected  back 
u  again  with  twice  the  common  velocity  before  impact ; 
if  one  body  be  greater  than  the  otlier  but  less  than 
treble,  fhtn  both  bodies  will  be  rejected  back  agai7i 

"after  impact"     If  A=B>  then  — 7 — b-^-^. 
—AZTh  A+B 

and  — - — =^—  =  a ;  i.e.  the  bodies  after  impact  move 
A+B  ^ 

with  interclianged  velocities  according  to  Art/3. 

6.  In  Art.  7.  of  last  Section,  it  was  observed,  that 
if  Aa=Bb,  then  the  two  bodies  rest  after  impact. 
In  the  case  also  of  perfectly  elastic  bodies,  approach- 
ing each  other  with  velocities  inversely  proportional 
to  their  quantities  of  matter,  the  motion  of  both  will 
be  destroyed  by  the  act  of  compression  ;  but  since, 

by 


U 
it 
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by  the  act  of  restitution,  an  equal  quantity  of  motion 
is  generated,  the  bodies  after  impact  will  move  from 
each  other  in  an  opposite  direction,  with  the  same 
velocities  with  which  they  approach  each  other 
before  impact. 

7.  Let  r  =s  the  relative  velocity  of  the  bodies  before 
impact,  then,  by  Art.  4.  of  perfectly  hard  bodies,  the 

Br 

velocity  lost  by  A=-—j — jr,  and  velocity  gained  by 

jB=-j — ^-;  let  ol  —  As  velocity  after  impact,   anji 

fi=  Es  velocity  after  impact,  then  the  expressions  in 
Art.  1,  and  2,  will  stand  thus 

iBr      ,_ 

^±b  +  -2TB-(Y) 

Subtract  (Y)  from  (X),  then 

_.     2.A+B.r  -f 

where  the  negative  or  positive  sign  must  be  used 
according  as  the  bodies  move  in  the  iame  or  opposite 
directions. 

If  the  bodies  move  in  the  same  direction,  then 
r=a  —  Z?,  and 

N.- 

*  —  /Ss=:a  — £  —  2a+2ft=#—  a=  —a  — A. 
If  the  bodies  move  in  opposite  directions,  then 
r=a  +  £,  and 

From 
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From  which  we  conclude,  that  when  "  two  per- 
"  fectly  elastic  bodies  impinge  upon  each  other, 
"  thfeir  relative  velocity  Will  be  the  same  both  before 
€€  and  after  impact,  but  in  an  opposite  direction.*^" 

8.  By  the  third  law  of  motion,  the  whole  quantity 

of  momentum  is  not  altered  by  the  impact  of  bodies 

upon  each  other,  whether  those  bodies  be  hard  or 

elastic.     Now  the  sum  of  their  momenta  before 

impact  =  A  a  +  Bb  ;  and  (adopting  the  notation  of 

the  last  article)  the  sum  of  their  momenta  after 

impact  =  A*  +  Bfi ;  hence 

Aa  +  Bb  =  Aa  +  Bp<>) 

or  A*a  —  «  =  .B./3  —  b;  but  by 

last  Art.  a  —  P  =  b  -  a,    r.a  +  *=0  +  b, 

Hence,  by  multiplication,  A .  a* — «*  =  B .  /3*  —  b*3 

or Aa*  +  Bb*±A«*  +  Bp*;  i.e. 

"the 

(•)  Hence,  when  the  bodies  move  before  impact  in  the  same 
direction,  anp!  A  overtakes  B ;  then,  q/?er  impact,  2?  will  recede 
from  -^  with  the  same  velocity  as  that  with  which  A  approached 
B  before  impact,  and  consequently  will  move  with  a  greater 
velocity  than  A.  If  the  bodies  move  in  opposite  directions,  then 
they  will  recede  from  each  other  after  impact  with  the  same 
velocity  as  they  approached  each  other  before  impact. 

(k)  That  the  sum  of  their  momenta  is  the  same  before  and 
after  impact,  may  also  be  thus  proved ; 

Hence,  by  addition,  A* +  B0=Aa  +  Bb ;  it  is  unnecessary  in 
this  article  to  take  the  case  when  b  is  negative,  as  our  conclusion 
respects  the  square  of  Bs  velocity,  which  is  the  same  whether 
b  be  -f  or  — . 


COLLISION  OF  BODIES.  167 


cc 


the  sum  of  the  products  arising  from  multiplying 
"  each  body  into  the  square  of  its  velocity  is  the  same 
"  both  before  and  after  impact." 

9.  Let  there  be  a  row  of  equal  perfectly  elastic  balls, 

A,  B,  Cy  &c.  .  .  .  X  (Fig.  1.)  placed  contiguous  to 

each  other ;  then  (by  Art.  4.)  if  A  be  mov^d  from 

its  position  and  made  to  impinge  upon  B,  it  will  rest 

after  impact,  and  B  will  have  a  tendency  to  move  on 

with  As  velocity ;  after  the  impact  of  B  upon  C, 

it  will  remain  at  rest,  and  C  have  a  tendency  to  move 
A         B     C    D     E  X 

o  00000  o  *■■• 

(^)0    d)    6  O     Fig.2. 

oOO  @C*Jng  3. 

on  with  A*s  velocity ;  after  the  impact  of  C  upon 
D,  it  will  remain  at  rest,  and  D  have  a  tendency 
to  move  on  with  the  same  velocity ;  and  so  the 
motion  will  be  propagated  through  the  whole  row, 
and  the  last  body  X  will  move  forward  with  the  velo- 
city of  A,  all  the  others  remaining  at  rest. c)    If  the 

bodies 


(c)  If  two  bodies  were  moved  from  their  position,  and  made 
to  impinge  upon  the  others,  then  the  two  last  would  move  off; 
if  three  bodies  were  removed,  the  three  last  would  move  off-,  &c. 

» 

&c. ;  for  as  the  momentum  is  doubled,  trebled,  &c.  towards  A, 
it  is  evident  that  a  double,  treble,  Sec.  mass  will  be  put  in  motion 
towards  X. 


168  COLLISION  OP  BODIES. 

bodies  decrease  in  magnitude  (Pig.  2.)  then,  since  A  is 
greater  than  B>  (by  Art.  4.)  the  velocity  communi- 
cated to  B  will  be  greater  than  that  of  A ;  and  the 
velocity  communicated  from  B  to  C  greater  than 
that  of  B ;  &c.  &c.  so  that  the  last  body  will  move 
forwards  in  the  direction  of  A's  motion  with  a  ve- 
locity much  greater  than  that  of  A (a),  and  the  other 
bodies  will  follow  it  in  such  a  manner  that  the  velocity 
of  each  succeeding  body  shall  be  greater  than  that  of 
the  preceding.  On  the  contrary,  if  the  bodies  in- 
crease  in  magnitude  (Fig.  3.),  since  A  is  less  than 
By  (by  Art.  4.)  the  velocity  communicated  to  B 
will  be  less  than  that  of  Ay  and  A  will  be  reflected 
bach  by  B ;  for  the  same  reason  the  velocity  com- 
municated from  B  to  C  will  be  less  than  that  of  B, 
and  B  will  be  reflected  back  by  C ;  &c.  &c. ;  so 
that  in  this  case  all  the  bodies  will  move  backwards 
except  the  last,  and  that  will  move  forwards  in  the 
direction  of  A's  original  motion,  but  with  a 
velocity  much  less  than  that  of  A. 

EXAM. 


(*)  The  greatest  velocity  which  can  be  generated  by  the  pro- 
pagation of  motion  through  a  row  of  perfectly  elastic  bodies,  will 
"be  when  those  bodies  are  in  geometric  progression.     For  first 
take  three  bodies  A,  x,  C,  then  (by  Art.  4.)  Vt  communicated 

ffcom  A  to  A"=— — -;  and  when  the  body  X  impinges  upon  C 

A~x"  JL 

-at  rest  with  V'=JLJL,  then  the  velocity  communicated  to  C 

/  2X       2Aa_\       AAaX              k.  k  ,  M 
—  t  y.ViX'vp  )===* — -r7-~;>  which  latter  quantity  is 
x      \X+C    A+X    Ja+XxX+C M         3 

to  be  a    maximum;    .*    ..  t  ■    x      ,+  £wb*  minimum,  and 

A  A  aX 

AX 
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EXAM.  1. 

A  and  B  are  two  perfectly  elastic  bodies ;  A 
weighing  6lbs,  and  moving  with  a  velocity  of  7  feet 
in  a  second j  impinges  upon  B  weighing  5  lbs,  and 
moving  (in  the  same  direction)  with  a  velocity  of 
4  feet  in  a  second;  What  are  the  velocities  of  A  and  B 
after  impact  f 

r.F'ofA  after  impact = (by  Art.  1 .) 
A-B.a  +  lBb  _7+40      .  *  -    . 

— atb -n-=4^**t 

per  second.    F*  of  B  after  impact 

B  —  A.b  +  lAa       -44-84         s  r    ,  f 

= ^— g =  — —  =  7irfeet  per  second. 

Hence  A  and  B  move  after  impact  in  the  same 
direction  as   they  did  before  impact,  A  having  lost 

a  velocity  of  2  — feet  per  second,  and  B  having 
gained  a  velocity  of  3  —  feet  per  second. 

EXAM. 


AX+AC+JP+CX  n rJ,  AC^v^n             v,~n„-4CxX 
1 — —2- — -L ,orA+— +A+ C=zmin.-,  hence _ — 

+  AT=0,  or  X*=AC,  /.  A=  V  AC.  The  velocity  communicated 
from  A,  through  B  to  C,  will  therefore  be  greatest  when  £  is  a 
mean  proportional  between  A  and  C j  for  the  same  reason  the 
velocity  communicated  from  B  through  C  to  D  will  be  greatest 
when  C  is  a  mean  proportional  between  B  and  D ;  &c.  &c.  The 
whole  velocity  therefore  communicated  from  A,  through  B,  C,  D, 
Sec.  to  X,  will  be  greatest  when  all  the  bodies  A,  B,  C,  D,  See. 
are  in  geometric  progression. 

2 
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EXAM.  2. 

.  A  :  B  i:  3  :  5  ;  A  and  B  move  in  opposite  di- 
rections with  velocities  as  4  :  7  >  What  are  the 
directions  and  velocities  of  A  and  B  after  impact  ? 

Here  A=  3  ^   .'.  V*  of  A  after  impact  =  (by  Art.  2) 

A-B.a-lBb      -8-7Q_         3 
A+B  "        8       "     94- 

r-     „  ~    n                   A—B.b+lAa 
V  of  B  after  impact^ -* — -t 

~~  =l{.     Hence  A  and  B  are  reflected 


8 
back  by  impact  (for  1  \  being  positive,  B  moves  after 

impact  in   As    original  direction)   with    velocities 

which  are  to  each  other  as  9f  :  1  £,  or  as  39  :  5. 

EXAM.  3. 

To  determine  the  ratio  of  two  perfectly  elastic 
balls  A  and  B9  so  that  A,  moving  with  a  velocity  of 
5  feet  in  l",  and  striking  upon  B  at  rest,  shall,  after 
impact,  have  a  velocity  which  is  to  the  velocity  of 
B::2:5. 

Here  a  =  5;  and  (by  Art.  4.)  when  A  impinges 

>V—  B  a 
upon  B  at  rest,  As  velocity  after  impact  =  — -3 — tt-  , 

2  A  a 
and    B*s   velocity   after    impact  =  — -z «;    hence 

A—B.ba     2Aax5  .        ^  A 

— If  .   p     •  —2 — tt::  2:5,  or  A  —  B   :   2 A  :: 
A+B         A+B 

2  :  5,  .\  5^-52J  =  4^,  or  A=bB,   .\A:B::5 
:  1. 

EXAM. 
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EXAM.  4. 

A  and  B  move  in  opposite  directions;  A=?5B, 
and  b  =  3a  ;  How  do  the  bodies  A  and  B  move  after 
impact  f 


') 


-g-ij =  —  la.    B"s    velocity    after    impact 


{  _A-B.b  +  lAa\ 
V"         *+*        ) 


± =  —b.  Hence 


9 


A  and  B  are  reflected  back  again  with  ^d  and  —  ths 
of  their  respective  velocities  before  impact. 

EXAM.  5. 

Let  there  be  a  row  of  bodies  in  geometric  progression 
placed  contiguous  to  each  other,  whose  respective 
magnitudes  are  expressed  by  A,  rA,  r%A,  i*A,  &c.  .  . 
r*~lA  (where  n  =  the  number  of  bodies  J ;  and  let  the 
first  body  impinge  upon  the  second  with  the  velocity 
(a)  ;  It  is  required  to  find  the  velocity  of  the  last 
body,  when  the  motion,  thus  communicated,  has  been 
propagated  through  all  the  intermediate  bodies. 

By  Art.  4,  when  A  impinges  upon  B  at  rest,  the 

Q,A  a 
velocity  communicated  to  B  is  --j — ^  ;    in   the 

present  instance,  therefore,  the  velocity  communi- 

QiAa 
exited  to  the  second   ball  (rA)  will  be  -5 -^=* 

2a 
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;  for  the  same  reason  the  velocity  communi- 
cated to  the  third  ball  will  be  — -z — =--:  x = 

rA+r2A      1  +  r 

—    ^ ;    and  proceeding  in  this  manner,  it  appears 

V~~ la 
that  the  velocity  of  the  last  ball  will  be  ==^_, ,  or 

1  +  rr 

V*  of  first    ball  :  V*  of   last  (:\  a  :  £==^M 

Cor.  1 .  Hence,  if  the  bodies  be  in  a  geometric 
progression  whose  common  ratio  is  r,  the  correspond- 
ing velocities  will    be   in  a  geometric  progression 

whose  common  ratio  is  .  The  former  of  these 

1  +r  J 

progressions  will   moreover  be  an  increasing  or  a 

decreasing  one,  and  the  latter  a  decreasing  or  an 

increasing  one,  according  as  r  is  greater  or  less  than 

unity;  which  accords  with  what  was  shewn  in  Art.  9. 

of  this  Section. 

2 
Cor.  2.  Let =  p  ;  then  if  the  series  of  bodies 

be  represented  by  A,  rA,  r*A,  &c.  .  .  .  r*~lA,  ihe 
corresponding  velocities  will  be  represented  by  a,  ^  r/, 


ps«, 


(•)  The  velocity  of  B  after  impact  =  z2!L 

A"\-  a 

twice  the  striking  lodu  x  its  velocity        . .  1    .  , 

= «-? — £-p *-.  which  is  a  general  e\- 

sum  of  the  bodies 

prcssion  for  finding  the  velocity  of  the  bodies  in  succession. 
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p*a,  &c  .  .  p^la.     Let  0=  — ,  then  p*""1  =  — = . 

.".  V*  o{ first  body  :  Vy  of  last  body  (  : :  a  :  -^=   ) 

rrr-'^M.  Call  the  last  body  T,  then  (since 
T=t~-xJ)  A  :  T  ::  1  :  r»~S  .\  r*^  :  ]  :: 
7>  :  ^"  ;  hence  V*  of  first  body  :  Vy  of  last  body 
::  T"  \Am. 

Con  3.  Let  the  difference  between  any  two 
successive  bodies  be  very  small,  i.  e.  let  r=  1  ±x, 
where  x  is  an  indefinitely  small  quantity ;    then  t 

(= it;)  =^=ri!^  but ' is  a/w>  ^ 

1,.  1     ;._ — -? 

s^rgectinga^a^&c.^)--^ —  ;    hence  wi=§;    in 

this   case,  therefore,  the  velocity  of  the  ^rsf  body 
:  Vy  of  the  /art  ::  (Tw  :  ^-  ::),S/T :  V^£ 

EXAM.  6. 

XeJ  fAe  bodies  bear  the  same  relation  ta  each  other 
as  in  the  last  example ;  It  is  required  to  find  the 
number  of  intermediate  balls,  that  the  velocity  of  the 
last  ball  may  be  increased  to  m  times  that  of  the  first 
ball. 

Let 


(a)  See  Alg.  Sect  LV.  on  the  approximation  of  ratios. 


174  COLLISION  OF  BODIES. 

Let  p  =  the  number  of  intermediate  balls,   then 
n  znp  +  2,  .'.  n  —  1  =/>  +  1  ;  now  Velocity  of  last  ball 

2u~la  2pfla  f  2p+,a 

«  ==v-i  =  ==s  pki  *•  hence  ==™+,  =  w«,     or 
l+r|  1  +  r]  1+r] 

2"+'  2       ' 

y-^,.,1  =ro,  .\  p+ 1  -log-7^7  =log-  »;  from  which 

log.  Ttt  , 

— - -  log.  m 

we  have />  +  1  =  i  „     2    >  and/>  =  - — -= — == 

g*7+7  log.  2-log.  1+r 

-1. 


XXI. 

•  

On  the  direct  Impact  of  imperfectly  Elastic 

Bodies. 

1.  When  imperfectly  elastic  bodies  impinge  upon 
each  other,  the  same  effect  is  produced  during  the  act 
of  compression  as  if  the  bodies  were  perfectly  elastic ; 
but  in  the  act  of  restitution  the  velocity  7t*st  by  A 
or  gained  by  B  is  not  equal  to  the  velocity  lost  or 
gained  during  the  act  of  compression^  but  is  dimi- 
nished in  the  ratio  of  m  :  1  (if  m  :  1  represents  the 
ratio  of  imperfect  :  perfect  elasticity).  The  velocity 
lost  by  A  therefore,  during  the  act  of  compression, 

is    ~ — ^-;   during  the    act    of   restitution    it    is 

mB.a  —  b      ,  ■■•• 

~AlTB~  5    hence>    uP°n  the  w"°'e>  the  velocity 

lost 
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i      l_    jt     l  +  m.B.a—b        .  c     . 

lost  by  A=  — v     n ,  and,  for  the  same  reason, 

the  V*  gained  by  jB=    — ~ — ' g""- Ca) . 


2.  The  velocity  of  A  after  impact^ a _I±^-^ZL* 


= -s — © .      1  he  velocity  of  B  after 

« 

.    ^     ,    L.l+m.A  a—b      B  —  mA.b+ 1  +  m.Aa 
tmpact=b+       A+B       = -^  g . 

If  £=0,  or  B  rests  before  impact,  then  As  V*  after 

A  —  TTlB.a  in*        rr         /• 

impact  =  —  a  i   b —  >   anc*  B  s   r     after  impact  = 


— „     n     .     If  A  -  mB  =  0    (or    A=mB)    then 

— ^ — ^—  =  0 ;  i.  e.  if  A  be  equal  to  mB>  and  im- 
pinges upon  B  at  rest,  then  A  rests  after  impact, 

and  B  moves  forward  with  a  velocity  *= ^ — fr— 

J        mB  +  B 

=  ma. 

3 .  Let  *,  /3  represent  -^^  and  BTs  velocity  after 

impact, 


(*J  To  prevent  a  confusion  of  signs,  we  shall,  through  all  the 
Articles  of  this  Section,  suppose  the  bodies  to  be  moving  in  the 
same  direction  j  as  the  expressions  thus  deduced  are  always  con- 
vertible into  such  as  apply  to  them  when  moving  in  opposite 
directions,  merely  by  making  the  sign  of  (b)  negative. 
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...                          1  +  m.B.a-b  /Trv 
impact,  then       *  =  a  — ■ — -* — ^ (X) 

Subtract  (X)  from  (10,  then 


,  J  +  m.A  +  B  .a  —  b 

*-—*-«  + -JVB 


=  i-fl+l+m.fl-i   =  m.a  —  b. 
Hence  the  relative  veloci  ty  before  impact  (a  —  b)  : 

relative  velocity  after  impact  in  an  opposite  direction 
(0  — a)  ::  a  —A  :  m*a—  b  ::  1  :  m  ::  perfect  :  im- 
perfect elasticity. 

4.  The  sum  of  the  products  arising  from  multi- 
plying each  body  into  th6  square  of  its  velocity 
before  impact,  is  greater  than  the  sum  of  the  pro- 
ducts arising  from  multiplying  each  body  into  the 
square  of  its  velocity  after  impact. 

For  Aa  +  Bb  =  A*  +  Bfi  (X)  by  Art.  8,  p.  l66;  let 
m  =  1  —  7i,  then,  by  last  Art. 

/3-a=l— n.a     £  =  a  —  6  —  n.a  —  b  (Y)  ; 
.-.  from  equation 

(X)  A.a^^B.jT-b 


(Y)        a  +  a=     p  +  b  +  n.a-b, 
and  by  multiplication,  • 

Aa*-Aa*  =  B(**-Bb*+nB^bJ=b, 
or  Aa^  +  Bb^Aa^B^+nB.a^b.^b. 
If  the  bodies  move  in  the  same  direction,  a  and  /}  are 

each  of  them  greater  than  b;  aYid  if  they  move  in 

opposite 
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opposite  directions,  b  itself  is  negative ;  the  quantity 
nB.a— A .  0  —  b  is  therefore  always  positive,  conse- 
quently Aa%  +  Bb*  is  greater  than  Aa*  +  BP*. 

5.  Let  there  be  a  raw  of  imperfectly  elastic  bodies, 

A    A  A  - 

^'m'm*9  &c"  #  •  "  i^*"'  m  a  g601™*"**1  Pro- 
gression, whose  common  ratio  is  —  (where  n  =  the 

m 

number  of  bodies,  and  1  :  m  expresses  the  ratio  of 
perfect  to  imperfect  elasticity),  placed  contiguous  to 
each  other  ;  and  let  the  first  body  A  impinge  upon 
the  second  with  the  velocity  =  a ;  then  all  the  inter- 
mediate bodies  will  remain  at  rest  after  impact,  and 
the  last  body  will  move  off  with  a  velocity  =  m*~la. 
For  let  the  intermediate  bodies  be  B,  C,  D,  &c. 

A  A  A 

then — =2J,  .\  A=mB ;  — ?=  C,  .*.  —  =  mC,  i.e. 

971  •  971  m 

B  =  mC;  &c,  &c. ;  but  by  Art.  2.  when  A=mB, 
and  A  impinges  upon  B  at  rest  with  velocity  (a), 
A  rests  after  impact,  and  B  moves  forward  with  a 
Telocity  (ma),  which  call  (£) ;  for  the  same  reason, 
since  R=mC>  and  B  impinges  upon  C  at  rest 
with  velocity  (4  =  wa),  B  will  rest  after  impact,  and 
C  move  forward  with  a  velocity  (  =  mb  =  m*a) ;  and 
so  on.  When  the  motion  therefore  has  been  thus 
propagated:  through  the  whole  row  of  bodies,  all 
the  intermediate  bodies  will  remain  at  rest,  and  the 
last  body  will  move  forward  with  a  velocity  =  mn~la. 

2a  6.  If 
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6.  If  there  be  a  row  of  elastic  bodies,  A,  rA,  r*A, 
&e.  .  .  r*~xA,  whose  degree  of  elasticity  and  mode  of 
acting  upon  each  other  is  the  same  as  before,  then  the 
bodies  will  all  move  after  impact,  (unless  r=-M  and  the 
velocities  with  which  they  impinge  upon  each  other 
will  be  represented  by  a,  pa,  fa,  &c.  .  .  f^xa,  where 

For  when  A  impinges  upon  rA  at  rest, 


j»  =  ' 


1  +r 


the  velocity  communicated  =  (by  Art.  2.)  — ^ — -  . 
=  — '—  (b)  ;  for  the  same  reason,  velocity  com- 


municated to  third  body  =* x  b  =        m\_  x  a. 

&c.  &c.  so  that  the  velocity  communicated  to  the 


last  body  = 


_1  +m 


1  +  r 


x  a. 


1  *4"  771 

7.  Letr=m,then  p=- =1;     .".  p   and   all    its 

powers  =  1 ;  i.e.  when  the  common  ratio  by  which  the 
bodies  decrease  is  the  same  fraction  as  that  which 
expresses  the  degree  of  elasticity,  the  velocity  com- 
municated in  each  case  will  be  that  with  which  the 
Jirst  body  struck  the  second,  and  with  this  velocity 
will  the  last  body  move  off.  So  that  in  this  case 
the  same  effect  is  produced  upon  the  last  body  as 
when  a  row  of  equal  perfectly  elastic  bodies  are 
placed  contiguous   to  each  other;    but   the  other 

bodies  do  not  remain  at  rest  after  impact. 

8.  Since 
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-*e-  i_       a    *.-/»  1-hTW.B.a  —  b 

8r  bince,  by  Art.  3,  «  =  a -j — ~ ,    we 


A+B 


,        l  +  m.-B.a  —  A  ,  A+B.a-a 

have    ^+*     =«-«>  ••• 1 +OT=  b.-^  > 

and  m= - =■  —  1 ;  hence,  if  the  magnitudes 

B.a  —  b 

and  velocities  of  the  bodies  before  impact  be  given, 
as  also  the  velocity  of  A  after  impact,  the  ratio  of 
perfect  to  imperfect  elasticity  may  be  determined. 
It  is  evident,  that  it  might  also  be  determined  from 
the  equation  expressing  the  velocity  of  B  after 
impact. 

EXAM.  ] . 
Let  A=*4,  1?  =  2,  a  =  3,   4  =  1,     and  perfect  : 
imperfect  elasticity  : :  1  :  * ;    It  is  required  to  find 
the  velocities  of  A  and  B  after  impact,  when  the  bodies 
move  before  impact  in  the  same  direction. 

Hie  velocity  of  A  after  impact  f =a .  *     '- J 

=  3-1=2.     The  velocity  of  B  after 


4 

=  3-i 

jx2x2 

6 

impact 

(.». 

1  +  2= 

3. 

3 


1  +  m.A.a  —  fcx  :x4x2 


)-i+L 


A+B       )     ^ g 


EXAM.  2. 
A  (  = ;  5  lbs.)  impinges  upon  B  (  =  3  lbs.)  at  rest ; 
B  moves  Jorward  after  impact  with  hhs  the  velocity 
of  A  before  impact.-,  'What  is  the  ratio  of  perfect  to 
imperfect  elasticity  in  these  bodies  ? 

By 
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By  Art.  2,  B*s  velocity  after  impact = — ~ — '-=?-  ; 

• .  m  the  present  instance 3= — ,  or  5  m  4- 

5*=7>  and  5m  =  2;  hence  w=s|,  and  perfect  :  im- 
perfect elasticity  : :  1  :  |  : :  5  :  2. 


EXAM.  3. 

A  set  of  b  balls,  imperfectly  elastic,  and  in  a  geo- 
-  metrical  progression  whose  common  ratio  is  2,  are 
placed  contiguous  to  each  other;  the  force  of  elasticity 
is  to  the  force  of  compression  : :  3  :  2.  Compare 
the  velocity  with  which  the  first  ball  impinges  upon 
the  second,  with  the  velocity  communicated  to  the 
last. 

Q 

Since  perfect :  imperfect  elasticity  ::  3  :  2  ::  1  :  — 

by  referring  to  Art.  6,  we  have  *»  =  £>  rsc2,  n^5  ; 
.\  Vy  of  first  ball  :   velocity   of    last  ball    (::  a: 

::  1  :  -*    ::  6561  :  625. 


J+r  '  9 


EXAM.  4. 

5  is  double  of  A ;  A's  velocity  before  impact  :  B's 
Vy  ; :  3  ;  2 ;  they  move  in  tfie  same  direction,  and  by 

dm  act  of  collision  A  loses  \thstf  its  velocity ;  What 
is  the  ratio  of  perfect  to  imperfect  elasticity  f 

Here 
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*=\a  J    ^3^xffl„1==g^1=4;    hence 

3 

perfect  :  imperfect  elasticity ::  1  :  -  ::  5  :  4. 

XXII. 
QUESTIONS  for  PRACTICE, 

J .  A  and  B  are  two  perfectly  hard  bodies  meeting 
in  opposite  directions  ;  A  is  double  of  JS,  but  moves 
with  a  velocity  (a),  which  is  only  jds  the  velocity 
of  B;  What  is  the  common  velocity  after  impact  ? 

Answer  .  .  .  Com.Vy=ith  a. 

9 

2.  A  :  B  ::  3  :  2,  and  the  velocity  of  ^  (a)  : 
velocity  of  B  : :  5  :  4 ;  they  are  perfectly  hard  bodies, 
and  move  before  impact  in  the  same  direction  ; 
What  is  the  velocity  lost  by  A,  and  gained  by  B  ? 

Ans.     V*    lost  byA=—9 
and  Vy  gained  by  B  =  —- . 

3.  -^f  and  B  are  two  perfectly  hard  bodies  moving 
in  opposite  directions,  with  velocities  as  7:5;  by 
the  act  of  collision  A  loses  £th  of  its  momentum ;  ^ 
What  is  the  ratio  of  A :  B? 

Ans,     A :  B  ::  41  :  7- 

A.'A 
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4.  A  and  B  are  perfectly  hard,  and  in  the  ratio 
of  6  :  5 ;  B  is  moving  in  the  same  direction  as  A, 
with  a  velocity  of  7  feet  in  a  second ;  by  the  act  of 
collision,  B's  velocity  is  doubled ;  What  was  A*s 
velocity  before  impact  ? 

Ans.     19^feet  in  l''. 

5.  A  and  B  art  perfectly  elastic,  and  in  the  ratio 
of  4  :  3  ;  they  are  moving  in  the  same  direction 
with  velocities  as  5  :  4  ;  What  is  the  ratio  of  the 
velocities  of  A  and  B  after  impact  ? 

Ans.     V*  of  A :  VJ  of  B  : :  29  :  36. 

6.  ^and  B  are  perfectly  elastic;  they  are  moving 
in  opposite  directions ;  A  is  treble  of  By  but  B's 
velocity  is  double  that  of  A;  How  do  these  bodies 
move  after  impact  ? 

Ans.     ^and  B  are  reflected  back  again  with  £  and 
jths  of  their  respective  velocities  before  impact. 

7.  There  is  a  row  of  6  perfectly  elastic  bodies  in 
a  decreasing  geometric  progression  (whose  common 

ratio  is  -)  placed  contiguous  to  each  other ;  the  first 

body  impinges  upon  the  second  with  a  velocity  of 
one  foot  per  second ;  IVith  what  velocity  will  the 
last  body  move  q(f> 

Ans.     With  a  velocity  of  7  57 feet  in  l". 

8.  There  is  a  row  of  perfectly  elastic  bodies  in  an 

increasing 
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increasing  geometric  progression  whose  common 
ratio  is  3  ;  a  motion  is  propagated  through  them 
in  the  same  manner  as  in  last  Example,  and  the  last 

body  moves  off  with-jj-th  the  velocity  of  the  first 

body ;   What  was  the  number  of  bodies  ? 

Ans.     7* 

9.  A=lB;  jfs  velocity  (a)  :  B's  velocity  (b) 
::  3  :  2  ;  and  perfect :  imperfect  elasticity  ::  4  :  3 ; 
they  impinge  upon  each  other,  moving  in  the  same 
direction  ;  What  are  their  respective  velocities  after 
impact  ? 

Ans.  As  velocity  after  impact  =  —^ ;  B's  =  -yr-« 

10.  A=3B,  and  impinges  upon  B  at  rest  with 
a  velocity  (»  a) ;  As  velocity  after  impact  .is  -ths 
of  its  velocity  before  impact ;  What  is  the  ratio  of 
perfect  :  imperfect  elasticity  ? 

Ans.     Perfect  :  imperfect  elasticity ::  5  :  3. 

11.  Five  imperfectly  elastic  balls  (in  which  the 
force  of  compression  :  force  of  restitution  : :  6  :  5) 
are  placed  contiguous  to  each  other  ;  these  balls  are 
in  a  geometrical  progression,  whose  common  ratio 
is  \  ;  the  first  ball  impinges  upon  the  second  with 
a  velocity  of  3  feet  in  l";  It  is  required  to  shew 
with  what  velocity  the  last  body  moves  off. 

Ans.     With  a  velocity  of  6 .  69  feet  in  l". 

XXIII. 
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XXIII. 

On  the  oblique  Impact  of  Hard  and  Elastic 

Bodies. 

Hitherto  we  have  considered  the  bodies  as  im- 
pinging upon  each  other  in  the  straight  line  which 
joins  their  respective  centers  of  gravity ;  we  are  now 
to  estimate  the  effects  produced  by  impact  when 
the  directions  in  which  the  bodies  move  are  inclined 
in  some  given  angle  to  each  other. 

1 .  Let  A  and  B  be  two  bodies  moving  uniformly 
in  the  directions  PA9  QB,  and  let  their  motions  be 
so  adjusted,  that  PA,  QB 
shall  be  described  in  the 
same  time ;  then  (since 
fpcS,  when  T  is  given) 
PA,  QB  will  represent 
their  velocities.  Let  LM 
be  the  plane  which  touches 
both  the  bodies  at  their 
point  of  contact (a),  and 
join  their  centers,  A,  B;  then  AB  will  be  at  right 

angles 


(»)  If  the  radii  of  these  spherical  bodies,  together  with  their 
velocities-  and  directions,  be  given,  the  position  of  this  plane  may 
be  thus  determined  geometrically.  Let  the  directions  of  the  bodies 
meet  in  E;  «nd  let  their  velocities  be  such,  that  whilst  A  would 
describe  AE,  B  would  describe  BF;  and  .-.  V*  of  A  :  V>  of  B 
:  j  AEi  BF.    Complete  the  parallelogram  ABHE+  and  join  HF. 

With 
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angles  to  LM.  Produce  AB  both  ways  to  C  and 
D,  and  from  P,  Q  let  fall  Pp,  Qq  perpendicular  to 
CD;  through  A,  B  draw  E N,  Fn  parallel  to  them, 
and  consequently  parallel  to  LM.  PA,  QB,  which 
present  the  respective  velocities  of  A  and  B,  may 
be  considered  as  resolved  into  two  others,  Pp,pA, 
and  Qq,  qB  (Art.  7-  page  51);  of  which  Pp,  Qq, 
being  parallel  to  LM,  are  not  affected  by  the  col- 
lision of  the  bodies  ;  if  therefore  AN,  Bnbe  taken 
respectively  equal  to  Pp,  Qq,  they  will  represent 
the  velocities  of  the  bodies  in  those  directions  after 
impact.  The  velocities  of  the  bodies  after  impact, 
in  the  direction  CD  must  be  determined  (according 

to 


With  center  E  and  radius =^(7+  BD  describe  a  circular  arc  cutting 
HF  in  G;  join  EG,  and  draw  GK  parallel  to  HB  or  EA,  and 
complete  the  paralle- 
logram EGKN.  By 
sim.  A*  BH  (or  AE) 
i  BF  :;  KG  (or 
NE)  :  KF;  since 
therefore  NE  :  KF 
::AE:  BF::V'  of 
A:  V*ofB,NEand 
JCF.are  spaces  de" 
icribed  in  the  same 
time,  and,  consequently,  when  A  arrives  at  N,  B  will  arrive  at  K  j 
\rttNK=*EG*±AC+BD,  /.  NK  is  the  line  which  joins  their 
centers  at  that  time.  Hence  NK  passes  through  the  point  of 
contact  of  the  two  bodies;  and  if  NO  be  taken  equ&  to  AC,  and, 
through  O,  LM  be  drawn  at  right  angles  to  NK,  it  will  give  th« 
position  of  a  plane  touching  both  the  bodies  at  that  point. 

2u 
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to  the  circumstances  under  which  the  collision  takes 
place)  by  the  rules  laid  down  in  the  preceding 
sections. 

2.  For  the  convenience  of  calculation,  suppose  the 
bodies  to  be  so  small,  that  the  lines  EAN,  FBn 
(Fig.  in  p.  1 84)  may  be  considered  as  coinciding  with 
LM,  and  the  bodies 
themselves  as  con- 
centrated in  the  point 
O.  In  the  first  in 
stance,  let  the  bodies 
be  perfectly  hard, 
and  let  PO  (which 
represents  the  velo- 
city of-^  before  im- 
pact)=a;  QO  (which 
represents  the  velocity  of  B  before  impact)  =  £; 
JLPOC  =«;  Z-Q0Z>=/3;  then,  by  the  rules  of 
Trigonometry,  (if  rad.  =  l)  Pp  =  a  x  sin.  «;  p0  = 
axcos.i;  Qq=bxsm. /3;  qO=bxcos. B.  NowJbOand 
qO  represent  the  velocities  with  which  the  bodies  A 
and  B  impinge  upon  each  other  in  opposite  direc- 
tions by  direct  impact,  .\  (by  Art.  1.  Sect.  19.)  their 

.    .       -      .         «.     AxpO-BxqO 
common  velocity  after  impact  = *— n — ^ — * —  = 


Ax  a  x  cos.  a-B  x  bx  cos. /3 


(X).      Hence  if  we 


A+B 
take  0/2=  X*\  0N(=Pp)  =  ax  sin.*,  On  (=  Qq) 

=* 

(•)  In  this  case  we  estimate  the  velocity  in  As  direction,  and 
consider  AxpO  as  greater  than  BxqO;  if  Ax  pO  be  less  than 
BxqO,  then  OR  would  lie  above  the  plane  LM. 


\ 
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=s  b  x  sin.  fi,  and  complete  the  parallelograms 
ONSR,  Ons R,  the  diagonals  OS,  Os  of  those 
parallelograms  will  represent  the  directions  and 
velocities  of  the  bodies  A  and  B  after  impact. 

3.  If  the  bodies  are  perfectly  elastic,  then  (by 
Art.  2.  Sect.  XX.)  the  velocity  of  A  after  impact,  in 

direction    CD= ^ — =r 2 — .    and    the 

A  +  B 

velocity    of   B    after    impact   in    that    direction  =s 

>  C 


*jL   '  jg  " — —  .     Take  therefore,  as  befor^, 

QN=a x  sin.  a,    On—  b  x  sin.  0  ;    but  (since  the 
bodies  in  this  case  have  separate  velocities  in  direction 


CD)  take  OR= 


A—B.a  x  cos. «  —  2-Bx  b  x  cos./J 


and    Or  = 


A—B  .  &  x  cos.  fi  +  2 A  x  a  x  cos.  « 


complete  the  parallelograms  ORSN,  Orsn,  and 
the  diagonals  OS,  Os  will  represent  the  directions 
*nd  velocities  of  ^  and  -B  q/ier  impact.     In  the 

same 
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same  manner  we  should  proceed  if  the  bodies  were 
imperfectly  elastic,  applying  the  expressions  deduced 
in  Art.  2.  Sect.  XXI.  instead  of  those  just  now 
made  use  of. 

We  shall   conclude  this  Lecture  with  a  few  ob- 
tservations  upon    the  impact  of  bodies   upon  per- 
fectly hard  planes.  • 

XXIV. 

On  the  Impact  of  Hard  and  Elastic  Bodies 
upon  perfectly  Hard  and  Immoveable 
Planes. 

1.  If  a  perfectly  hard  body  (A)  impinges  upon 
a  perfectly  hard  plane  (PN),  in  a  line  perpendicular 
to  the  surface  of  the  plane,  then  it  is  evident,  that 
its  whole  motion  will  be  destroyed  by  impact,  and 
the  body  will  remain  at  rest.  But  if,  moving  with  a 
uniform  velocity,  it  impinges  upon  the  plane  in  the 
direction  AL  obliquely  to  its  surface,  then  resolve 
AL  into  two  AC,  A 
CLj  of  which  AC 
represents  that  part 
of  the  momentum 

ofthe  body  which  is     ^1 ^^  ^ 

perpendicular  to  PNf  P  C 
and  CL  that  which  is  parallel  to  it ;  the  motion 
represented  by  AC  will  be  destroyed  by  impact, 
and  the  body  after  impact  will  proceed  along  the 
plane  in  direction  LN,  with  a  momentum  pro- 
portional  to  CL;    or,  since   the  velocities  before 

and 
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and  after  impact  may  also  be  represented  by  the 
lines  AL9  CL,  we  have  Vy  of  A  before  impact :  V*' 
after  impact  ::AL  :  CL  ::  radius  :  cosine  of  Z. 
ALC;  and  to  find  the  velocity  lost  by  impact,  we 
have  V*  of  A  before  impact  :  the  difference  of  the 
velocities  before  and  after  impact  (i.e.  Vy  lost) 
::  A L  :  AL  —  CL  ::  radius :  radius  —  cos.  Z.  ALC 
::  radius  :  versed  sine  of  the  Z.  of  inclination  ALC* 

2.  If  a  perfectly  elastic  body  impinges  perpen- 
dicularly upon  a  perfectly  hard  plane,  then,  since  the 
force  of  restitution  is  equal  to  the  force  of  compression, 
it  will  ascend  from  the  plane  with  the  same  velocity 
as  that  with  which  it  impinged  upon  it.  But  if, 
moving  uniformly,  it  impinges  upon  the  plane  in 
the  oblique  direction  AL,  then  resolve  AL  into  two 
AC,  CL,  of  which  A  a 

the  perpendicular 
part  AC  will  not 
be  destroyed  as  in  the 

former  instance,  but    

will  represent  the  ve^    PC  L  c      N 

loci ty  with  which  the  body  ascends  from  the  plane;  and 
CL  will  represent  the  velocity  which  it  has  in  direction 
of  the  plane,  the  same  as  before.  Take  therefore  Lc 
-LC,  and  from  c  draw  ca  at  right  angles  to  Lc  and 
equal  to  CA,  and  join  La ;  then  L a  will  represent  the 
direction  and  velocity  of  the  body  after  impact.  But 
since  Lc,  ca  are  equal  to  LC,  CA,  and  the  angles 
Lea,  LCA  are  right  angles,  La  will  be  equal  to 
LA  and  the  angle  aLc  to  the  angle  ALC;  hence 

the 
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the  body  will  move  after  impact  with  the  same  ve- 
locity which  it  had  before  impact,  and  in  a  direction 
making  the  angle  of  refaction  aLc  equal  to  the 
angle  of  incidence  ALC. 

3.  If  the  body  be  imperfectly  elastic,  then  the 
velocity  with  which  it  begins  to  ascend  from  the 
plane  will  be  diminished  in  the  ratio  of  perfect  :  im- 
perfect elasticity  : :  1  :  m.  Take  therefore  c  b  :ca:: 
m  :  1,  and  join  Lb;  then  Lb  will  represent  the 
direction  and  velocity  of  the  body  after  impact. 
Let  AL=a,  JLALC  or  aLc=*,  rad.=  l,  then 
A.C or  ac  =  ax  sin.  «,  and  LC  or  Lc=  ax  cos.  a; 
now  ac  (ax  sin.  a)  :  be  ::  1  :  m,  .'.  bc^ma  x  sin.  a; 

hence   Lb*  (=  Lc*  +  cb*)  =  a2  x  cos.«|*  +  m9a*  x 
sin.  «]*>    and   VJ  before    impact :  Vy  after    impact 
(::AL  :  Lb)  ::  a  :  a^/cos.  «f  +  m9  x  sinf^8  ::   l  ; 
V cos.  4  +  rfx  sin.  a}\ 

4.  The  foregoing  observations  apply  to  bodies 
moving  uniformly  before  and  after  impact ;  suppose 
now  an  elastic  body  to  fall  by  the  force  of  gravity 
from  any  point  above  a  perfectly  hard  plane  ;  then, 
if  it  be  perfectly  elastic,  it  is  evident,  that  it  would 
rise  after"  impact  to  the  point  from  which  it  fell,  to 
acquire  the  velocity  with  which  it  impinged  upon 
the  plane;  and  afterwards  descend  again ;  having 
acquired  the  same  velocity  a  second  time,  it  will 
ascend  to  the  same  height  again  after  impact,  and  so 
it  would  continue  to  move  on  ad  infinitum.     But 

if 
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if  it  be  imperfectly  elastic,  then  its  velocity  (and  con- 
sequently the  height  to  which  it  ascends)  would  be 
diminished  after  each  successive  impulse  upon  the 
plane,  and  at  the  en^  of  a  certain  time  its  motion 
would  cease.  In  this  latter  case  it  will  not  be  difficult 
to  find  the  space  described  from  the  beginning  to 
the  end  of  the  motion.     For  let  (a)  be  the  space 
through  which  the  body  falls  in  the  first  instance, 
and  1  :  m  the  ratio  of  perfect :  imperfect  elasticity, 
then,  since  the  velocity  is  diminished  at  each  succes- 
sive impulse,  in  the  ratio  of  I  :  m,  the  space  de- 
scribed (which  varies  as  the  square  of  the  velocity) 
will  be  diminished  in  the  ratio  of  1  :  m* ;  i.  e.  if  the 
space  described  before  the  first  impulse  be  a,  the 
space  described  betvjeen  the  first  and  second  impulse 
will  be  2m%  a<a);  the  space  described  between  the  second 
and  third  impulse  2mAa;  &C  &c.  so  that  the  whole 
space  described  before  the  motion  ceases  will  be 

'  I       «■     ■     I     ■     ll       ■  III!  II  » 

a  +  2m*a  -h  2m*a  +  &c.  =  a  +  2m%a  x  1+  m%  +  t»4+&c 
2m%a^     1+m* 
l  —  m       1  —  m   . 

5.  Let  s^\6—  feet,  then  (Art.  1.  page  33)   the 

time 

■  j»  i  — — — 

(»)  For  thtf  spbcc  ascenckd  through  after  the  first  impulse  is 
m*a ;  but  the  body  will  evidently  descend  through  the  same  space 
before  the  second  impulse ;  .*.  the  space  described  between  the 
first  and  second  impulses m*a  +  m*a= 2m9 a ;  and  so  of. the  rest. 

(*)  For  l-r-i»*+m4-|-&c.  is  an  infinite  geometric  series  whose 
first  term  is  1,  common  ratio  m%  (where  m  is  less  than  unity)  -,  its 

sum  therefore  is >—  . 

1 — m 

2q 
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time  of  describing  a=  \  ~;   of  m*a  = 

»y-;  /.  the  time  up  and  down  m2a  =  2m\  — ; 
s  •> 

for  the  same  reason,   the  time  up  and  down  m*a  = 

2m*v -;    hence    the   whole    time    of   the  bock's 
s 

motion  =  V-  +  2 i»V~x  l  +»  +  m*  +  &e.  =  V  7 

A  /a  1  2m       A  /a      1  +  m 

+  2i»v  -  *  ; =  l  +  t x  V  -  =  -; —  x 

v     *      1  —  m  1  —  w  5      1  —  m 


s^ 


S 

EXAMPLE. 

.   A  body  [whose  elasticity   :  perfect  elasticity  1:  15 
:  16,  Jails  from  the  height  of  100  feet  upon  a  per- 
fectly hard  plane  ;  it  is  required  to  find  the  whole 
space  (S)   described  by  the  body  before  its   motion 
ceases  ;  and  also  the  time  of  its  motion  (T). 

a-100  }  l~m  31 

i=l6ifeet  1551  f  feet, 


IS 


andT=— ! — x 
1  —  m 


1  +m      4/j* 


31  x  2  .49  =  77-19  seconds. 
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Lecture  VI. 

ON  THE  MOTION  OF  PROJECTILES. 

rsoM  Art.  9,  11.  Sect.  VIII.  it  appears,  that 
if  a  body  be  projected  in  any  direction  not  perpen- 
dicular to  the  horizon,  it  will  describe  a  parabola, 
and  that  its  velocity  at  any  point  of  this  parabola 
will  be  such  as  a  heavy  body  would  acquire  in 
falling  down  \  th  part  of  the  parameter  to  that  point. 
In  Art.  10,  of  the  same  Section,  we  shewed  the 
method  of  finding  the  dimensions  of  the  parabola 
thus  described ;  we  now  proceed  to  the  more  gene- 
ral solution  of  this  problem,  as  applied  to  bodies 
projected  under  all  possible  circumstances,  both  with 
respect  to  their  velocity  and  direction. 

XXV. 

On  the  method  of  investigating  the  dimensions 
of  the  Parabola  described  by  a  body  pro- 
jected,  with  a  given  velocity,  at  different 
angles  of  elevation. 

1 .  Let  P  be  the  point  from  which  the  body  is 
projected ;  draw  PB  parallel  and  PD  perpendicular 
to  the  horizon ;  take  PM  equal  to  the  space 
fallen  through  to  acquire  the  velocity  of  projectfcn ; 

then 
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then  (by  Art.  1 1.  page  55)  PM  will  be  \tk  part  of 
the  parameter  of  the  parabola  at  the  point  P. 
Produce  MP  to  O,  make  PO=MO,  and  upon 
MO  describe  the  semicircle  MS'O  ;  this  semicircle 


■ 

;j. 

% 

A'  \ 

? 

^ 

\            1 

'      Q- 

0 

Q- 

o 

^y 

r 

will  be  the  locus  of  the  foci,  S,  S',  $",  &c.  of  all  the 
parabolas  PAQ,  PA'  Q\  PA"Q['t  &c.  which  can 
be  described  by  a  body  projected  (with  the  velocity 
acquired  in  falling  down  MP)  in  the  directions 
PT,  PT,  PT',W  &c.  Through  M  draw  ME 
parallel 


(')  For  take  the  L?  TPS,  TPS',  VPS",  Sec.  equal  to  MPT, 
MPT,  MPT",  St'c.  then  tince  PS,  PS1,  PS",  *c.  are  all  equal 
to  PM  (i.  e.  to  jih  the  parameter  to  the  point  P),  S,  S",  S",  &c. 
will  be  the  foci  of  all  the  parabolas  PAQ,  PAQ,  PA'ty,  Sec. 
patijng  through  P,  having  the  tame  diameter  (PO),  and  the  aame 
panmeter  (4PM) ;  and  aince  the  L'  MPS,  MPS',  MPS",  Sec. 


MOTION  OF  PROJECTILES.  195 

parallel  to  PB,  and  (since  PM~PSszPS'=PS"> 
&c)  it  will  be  the  directrix  ;  through  S,  &,  S",  &c. 
draw  SLy  S*L\  g'L\  &c.  parallel  to  MO,  and 
bisect  them  in  the  points  A,  A,  A",  &e.  then  will 
A,  A,  A,  &c.  be  the  vertices,  and  ASN,  ASIA'S', 
kc.  the  axes  of  ail  these  Parabolas  (See  Con.  Sect- 
pages  5,  10,  11.) 

2.  Through  A  draw  AC  parallel  to  ME ;  then, 
in  tracing  the  motion  of  the  point  S  through  the 
semicircle  MSO',  it  is  evident,  that  whilst  the  arc 
AW  is  less  than  00°,  the  vertex  of  the  parabola  will 
he  above  the  line  CA,  and  that  when  it  is  greater 
than  9O0,  it  will  be  below  that  line ;  when  that  arc 
(viz.  MS)  =  90°,  then  the  vertex  will  be  in  the  line 
CA ;  so  that  the  locus  of  the  vertices  of  all  the 
parabolas  PAQ,  PAQ,  PAQ',  &c.  will  lie  in  a 
curve  extending  from  M  through  A  to  P,  and  this 
curve  will  be  found  to  be  an  ellipse  whose  minor- 
axis  is  PM  and  semi-major  axis  CA  (*■  PM)  **• 

3.  Since 


are  dmhU  of  the  L*  MPT,  MPT,  MPT',  &s.  whilst  the  latter 
pass  through  all  degrees  of  magnitude  between  0  and  gcf,  the 
former  will  vary  through  all  degrees  of  magnitude  between 
O  and  180^j  .*.  all  the  points  S,  S'  S",  Sec.  will  lie  in  a  semicircle; 

(see  page  54,  and  its  notes/  where  PS  is  taken  equal  to  Tpjpi^ 

the  parameter  to  the  point  P). 

(k)  By  the  property  of  the  parabola  4^L  x  A  N=  PiV*=s  C%% ; 
but  AL*=Ln—An,  and  AN—Nn+An=Ln+An,   r.AAL 

*  AN=4  .Ln-An  x  Ln+Au=4Ln%-4An%=(foT  CAf^2Ln) 

CA* 
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3.  Since  the  lines  PQ,  PQ',  PQ",  &c.  are  bisected 
by  the  axes  in  the  points  N,  &,  N",  &c.  (and  .\  are 
equal  to  2PN,  IPS',  2PN",  &c.)  they  will  increase 
or  decrease  according  as  the  axis  of  the  parabola 
described  recedes  from  or  approaches  to  the  line 
M 0 ;  i.  e.  whilst  the  vertex  of  the  parabola  moves 
from  M  to  A',  the  distance;  at  which  the  projectile 
strikes  the  horizontal  line  PB  will  keep  continually 
increasing  ;  and  whilst  the  vertex  moves  from  A 
to  P,  that  distance  will  keep  continually  decreasing  ; 
so  that  the  greatest  distance  at  which  the  body  can 
be  made  to  strike  the  line  PB  (with  the  velocity 
acquired  in  falling  down  MP)  will  be  when  the 
jLMPS=zQQ°,  in  which  case  the  angle  of  elevation 
T'PS'(  =  ±MPS')=450,  and  PQ'=  2PS'=  2PJ/ 
==  i  the  parameter. 

4.  Produce  PM  to  D  (Fig.  in  p.  197),  make  MD  = 
MP\  and  with  focus  P,  vertex  My  and  directrix  DG, 
describe  the  parabola  MpB.  Produce  PS,  PS*,  &c.  to 
meet  the  parabola  MpB  in  the  points  p,  />',  &c.  then  by 
the  property  of  the  parabola  Pp  =  pm,  Pp=p'm,  &c. ; 
but  since  PM=  MD,  and  PM=  PS,  PS;  &c.  MD 

=  Lm, 


CA'*-4An\  Hence  CA'*—AAn%=Cn\  or  CA'9-Cn9=:4An\ 
and  CA'*-Cr?  :  An*  '-:  4  :  1  j  but  since  CA'=PM=2CM,  we 
have  CA*  :  CM*  : :  4  :  1,  /.  CA'*-Cn*  :An*::  CA'%  :  CM*  j 
consequently  A  is  a  point  in  an  ellipse  whose  center  is  C,  and  C^', 
CA/,  the  scmi-mttjor  and* semi-minor  axes.  (See  Cor.  to  Prop.  7.  of 
the  Ellipse.) 
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=t£,ffl,£m',&c.  we  have  Pp-PS=pm-Lm,  Pp' 
-PS=p'm-L'M',bc.;  i.e.pS=pL,  p'S'~p'L\ 
&c.  hence  />,  />',  &e.  are  also  points  in  the  parabolas 
PAQ,  PAQ,  &c.  Now  the  lines  which  bisect  the 
angles  Ppm,  Pp'm,  &c.  are  tangents  both  to  the 
parabola  MpB,  and  to  the  parabolas  PAQ, 
P^fQ',  &c.  in  the  points  p,  p',  &c. ;  the  parabola 
Mp  S  must  consequently  touch  the  parabolas 
P-dQ,  PAQ,  &c.  in  those  points;  these  latter 
parabolas  will  therefore  all  lie  within  the  concavity  of 
the  parabola  MpB, 
as  they  evidently 
never  meet  it  again 
after  they  .have 
passed  thro'  those 
points.  From 
hence  it  appears, 
that  the  parabola 
MpB  limits  the 
distance  to  which 
a  body  could  be 

projected  -    from     p  $j   fp  s" 

the  point  P.  (with  the  velocity  acquired  in  falling 
down  MP)  at  different  angles  of  elevation  ;  and  it 
is  also  evident,  that  the  greatest  distance  at  which 
the  body  could  be  made  to  impinge  upon  the  lines 
PC,  PC,  &c.  drawn  in  different  directions  from  P, 
will  be  in  the  points ,p,p',  &c.  where  that  parabola 
intersects  them. 

5.    Suppose  now  PC    (Fig.  in  page  198)    to 

be 
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be  a  line  drawn,  making  any  angle  with  PM-, 
describe  (as  before)  the  semicircle  MS  O  cutting 
PC  in  S',  and  construct  the  limiting  parabola 
Map-  cutting  PC  in  p,  then,  from  what  has 
just  been  shewn,.  8*  will  be  the  Jbcut  of  the 
pcrabolat*1  described  by  the  body  when  it  impinges 
upon  the  line  PC  at  the  greatest  possible  distance 
Pp;  and  if  the  areM^te  bieectedm  7*',  PT"  will 
be  a  tangent  to  that  parabola  in  the  point  P,  and 


consequently  the  direction  in  which  the  body  must 
be  projected.  Tafce  any  point  Q  between  P  and  p> 
and  draw  QG  parallel  to  PD\  with  center  Q, 
and  radius  Qm,  describe  a  circular  arc  cutting  the 
semicircle  MSO  in  two  points  S,S;  equally  distant 

from 


(■)  To   avoid  ■  confusion  of  lines,  ihii  parabola  it  omitted  in 
Ute  Figure. 
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from  PC  w;  then  will  S'S  be  the  foci  of  two  parabolas 
P^iQ,  PjfQ  (having  the  same  parameter  4PM>  and 
the  same  diameter  PO)  which  will  pass  through  the 
point  Q.w  Bisect  the  angles  MPS,  MPS' by  the 
lines  PT,  PT,  and  they  will  be  tangents  to  the  pa- 
rabolas Pj4Q,  PA'Q;  if  therefore  a  body  be  projected 
in  either  of  the  directions  PT,  PT  (with  the  velocity 
acquired  in  falling  down  MP),  it  will  impinge  upon 
the  line  PC .  in  the  same  point  Q.  The  directions 
PTj  PT,  will  moreover  be  at  equal  distances  above 
and  hebw  PT;  for  the  angle  MPS=2£_MPT, 
and  the  angle  MPS,  =  2/-MPT,    .:  LSPS'= 

MPSy-MPS=2.MPT-MPT=2TPT;  hence 
SPS"  (  =  £  SPS)  =  TPT;  take  away  the  common 
angle  SPT,  then  TPS"=TPS=MPT;  but  PT 
bi9ects  the  JLMPS",  it  will  therefore  also  buect  the 
angle  TPT. 

6.  From  hence  we  deduce  the  following  method 

of 

i  ii  ■  ■ ■    »      ■ ■! 'i  ■      i    ■■  I 

(b)  That  this  circular  arc  will  cut  the  semicircle  MSO  in  two 
points  equally  distant  from  PC,  is  thus  proved.  Join  Pq ;  and 
since  qP—qG,  to  each  add  qQ,  then  qP+qQ~qG+qQ=QG  ; 
but  qP+q Q  b  greater  than  PQ,  .:  QG  is  greater  than  QP  f 
take  awaymG  (=PS")>  then  Qm  is  greater  than  QS",  con- 
sequently a .  circle  described  with  center  Q  and  radius  Qm  will 
cot  the  semicircle  MSO  in  two  points,  one  above  and  the  other 
below  PS";  and  since  PS=PS',  QS*=QS',  and  PQ  common 
to  the  two  triangles  PSQ,  PS'Q,  the  angle  SPS"  will  be  equal  to 
the  engle  S'PS". 

(c)  For  QS,  QS',  being  each  equal  to  Qm,  Qiaa  point  both 
in  the  parabola  whose  focus  is  S,  and  also  in  that  whose  focus  is 
S'  5  the  directrix  in  each  case  being  Mm. 

2  D 
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of  determining  geometrically  the  direction  in  which 
a  body  must  be  projected  from  a  given  point  P  with 
the  velocity  acquired  in  falling  through  the  perpen- 
dicular distance  MP,  to  hit  a  given  mark  Q ;  viz. 
i€  Produce  MP  to  0,  making  PO^PM,  and  upon 
"  MO  describe  a  semicircle  ;  join  PQ,  and  let  it  cut 
"the  semicircle  in  S ' ;  through  M  draw  Mm  at 
"  right  angles  to  PM,  and  let  fall  Qm  perpendi- 
"  cularly  upon  it ;  with  center  Q  and  radius  Qm  de- 
"  scribe  a  circular  arc,  cutting  the  semicircle  MS"0 
"  in  S,  S' ;  join  PS,  PS',  and  bisect  the  angles  MPS, 
"  MPS'  by  the  lines  IT,  PT';  a  body  projected  in 
"  either  of  the  directions  PT,  PT',  will  describe  a  pa- 
"  rabola  PAQ  or  PA'Q,  which  will  pass  through  Q." 
If  the  distance  of  Q  from  P  be  such  that  QS"  = 
Qm,  then  Q  would  be  a  point  in  the  limiting  para- 
bola Mqp;U)  and  since  in  this  case  the  circular  arc 
described  with  center  Q  and  radius  Qm  would  pass 
through  S",  there  would  be  but  one  direction  in 
which  the  body  could  be  made  to  impinge  upon  Q, 
and  that  would  be  found  by  bisecting  the  angle 
MPQ.  If  Qm  be  less  than  QS',  then  the  circle 
described  with  radius  Qm  will  not  extend  to  the 
semicircle  MSv0,  which  indicates  that  no  parabola 
can  be  described  with  parameter  4  PM  which  can 

reach 


(«)  Since  PS"=mG,  if  Qm=QS",  then  PS"+S"Q=Qm  + 
mG,  or  PQ=QGf  .•.  Q  \s  a  point  in  the  parabola  whose  focus  is 
'  P,  and  directrir  DG. 
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reach  to  Q,  or,  in  other  words,  that  tlte  velocity  of 

projection  is  not  sufficient  to  carry  a  body  so  far  as 

Q.     Lastly,    if  PC  be  a  horizontal  line,  then  the 

L.T'PS'  (  =  ±MPS")  =  450,  and  since  (by  Art.  5.) 

the  directions  PT,  PT  are  at  equal  distances  from 

P7**,  it  follows,  that  if  the  given  mark  be  in   the 

horizon,   then  the  two  directions  in  which  a  body 

projected  with  a  proper  velocity  may  be  made  to 

hit  it  are  equally  distant  from  45°;  ajid  if  QS"= 

Qm{=PM),  i.e.  if  PQ  =  2/W(b),  (or  Q  be  at  a 

distance    from  P  equal    to  twice  the  space  fallen 

through  to  acquire  the  velocity  of  projection)    then 

there  is  only  one  direction  in  which  a  body  can  be 

made  to  hit  the  mark  Q  with  the  given  velocity, 

and  that  is  at  an  angle  of  elevation  of  45°  above  the 

horizon. 

7.  It  only  now  remains  to  determine  at  what  point  a 
body  projected  "from  the  given  point  P  (Fig.  in  p.  202) 
in  the  given  direction  PJ  (with  the  velocity  acquired 
in  falling  down  MP)  will  strike  the  line  Bq  in- 
clined to  the  horizon  HR  in  the  given  angle  qBR. 
.Produce  MP  to  meet  the  horizon  in  H,  and  Bq  to 
meet    the    directrix   in  E;    make   the   L*TPS= 

LMPT, 


(b)  When  PC  becomes  a  horizontal  line,  PQmM  is  a  paral- 
lelogram, .-.  Qm=PM,  and  if  QS'=  Qm,  then  PQ  (=PS"+ 
QS"=PM+Qm)=2PM',  and  2PM  is  the  greatest  distance  to 
which  a  body  can  be  projected  with  the  velocity  acquired  in 
falling  down  PM  (Art.  3.) 
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LMPT,  and  take  PS^PM,  then  5  will  be  the 
focus  of  the  parabola  described ;  join  SE;  in  BE 
take  any  point  q,  and  draw  qr  at  right  angles  to  ME; 
with  center  q  and  radius  qr  describe  a  circular  arc 
cutting  SE  in  s,  and  join  sq;  'draw  SQ  parallel  to 
sq,  and  Q  will  be  the  point  required.  For  (Qm 
being  drawn-  parallel  to  q  r)  we  have,  by  similar  tri- 
angles, SQ  :sq  (  ::  EQ  :  Eq)  ::  Qm  :  ?r  ;  but 
sq=*qr,  .'.  SQ  —  Qm,  and  consequently  Q  is  a  point 
in  the  parabola  whose  focus  is  S,  and  directrix  ME. 


To  determine  the  point  where  the  body  would  strike 
thekorizon;  with  center  5  and  radius  =  M.P  +  PH 
(i.  *.  MH)  describe  a  circular  arc  cutting///?  in  Q1; 
then,  since  SQ'  =  MH=Q[m'  (Q' m  being  drawn 
parallel  to  HM),  Q'  is  a  point  in  the  parabola ; 
and  if  the  point  of  projection  (P')  be  also  in  the 
horizon,  then  it  is  only  necessary  to  describe  a 
circular  arc  with  center  S  and  radius  SP*,  for  in  this 
cafxSQ'=SP'=PM'=Qm,  and  .-.  tfapointin 
the  parabola  as  before. 

Having 
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Having  thus  explained  the  geometrical  principles 
upon  which  problems  relating  to  the  motion  of  pro- 
jectiles are  constructed*  we  now  proceed  to  consider 
the  different  circumstances  under  which  their 
morion  is  performed ;  beginning  with  the  case  of 
bodies  projected  from  one  point  to  another  qlong 
the  horizon.     • 

XXVI. 

On  the  Method  of  ascertaining  the  Ranges, 
Greatest  Altitude,  Time  of  Flight,  &c.  of 
Bodies  projected  along  the  Horizon. 

1.  Let  PR  represent  the  horizon;  suppose  a  body 
to  be  projected 
in  the  direction 
FT  with-  the 
velocity  acquired 
in  "falling  down 
JfP,andletP^Q 
be   the  parabola 

described;  make 
the  LTPS=L- 
MPT,  and  take 
PS^PM,  then  S 
will  be  the  focus ; 
through  S  draw 
TNnt  right  U  to 
PQ3  then  PQ  will 

(a)  The  range  is  the  distance  of  the  point  from  which  the 
body  is  projected  to  the  point  where  it  descends  again  upon  the 
horizon. 
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» 

be  bisected  by  the  axis  in  N,  and  the  vertex  of  the 
parabola  will  bisect  the  mbtangent  TN  in  A.  Draw 
Qt  at  right  Z."  to  PR,  and  produce  PT  to  meet  it 
in  t;  then  JR^s  the  range  of  the  projectile,  AN  its 
greatest  altitude  above  the  horizon,  and  the  time  of 
flight  will  be  the  time  of  describing  Pt  with  the  velo- 
city of  projection  continued  uniformly,  or  the  time 
of  descending  from  rest  through  the  space  t  Q  by 
force  of  gravity. 

2.  With  center  S  and  radius  SP  or  ST  (for  ST 
5=  SP  by  Prop.  3  of  Parabola)  describe  a  circular 
arc  PT ;  then  PN  is  the  sine,  TN  the  versed  sine, 
and  -PT  the  chord  of  the  angle  PST  to  that  radius. 
Now  let  the  angle  of  projection  TP JV=  a,  then  the 
Z.MPT=90p-«,  and  /.the  JLMPS(  =  <lMPT) 
=  180° -2«;  but  since  TJV  is  parallel  to  MP,  the 
LPSN^JLMPS,  /.  PSN=  180°  -2*  =  supplement 
of  2«  ;  hence  the  Z.PST  (of  which  P&AT  is  a/jo 
the  supplement)  must  be  equal  to  2« ;  and  PT 
(which  is  the  chord  of  2  «)  must  be  equal  to  2  sin. «. 
(See  PI.  Trig,  page  9.)  Let  PM or  P5  ( =  £  parame- 
ter to  the  point  P)=p;  then  we  have, 

PS(p)  :PN::  rad:(l) :  sin.  L.PSN or  P5T (sin.  2«) 

.'.  PN—px  sin.  2*. 

PS(p)  :  7W  ::  rad  :  (])  :  ver.  sin.  PST(ver.  sin.  2a), 

/.  TN=p  x  ver.  sin.  2a. 

PS  (p)  :  PT  ::  rad  :  (l)  :  chord  of  PST  (2  sin.  a), 

.*.  PT—2p  x  sin.  a. 

3.  But  the  range  PQ  =  2PJV=  2/)  x  sin.  2a ;  the 

greatest 


MOTION  OF  PROJECTILES.  205 

greatest   altitude  AN=  %TN=%px  ver.  sin.  2  a ; 

and  by  sim-  A'  Pt  :  PT  (2/>  x  sin.  «)  ::  PQ  :  PN 
: :  2 ;  J,  .\Pt  —  4px  sin.  « ;  hence  the  time  of  flight 
=the  time  of  describing  (/?/,  or)  Ap  xsin.  a  with  the 
uniform  velocity  of  projection.     Let  this  velocity  of 

projection  s=  v,  and  n»  =  1 6jg  feet*   then  (by  Art.  1 . 

v* 
page  33.)  />=  — .    Substituting  this  value  for  j&  in 

the  foregoing  expressions,  and  putting  R  for  the 
range,  -^  for  the  greatest  altitude,  and  T  for  the 
lime  of  flighty  we  have  the  following  equations  and 
variations;  viz. 

R=z2bx    sin.    2*w  =       — ocirxsm.2*; 

■*  2m 

.     T  ^  .     „       v*  x  ver.  sin.  2*      ft 

A=*ib  x  ver.  sin.  2«  = — ocv*xver.sin.2ai 

ai^  8m 

^     4/>x     sin.  alb)  v  xsin. « 

T=-*- (;    =      = —       ocvxsin..*; 

t;  ra 

from  which  the  relation  of  these  several  quantities 
may  in  all  cases  be  determined. 

4.  If  v   be  given,   then  R  oc  sin.  2«,  and  con- 
sequently will  be  greatest  when  a  =  45°,  in  which 

case 


(a)  Ifa=i5°,  or  75°,  then  sin.  2a=sin.30°=|rad.=J,  and 
Jl=2p  x  £=/> ;  hence  if  a  body  be  projected  in  an  L  of  1 5°,  or  75Q, 
its  range  upon  the  horizon  is  just  equal  to  the  space  Men  through 
to  acquire  the  velocity  of  projection. 

(*)  For  in  general,  T=     jf*C*t   5  •"•  the  time  of  describing  the 

space  (4/>xsin.  a)  with  the  uniform  velocity  («;)=_£ — -. 
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case  i?(  =  2/>  xsin.  2a=2p  xrad.)  cr2jb  =  £  the  pa* 
rametcr ;  and  ^/asf  p  x  ver.  sin.  2«c=  f  jb  x  rad.  =  i  />. 
^  «c  ver.  sin.  2«,  and  .*.  is  greatest  when  a  =  90°,  in 
which  case  ^=  (§£  x  ver.  sin.  2«  =  ^/)x  diam.  ) 
]fr= $  parameter.   Toe  sin.  «,  and  .*.  is  greatest  when 

«=00°  in  which  case"  T=  (  .  Pxsin-«__£      \ 

\        v  v       y 

time  down  the  parameter. (a)  If  the  angle  of  pro- 
jection («)  be  given,  then  R  *nd  A  vary  as  v*,  and 
T  varies  as  v. 

5.  Since  sin.  2«=*2  sin,  a  x  cos.  a  (Trig,  page  28), 
and  ver.  sin.  2q  =  2 .  sin.  «|* ^  ;  we  have   R  =  4px 
sin. a xcos.  «,  and  A=p  x  sin.  «* ;  hence  Ax  R^ 
Ap*  x  sin.  J3  x  cos.  a.     Now  the  area  of  the  parabola 
described  =  -  A  x  /J ;  this  area  therefore  is  equal  to 

8p*x  sinTa]*  xcos. «  ,,   ,  .      .       * 

-*- *— ,  and  (when  p  is  given)  varies 

•3 

as  sin.  a?  x  cos.  *.(c)  „_ 

1  .  EXAM. 


(a)  Let  /=time  down  p,  then  the  time  of  describing  4j£>  with 
the  uniform  velocity  (v)=2/,  .*.  7==2*$  but  the  time  rfott/n  the 
parameter  :  time  down  p  (I)  : :  V3/>  :  Vp  ::  2  :  1,  ,\  Me  /w»* 
tifouw  /A*  parameter=2 t~T.  _____  

(t>)  For  (Trig,  page  9.)  ver.  sin.  2«=  chorj  of  2  *'?  ^lIEZ-l! 
„ diara.  2 

=2.  sin.  a|*. 

(c)  Let  g=8in.  «,  then  cos.  a-:  Vi—a«,  ,\  when  this  area  is 

£rea*erf,a*x  Vi-.^=max.5  or  a*  .  l=^=max. }  hence  **-*• 

=;  max.  and  6*»*-8ff7r=:0,  .\*«=:2,  and  *=:  vTsrsin.  60°; 

a  body  therefore   projected  with  a  given  velocity  describes  a 

narabola  of  the  greatest  area,  when  the  angle  of  projection  is  60°. 
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EXAM.  i. 

ji  body  is  projected  in  a  direction  making  an  angle 
of  1 5°  with  the  horizon,  with  a  velocity  of  40  feet  in 
a  second;  Find  its  range,  greatest  altitude,  and  time 
of  flight. 

Here  *=15°         |    By  Art.  3,  R= — = 

v  =  40  feet  >  * 

~  ,        [     1600  x  sin.  30°      1600  x  £ 

m=10  —         I     : = : = 

13      J  32^  3fc± 

4800 

—=24.67  feet. 

a  i        j    v*  x  ver-  sin.  2  «      1 600  x  ver.  sin.  30° 

AISO,  A=> =  . =t 

8m  i28j 

1600X    134(d)  =  4800x.l34  =  i66feet 
128|  .386 

A  d  T  —  VX  S'n  a  —  4°  X  ' 258  fc)  -  48°  X  -M8_ 

""".*»       ~\     i6i        ""       193 

.641".  ,2 

Hence  its  horizontal  range  (f)  is  24.87  feet,  its 

»  greatest 

(d)  Ver.  sin.  30°=  rad.— cos.  30°=  1— .  866,  &c.  =  .  134.    See 
Plane  Trig,  page  16. 

(e)  Sin.  150=  .  2589190.    See  Plane  Trig,  page  17.  ? 

(f)  By  Art.  6,  page  201,  a  body  projected  with  a  given  velocity 
at  angles  equally  distant  from  45°  will  describe  the  same  horizon- 

tal  range  -,  in  order,  therefore,  that  the  equation  R=iv  XSIP-2* 

2  m 

may  be  general,  it  is  necessary  to  shew  that  sin.  2  a  is  the  same 
in  both  cases.  Let  a=45°±d,  then  2a  =  90o+2di  but 
sin.  90P+2cfc=sin.  90P— 2 </,  .*.  sin.  2«  is  the  jame,  whether  «= 
45°+<*or45°— d. 

2  E 
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greatest  altitude  above  the  horizon  1 .  66  feet,  and 
its  time  of  flight  .641  of  a  second. 

EXAM.  2. 
A  body  is  projected  in  an  angle  o/60°,  and  descends 
to  the  horizon  at  a  distance  of  100  feet  from  the  point 
of  projection  ;  JVith  what  velocity  was  it  projected, 
and  what  was  its  greatest  altitude  and  time  ot 
flight? 
Here /?=  100  1    0.  n     t/'xsin.  2a  , 

a  =  6(y>     I    SinCe   R=         2m        >"*  = 

mssl6L  \     2mR      32lx  100^321x100 


sin.  2«      sin.  120 

9 

=  193??  =  3699.42;  hence  t-  =  ^3699 .42  =  60 . 8 

feet  in  1". 

*  1        a     f*  x  ver.  sin.  2«      360Q  .  42  x  ver.  sin.  1 20* 

Also  A= =  — ^ 5 

Sm  ]  28  - 

3699.42  x  I 

= -w  =  43 . 1  feet. 

J28- 
3 

.     .    „     rxsin.a      60.8  x°sin.  6o°      6o.8x     1 

And   T=- = = : — " 

,-  1U12  is 

364.8x^3 

= ln„  =  3.26". 

190 

EXAM.  3. 

Given  the  horizontal  range  and  time  of  flight  of 
a  projectile,  it  is  required  to  find  the  angle  in  which 

it 

(a)  Sin.  120°=sin.  <50°=^X"  Trig,  page  13. 

(b)  Ver.  sin.  120°=ra<L  +  cos.  GO^rad.  +  sin. 30°=  !+£=£ 
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it  was  projected,  the  velocity   of  projection,  and  its 
greatest  altitude  above  the  horizon. 

c.        D    v*xsin.2* 
Since  A= , 

2m      ' 
t_  2mR  imR  mR 


v 


also  T= 


sin.  2a     2  x  sin.  a  x  cos.  a     sin.  a  x  cos. «  ' 
v  x  sin.  * 


m 


mT         .    .      mfTf       TT 

.\  v  =  -. ,  and  v*  =  ==rfl .    Hence 

sin.  a  sinT*]9 

in**  mR 

or 


sin.  *]*      sin. *x  cos.*' 
roT*        R 

— — — —  —      -    i  •  • 

sin.  *      COS.  a 


m'T*         /2s  £«  ...       ,       ,     . 

— ; — v,  =  ■>„  =  ). ,  which  reduced,  gives 

sin7*f     cos.  <*r      1  —  sm.  *\*  B 

Hence  a  is  known,  and  consequently  v  (  =  — —  J 

i    *  f     v*  x  ver.  sin.  2*\  ,     -       , 

and  ^f  (   = I  may  be  found. 

\^  &m  J 

This  is  given  merely  as  a  specimen  of  examples 
of  this  kind ;  for  by  comparing  the  expressions  in 
Art.  3,  page  205,  it  is  evident,  that  of  the  five  quan- 
tities R>  A,  X",  a,  t/,  any  two  being  given,  the  other 
three  may  always  be  found. 


SXAM. 
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EXAM.  4. 

Given  the  proportion  between  the  range  and  altitude 
of  a  body  projected  ivith  a  given  velocity  ;  It  is  re- 
quired to  find  the  angle  of  projection. 

By  Art.  5,  page  206. 

R  :  A  ::  Ap  x  sin.*  x  cos.  a  :  p  x  sin.  «r 
::    4  cos.  a   :  sin.. a  ; 


.\  IP  \A% ::  \6  cos.  *]* :  sin.  «]2 : :  1 6 . 1  —  sin. «]* :  sin.  «!*, 


>.  ificTT^t 


and/2*  :  l6  A2  .  .     .     .      .      ::  i6-.i-sin.««:  lGsin.aj 

Hence  72*  +  l6^2 :  l6^2 ::  l6  :  l6.sin.  «,2 ::  1  :  sin.  a]f, 

4^ 


.*.  sin.  a  = 


T^np' 


4 
Cor.  If  R  =  A,  then   sin.  a=~  \, —  =  .9701  = 

sin.  75°  58',  i.  e.  "  in  order  that  the  greatest 
"  altitude  of  a  projectile  may  be  equal  to  its  range, 
"  its  direction  must  make  an  angle  of  about  760 
"  with  the  horizon." 


EXAM.  5. 

Find  the  velocity  and  time  of  flight  of  a  body  pro- 
jected from  one  extremity  of  the  base  of  an  equilateral 
triangle,  and  in  the  direction  of  the  side  adjacent  to 
that  extremity,  towards  an  object  placed  in  the  otfu  r 
extremity  of  the  base. 

Let  S  =  side  of  the  triangle ;  then  by  Exam.  2,  tf 

=  ~  — -  =  (in  this  case)  ~ -6  ( =  for  sin.  1*20°  = 

sin.2«     v  y  sin.  120°  v 

sin. 
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sin.  6(f 


__  */3\    4mS 


.\  v  = 


m    v  x  sin.  a     tls/™>S      \/3 

1  =z ■ = 4/"=-"   x  = 

m  J3         2m 


— 4/—     feet  in  1 

— ;= —  seconds. 
y/3m 


it 


Or  thus  geometrically.  Let  TPQ  be  the  triangle, 
MP  the  space  fallen  through  to  acquire  the  velo- 
city of  projection ;  make 
L-TPS  =  LMPT,  and 
takePS=PA/,  then  S  will 
be  theybcfcy;  join  TS  and 
produce  it  to  N>  and  7W 
will  be  the  axis ;  Now 
PN  =  ±PQ,  and  since 
Z. SPiV  =  30°,  5iV=  |SP ; 
hence  SP*  (^PiV'+SiV'M  PQa  +  £  SP*y  and  $SP2 

=^PQ,=J59,or5P=-7^;  .-.PA/=-4-=,   and  t/  = 

\/ 3  ^/ 3 

/     / ^ri-r    x  a  /4m  8     2s/ mS  ,    „ 

(V4J»xM=)  V  -7j  =  —y=-,  as  before. 

EXAM.  6. 
Compare  the  areas  of  the  parabolas  described  by 
two  bodies  projected  together  from  the  same  point  in- 
the  horizon,  and  with  the  same  velocity,  the  angles  of 
projection  being  to  each  other  : :  2  :  M . 

JBy  Art.  5.  the  area  of  the  parabolas  described  by 
a  body  projected  with  the  same  velocity  at   different 

angles   of  elevation,  vary  as  sine]5  x  cosine  of  that 

angle. 


i 
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angle.     Let   the  angles  described  in   the   present 
instance  be  to  each  other  : :  2/8 :  /8 ;  then 

Area  desd    at   Z-2/3  ;  area  desd    at   Z_/3::sin.  2fif 
x  cos.  2/3  :  sin./3)s  x  cos.  /J  ::  8  x  sin. $s  x  cos. /3)s  x 

mmmmmm    ■  ■  ■—    ■■■■■.  ^m^^m^-~  _ 

2  cos. fll*  -  1 (>)  :  sin.  /?]'  x  cos.  /3   ::   8  cos.  /3j4   x 
2cos./flf*-l  :  1  ::  l6cos. /3]*  —  8  cos.  fl\*  :  1. 

t 

1.  Let  /3  =  30°,  then  cos.  /3  =  sin.  6o0  =  -^|;  .\  the 
area  desd  at  an  Z.  of  6o° :  area  desd  at  an  Z_  of 
30°  ::  16x^-8x7  :  1  ::  9-6  :  1  ::  3  :  1.      The 

lb  4  ~ 

same  conclusion  might  indeed  be  immediately  de- 
duced from  the  expression  for  the  altitude  ;  for  this 
is  the  particular  case  when  two  bodies  projected  at 
angles  of  elevation,  which  are  to  each  other  ::  2  : 1, 
are  also  projected  in  directions  equally  distant  from 
45° ;  the  ranges  described  being  therefore  equal,  the 
areas  described  will  be  to  each  other  as  the  altitudes*** 
of  the  parabolas  ;  but  the  altitude  oc  ver.  sin.  2  a, 
.".  area  desd  at  Z-6o° :  area  desd  at  Z.300  ::  ver.  sin. 

120°  :  ver.  sin.  6o° ::  jrad.  :  \  rad.  ::  3  :  1. 

2.  Suppose  it  were  required  to  find  two  such 
angles    of   elevatioo   as   should   make    the    areas 

equal. 


(•)  For  sin.  2/3=2  sin.  /3  x  cos.  /3,  and  cos.  2/3=2  cos.  /3)«—  1, 
see  Plane  Trigonometry,  page  28. 

(b)  By  Art.  5,  the  area  oc  A  x  R;  if  R  be  given,  then  areaoc^. 
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equal.  Let  x  =  cosine  of  the  lesser  angle,  then 
the  proportion  of  the  areas  becomes  l6.r4  —  8  a?* 
:  1  ;  in  this  case  therefore  l6j?4  —  8,z*  =  1,  or 
x4— J  j^=—  ;    which  equation    solved    gives   #*= 

J+</2_2.4142_ 


=  .6035,  .\  j?  =>/.  6035  =  .7762 
4  4 

=  cos.  39°  4' ;  hence  if  two  bodies  are  projected 
from  the  same  point  and  with  the  same  velocity, 
in  directions  making  L?  of  78°  8'  and  390  4'  with 
the  horizon,  the  areas  of  the  parabolas  described 
will  be  equal  to  each  other. 

XXVII. 

On  the  Method  of  finding  the  Range,  Altitude, 
and  Time  of  Flight,  of  Bodies  projected  along 
Planes  inclined  to  the  Horizon. 

1 .  Let  the  body  be  projected  from  the  point  P, 
in  direction  Pt;  and  let  MP  be  the  space  through 
which  the  body  falls  to 
acquire   the    velocity    of 
projection,  POH  the  hori- 
zon, PQR  the  plane  along 
which   the  body    is    pro- 
jected,  and  PsiQ  the  pa- 
rabola described.     Thro' 
Q  draw  tQO  perpendicu- 
lar to  the  horizon  ;  then 
the  range  upon  the  plane 
is  PQ,  and  the  time  of  flight  will  be  the  time  of 
describing  Pt  with  the  uniform  velocity  of  projection 

as 
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4 

as  before  ;  moreover,  if  PQ  be  bisected  in  N,  and 
7Wbe  drawn  parallel  to  t Q,  then  (by  Conies,  Art.  2, 
page  127)  AN  will  be  the  greatest  altitude  of  the 
projectile  above  the  plane  PR. 

2.  Let  the  angle  of  elevation  of  the  plane  above 
the  horizon  (QP0)  =  /3;  the  angle  of  projection 
(tPQ)  =  a  ;  then  the  angle  MPt  or  its  equal  PtQ  = 

90°-7T&  .-.  sin.  PtQ  =  cos.  «T/3;  the  Z-PQO  = 
complement  of  QPO,  .\  sin.  PQO  or  its  equal 
sin.  PQ/  =  cos.  £.  Let  PM=p  as  before  ;  then,  by 
the  property  of  the  Parabola,  4PM  x  /Q,  or  Ap  x  /Q 
=  Pl*v*';  hence  we  have 

4p  :  P/  : :  Pf  :  fjg  : :  sin.  Pjgf  (cos.  /3)  :  sin.  tPQ  (sin.  «)  [A], 
and  PtPQ     .     .     .  : :  sin.  />jg^  (cos.  /3) :  sin.  P/fl  (cos  a  +  /3) ; 

v«x*suo»4^:  Pjg     .     .     .    ::  cos./3«  .    .   :  siu.axcos.  a+/3[T]. 


h>  From  proportion  [A]  4p  :  /£  ::  cos.  /3>  :  sin. «]«  [Z]. 


„          *.                    .      rin         .         _^    4p  x  sin.  a  x  cos.  a-f-/3 
Hence  from  proportion  [IT  we  have  P3=— -= — --£-, 

cos.  fi\% 

[Z]     .     .     .  /J,4^?. 


cosT/3]4 


[A]    .    .    .  p/=1£*^ 

L  cos. /J 


3.  Let 


(a)  For  (See  Note  c  and  Fig.  1.  page  54.)  ASPxPV=QF*, 
where  Pr=XQ,  and  PX=Qlr,  .-.  4SPxXQ=PN*>  but  PA/ 
=  S/>,  and  Pf,  /£  of  Mw  figure  correspond  to  /W and  iVjg  in 
/^icre,  page  54,  .*.  4PA/x  /J0=P/9. 

(  )  For  when  /Ar*e  quantities  are  in  continued  proportion, 
the  first  is  to  the  third  in  the  duplicate  ritio  of  the  first  to  the 
second,  or  of  the  second  to  the  third ;  .\  4p  :  tQ  : :  Pt*  :  /J0*  :  . 
cos./3j*  :  sin.  **. 
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3.  let  now  v  =  velocity  of  projection,  then  p 


v* 


■r,  and  Ap  =  —  as  before ;   substituting  this 

w/oe  for  Ap  in  the  foregoing  expressions,  we  have 
tta following  equations  and  variations;  viz. 

(*/ V* range  (PQ)^ * b1p/  **™;^+fiac+  * iSik*  x cc*^M 

m.cos./S)*  cos./8|B 

47n.cos.y6l  cos.0|* 

/tit*         ^  *•  **      P*           vxsm.ct           sin.« 
(TjTme  y  Jtight  = —     = oc -. 


*rtMM*i 


(•)  Suppose  t;  and /3  to  be  given,  then  ifccsin.ax  cos.* -f£  j  and 

if  £  and  fi  be  given,  t/*oc .-—pc--.  But  if  v  and  £ 

sin.  «x  cos.  « 4-/8     ** 

be  given,  R  is  a  maximum  when  P  71  bisects  the  angle  MPQ  (by 

Art.  5,  page  )  98) ;  and  since  in  this  case  f tQC  jp  *'  will  be  a 

minimum  >•  hence,  whether  it  be  required  to  find  the  greaiesi 
range  which  a  body  would  describe  with  a  £iven  velocity  upon  an 
inclined  plane  of  given  elevation,  or  the  least  velocity  with  which 
it  would  describe  a  given  range  upon  the  same  plane,  and  whether 
the  body  be  projected  upwards  or  downwards  upon  the  plane  (for, 
in  the  Fig.  of  page  1$6,  the  line  PC  may  be  of  any  given  incli- 
nation), we  must  in  each  case  make  the  angle  of  projection,  such 
that  it  bisects  the  angle  MPQ. 

00  By  Prop.  10th  of  the  parabola,  AN=\TN;  and  by 
tim.  A»  tQ:TN  ::  PQ :  PN;  but  PN=iPQ,  /.  TN=\tQ, 
ma\AN=\TN=\tQ. 

(c)  If  it  were  required  to  find  the  greatest  altitude  (An)  above 

2  F  the 
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EXAM.  I. 
A  body  is  projected  up  a  plane  inclined  to  the  hori- 
zon in  an  angle  of  30° ,  with  a  velocity  of  100  feet  in 
a  second;  its  direction  makes  an  angle  of  45°  with 
the  plane ;  What  is  its  range  upon  the  plane,  its 
greatest  altitude  above  the  plane,  and  its  time  of 
/light  ? 

Here  v  =  100  feetA  v%  x  sin. «  x  cos.  «  +  fi 

*  =  30°         (  m.cos.*]* 

*  =  45°  )    10000  x  sin.  45°  x  cos.  75 

m=l6-^feet\  1 6^  x  cos.  30°Y 

10000  x     =xcos.  75° 

s/2 _  10000  x.  7071  x.2588  _ 

13*  4 

151.73  feet.     Also 


A    v*xSm.«f     lOOOOxi  5000  „  a    , 

A= —^s— — ^=        — - —        =103.62  feet. 

4m.COS./sT       64-  x-  48-25 

3       4 

And 

_,     t;xsin.«      100x71     lOOx.7071 

■*  = —  TTfi — IT*22 10   nl =  5 .  08  seconds. 

toxcos./3     10JL    vj  13.91 

12  2 


the  horizon,  then  AT*  must  be  added  to  it ;  and  Nn  may  always 
be  found  when  the  range  is  known,  for  PQ  (R)  :  QO  : :  rad. 
s  sm.LQPO  ::   l  :sin./8,  .-.  QO=Rxs\n.fl;  and  since  PJV= 

iPQ9Nn=lQO=Z^£. 
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EXAM.  2. 
A  body  projected  in  a  direction  making  an  angle 
o/3(f  with  a  plane  whose  elevation  above  the  horizon 
was  also  30°,  fell  upon  the  plane  at  the  distance  of 
200  feet  from  the  point  of  projection  ;   With  what 
velocity  was  it  projected  ? 


Here  «£=2pO  feet  j  Now  Rzsz *>'*  x  sin.  *  x  cos.*-i-0 
0  =  30^         I  m.coTffi         ' 

I        m         m.cos.  /3]f  x  R 
J  .'.  v%  =  - — 


«  =  30c 


~=1<5A 


sin.  a  x  cos.  *  +  /3 

.,.  v     m  x  cos.  30°]*  x  R      j6tt:X~x200 

this  case)    ■  .  . n '    ,_  .  =  *    »»     4 

7     8in.  30°  x  cos.  60°  a      = 


=  (in 


110400 
12 


Ivl 
2  x  2 


=9950,  .\v= <^/ggiro=()  1.02  feet  in  a  second. 

XXVIII. 

On  the  Method  of  determining   the  Range, 
Altitude,  and  Time  of  Flight  of  a  Body  pro- 
jected from  any  given  point,  to  the  Horizon, 
or  to  a  plane  inclined  in  any  given  angle 
to  the  horizon. 

1 .  Let  a  body  be  projected  from  the  given  point 
P9  with  the  velocity  ac-  M 
quired  in  falling  down 
MP,  and  in  a  direction  PT 
parallel  to  the  horizon 
HQO.  Let  P  be  the  pa- 
rabola described;  then 
since  PT  is  at  right 
angles  to  PH,  P  will 
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be  the  vertex;  and  if  PS  be  taken  equal  to  PM, 
S  will  be  the  focus.  By  the  property  of  the  parabola 
H<f=4SP  x  PH=4PM  x  PH,  .'.the  range  HQ 

=  JaPMxPH.  If  PM=PH,  then  //Q  = 
*fZFfr=2PHz  i.e.  «  If  a  body  be  projected  from 
**  any  point  P  with  the  velocity  acquired  in  falling 
*  down  PH  (the  perpendicular  distance  of  P  from 
~  the  horizon) ;  then  the  range  described  upon 
**  the  hofiiOQ  is  equal  to  ttcice  that  perpendicular 


I*  Let  P&f=?~  t  = velocity  of  projection,   P// 
,:be  prrj«xliculir  distance  of  the  point  P  from  the 

horizon  )  =  A.  »=  16-^feet,  then  />  =  - — ,  ,\  the 

rtmge  HQ  (/?)=  N/4J>A  =  >/~^^ and  &=——> 

btxx*  i  *  =  5j- ,  and  v=  #V  T"5  fr°m  which,  when 

ft  jffki  h  are  given,  v  may  be  determined.    Complete 

&e  parallelogram  PHQT,  then  the  time  of  flight 

T  •*  equal  to  thfc  time  of  felling  down  TQ  or  P/f 

i.    /.   bvArt.l.page33)T=:\/-- 


^  $ 


S;^\\«  now  the  body  to  be  projected  in  the 
\hm^iott  /V%  nuking  a  giveh  angle  IPR,  with  the 
hue  Pti  (bwn  prallel  to  the  horizon.  Let  PAQ 
W  the  |*ralvU  described;  make  LTPS=  LMPT, 

lnd 
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and  P5«s  PM;  through  S  draw  TSO  perpendicular 
to   the   horizon, 
then    A    is    the 
vertex ',  S  the  fo- 
cus, and  AO  the 

axis  of  the  para- 
bola. The  range 
HQ  =  HO+OQ 

=  Pi\T  +  0Q  = 

(for  0q*  =  4AS 
x  ^0)    PJNT+ 

x/4^5  x  AO  = 

for  AO=AN+ 

NO^AN+Pfy 

where  ^0  is  alto 

the  greatest  attitude ;  and  if  *Q  be  drawn  parallel  to 

Al09  then  the  **;fce  of flight  =  time  of  falling  down 

iQ,ortfc  +  /2Q,or*/2+P#.    =\/tR+PH. 

m 

4.  Let  >LitPR  =  «,  then  (by  Art.  2.  page  204) 
P&=p  x  jgfti.  a«;  and  (by  Art.  5.  page  206)  AN= 
p  x  8in75|*.  Nottr,  by  the  property  of  the  parabola, 
SP=*4tf+4S,  t:AS=SP-AN  =  ({orSP=PM 

=p)P~pxiiti.  ci|9«=/>.l  —sin.  *]*=/>  x  cos.oj*;  also, 
tfttfcfe  P#  (=#Q)  :  '#  ::  rad.  :  tan.  L.tPR  ::  1 
: /teft.  «,  flftt=  #Q  x  tan. «.  Substituting  these  values 
ft*  PiV;  ^#,  AS  and  */2  in  the  foregoing    ex- 
pressions, and  putting  R,  A,  T,  h  for  the  range, 

altitude, 


tr  £ric  Mad  iagil  tf  P  cibzrt  the 


3  J5,'=Jistt.>-\  f^.cos.  «"./>* an.« '■- h  'Bi 


.1  — 


r= 


if«=:45f-T5ie=i«n-  2«=™L=1 ;  cos.  *  =  sin.  «  = 


/  £ 


.and  -"-  co&.«B=«hi.  **=§;  tan.  *=iad.=  1  ; 


hence  these  expressions  become 


ad  of  descending  upon  the   horizon 

t  (kor),   the     body 

fklls  upon  *  plane 
(Qq)   inclined   to 
it  in   some  g*v*n 
angle     Qqr     (^), 
then  draw  qF  at 
right  /_'  to  //Q. 
and  let  kq  =  ///" 
=  r,   Ph  =  h'9  and 
Qf=x,  then  will 
jFQ  =  x  x  cos.  /3, 
and  qF  =  /fA  = 
x  x  sin. /J;  hence 
HQ=HF+FQ= 
r  +  x  x  cos.  0,  and 

PH 


R+h 


(*;  Hence  rfs="  —    and  |*+A:=wr»= 

m 


described  in 
T" 
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FH  (h)  =  Ph  -  Hh  =  K  -x  x  sin.  0 ;  substitute  these 
values  for  HQ  and  h  in  the  equations  marked  (JB) 
and  (C)y  and  we  have, 

rtxaM.^=p x sin.  2 a  -h  V4p x cos. af. p x sin. «]*+ A'— x x sin.  fi  (D) 

^0=p  x  sin.  a)*  +  A', 

rp  __  a /r-f.rxcos.  /3.tan.a4-y— j?xsin./? 

in  which  the  value  of  x  being  found  from   the 
first  equation,  the  value  of  T  will  also  be  known. 

6.  The  equation  marked  (D)  may  be  rendered 
more  simple  from  the  particular  circumstances 
under  which  the  body  is  projected  ;  for  instance, 

I.  Let«  =  0,  i.e.  let  the  body  be  projected  in 
a  line  parallel  to  the  horizon,  then  sin.  *  =  0,  sin.  2« 
=  0,  and  cos.  «=  1,  .'.  the  equation  becomes 
r  +  a?xcos.  /3  =  >/4/>. K  —  xxsin.  /5. 


II.  Let  «=45°,    then  sin.2«  =  j,    sin.  «|*=i 


a> 


cos.  *!*  =  j,  /.  the  equation  is, 

r  +  *xcos.  /3  =  />  +  ^j&.ip  +  A'-tfXsin./J. 


III.  Let 


7*'  (which  call  £),  then  h=S-R  >,  if  the  range  and  /tm<?  of  flight 
therefore  be  given  when  a =45°,  the  height  of  the  point  P  may 
be  found  by  subtracting  R  from  the  space  described  in  that  time. 
If  R=  h,  then  2hz=S,  and  A=£  S=£  space  described  in  V \  i.  e. 
if  a  body  be  projected  in  an  L  of  45°  from  the  top  of  a  building 
whose  height  is  (A),  and  after  7"  falls  at  a  distance  from  the 
bottom  equal  to  that  height,  then  the  height  of  the  building  is 
equal  to  half  the  space  described  in  7"'. 


222         womox  ow  rmojEeriLES- 

HL  Letr^O,  then 

is  the  equation  to  determine  the  value  of  x  when 
the  plane  rises  immediately  from  the  extremity  of 
the  vertical  line  PA. 

IV.  Let  A'«o,  then 

r+ x X  co*,  /3s=£  x  tin.  2«+  *  4p  xco>.  a]*.p  x  sin.  a  *— x  x  sin.  fi, 

»  the  equation  to  determine  the  value  of  x,  when 
the  body  is  projected  from  a  point  in  the  horizon, 
and  falls  upon  a  plane  ascending  from  the  horizon 
at  some  given  distance  (A  q)  from  the  point  of 
projection. 

By  way  of  conclusion,  it  may  be  observed,  that 
the  equation  marked  (D)  will  also  apply  to  the  case 
of  a  body  projected  in  a  direction  below  the  line  PR, 
merely  by  changing  the  sign  of  2a;  for  when  Pi 
is   below  PR,    sin.  a   (and    consequently   sin.  2a) 

becomes  negative,  but  the    signs  of  cos.  «|f  and 

tin.  a,9  remain  the  same,  whether  cos.  a  and  sin.  a  be 
positive  or  negative. 

EXAMPLE. 

At  the  foot  of  a  tower  60  feet  high,  runs  a  river 
whose  breadth  is  300  feet ;  a  hill  slopes  Jram  the 
opposite  side  of  the  river  in  an  angle  of  45°  to  the 
horizon ;  from  the  top  of  the  tower  a  cannon  ball  is 
fired  in  a  direction  making  an  angle  of  60°  with  a 
line  drawn  parallel  to  the  horizon ;  the  velocity  of 

projection 
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prcjtctkm  u  such  as  a  body  would  acquire  in  falling 
5O0 feet  i  jit  what  distance  fron\  the  bank  of  the  river 
will  the  ball  strike  the  hill? 


This  is  a  case  of  Art.  5.  page  220,  where  r  =  300; 

1 


k'=*(kt;  £  =  500;  «  =  6oP;  /.  sin.  «=^|,  sin.  2«  = 


gift.  120P=«  -j,  and  cos.  «=£;   0  =  45*,  .\  sin.i  = 

4= ,  and  cos*  fi  =  -^= ;  substituting  these  values  for 

the  different  quantities  in   the  general  equation, 
we  have 

which  reduced,  is 

#•+331*=  399656,  very  nearly  ; 
.\  jr»»487£>  very  nearly. 

XIX. 

In  determining  the  motion  of  projectiles  in  this 
Lecture,  we  have  not  taken  into  consideration  the 
nature  of  the  bodies  thus  projected  (as  to  their 
hardness  or  elasticity),  nor  of  that  of  the  planes  upon 
which  they  impinged.  In  making  a  few  observa- 
tions upon  this  subject,  we  shall  follow  the  order 
observed  in  Sect.  XXIV.  page  1 68. 

1 .  If  a  perfectly  fiard  body  < be  projected  along  a 
perfectly  hard  horizontal  plane  (PLN)}  and  Ah  be 

a  tangent 


224  MOTION  OF'PROiECTILES. 

a  tangent  to  the  parabola  (POQ)  at  the  point  Z,,. 
it  will  impinge  upon  the  plane  in  the  direction  AL, 
under  precisely  the  same  circumstances  as  the  body 
in  Art.  1.  page  188 ;  and  since  the  velocity  at  the 
point  L  is  the  sam$  as  the  velocity  &  the  point  P{*\ 

A. 


and  the  angle  ALP  =  the  angle  TPL>  it  will 
afterwards  proceed  along  the  plane  with  a  velocity 
which  is  to  the  velocity  q( projection  .::  cos.  I- ALP 
or  TPL  :  radius  ::  cosine  of  the  angle  of  projection 
;  radius. 

•  •         *  * 

1.  If  the  body  be  perfectly  elasticl^nd  the  plane 
A. 


"1 W 

perfectly  hard,  then,  by  Art.  2.  page  189,   it  will 
ascend  from  the  plane  with  the  same  velocity,  and 

under 


4 

(*)  Since  the  velocity  in  the  parabola  at  any  point  is  equal  to 
velocity  acquired  in  falling  down  the  parameter  to  that  point, 
it  varies  as  V'pararoeter,  and  consequently  is  the  same  at  all 
points  equally  distant  from  the  focus. 


v*v 
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under  the  same  angle  as  that  in  which  it  impinges 
upon  the  plane ;  and  as  this  velocity  and  this  angle 
is  the  same  with  the  velocity  and  angle  of  projection, 
it  will  describe  the  same  parabola ;  and.  it  will  go 
on  for  ever  describing  the  equal  parabolas  POL, 
LMQjQRSyhcc.  till  acted  upon  by  some  extra- 
neous force. 

r 

.  3 .  If  the  body  or  the  plane,  or  both,  be  imper- 
fectly elastic,  and  perfect  :  imperfect  elasticity  : :  1  :  m9 
then,  by  Art.  3,  page  1()0,  it  will  ascend  from  the 
plane  in  an  angle  lesser  than  the  angle  of  projection 
(*),  and  with  a  velocity  which  is  to  the  velocity  of 

projection  : :  vcos  "]*  +  m* x  sin.  «]* :  1 .  Now  the 
horizontal  range  of  a  projectile  varies  as  y*  x  the  sine 
of  twice  the  angle  of  projection  (Art.  3.  page  205); 


"3 £        it       jtf 

in  this  case  therefore  it  would  go  on  to  describe 
a  series  of  parabolas  POL,  LMQ,QRSfjkc.  whose 
ranges  PL,  LQ,QS,&cc.  decrease  in  a  pretty. high 
geometrical  ratio,  and  consequently  their  sum 
PL  +  LQ+  QS+&cc.  soon  comes  to  its  limit. 
Hence,  whatever  may  be  the  velocity  or  angle  of 
projection,  the  whole  range  described  by  the  body 
will  be  finite,  and  its  motion  cease  after  a. definite 
time. 

The 


'' V- «■*■-.- .   •  — ~^«— .--  ~^-_ ,-    ;-,  ^ 


936        memo*  aw  rnajscrius 


The  actual  WKXkm  of  a  projectile 


Aorrf  or  pafidhj  dmttx-  If  the 
of  elevation  and  velocity  of  pr ejection  be 
ff1fff^lil^J  the  dirrttim  in  which  it  ietuiit»  to  the 
earth,  and  the  velocity  with  which  it  moves,  will  be 
aocfa  as  to  cause  the  body  to  penetrate  into  the 
earth's  snriaee,  and  its  motion  will  be  destroyed. 
Bat  if  the  angle  of  elevation  be  faff,  and  the 
fdodty  of  projection  considerable,  it  will  then 
strike  the  earth  in  such  a  manner  as  to  destroy  only 
a  part  of  its  velocity,  and  it  will  rtkmmd  so  as  to 
describe  a  series  of  decreasing  parabolas  similar  to 
those  in  Art.  3,  the  number  and  dimensions  of 
which  will  depend  upon  the  circumstances  under 
which  it  is  projected  and  the  nature  of  the  soil  upon 
which  it  impinges.  But  to  trace  the  motion  of  a 
projectile  of  this  description,  or  to  estimate  the 
deviation  of  its  path  from  the  parabolic  shape  on 
account  of  the  resistance  which  it  meets  with  from 
the  air,  tec.  &*.  belongs  not  to  a  treatise  of  this 
kind,  but  to  those  books  which  treat  professedly  of 
u  the  Art  and  Practice  of  Gunnery" 
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AN 

INTRODUCTION 

TO    THE 

STUDY  OF  NATURAL  PHILOSOPHY. 


Part  II. 


ON  MECHANICAL  ACTION  AND  PRESSURE; 
AND  THE  POWERS  OF  MACHINERY. 


Lecture  VII. 

ON  THE  LEVER. 

In  the  .preceding  Lectures,  the  motion  of  bodies 
has  been  supposed  to  arise  either  from  collision, 
or  from  the  immediate  action  of  one  or  more 
forces.  We  now  proceed  to  consider  the  effects 
produced,  when  these  forces  are  made  to  act  by  the 
intervention  of  other  bodies.  These  intermediate 
bodies  are  called  Machines ;  and  by  means  of  them 
the  effect  of  a  given  force  may  be  increased  or 
diminished  in  any  given  ratio.  Machines  am 
divided  into  simple  and  compound.  The  simple 
machines,  or  (what  are  more  commonly  called)  the 
mechanical  powers,  are  she  in  number;  viz.  l.  The 
Lever;  2. The  Wheel  and  Jpgle;  3. The  Pulley ;\ 

4.  The 
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4.  The  Inclined  Plane;  5.  The  Screw;  6.  The 
JVedge^.  Compound  machines  are  formed  from 
the  combination  of  two  or  more  simple  ones.  But 
it  is  not  the  object  of  this  treatise  to  enter  upon  a 
full  description  of  the  nature  and  use  of  compound 
machinery;  our  intention  is  rather  to  explain,  upon 
mathematical  principles,  the  general  theory  of  mecha- 
nical action.  We  shall  therefore  begin  with  esti- 
mating the  relation  between  the  forces  acting  upon 
the  arms  of  a  straight  lever 9  which,  of  all  the  mecha- 
nical powers,  is  the  most  simple. 

XXX. 

On  tJie  relation  of  the  forces  which  keep  each 
other  in  equilibria  upon  a  straight  lever. 

Definition. — The  Lever  is  aninflexiblebaror  rod, 
some  point  of  which  being  supported,  the  rod  itself 
is  moveable  freely  round  that  point,  as  a  center  of 
motion. 

1 .  \jttACB  be  a  straight  lever,  supported  by  a  prop 
ox  fulcrum  F9  and  moveable  about  the  point  C  as  its 

center 


(')  In  philosophical  strictness,  the  number  of  simple  machines 
may  be  reduced  to  three;  viz.  the  lever,  the  inclined  plane,  and 
the  cords  or  ropes  which  connect  the  power  and  weight  with  the 
different  parts  of  the  machine  ;  for  the  mechanism  of  the  wheel 
and  axle,  and  of  the  pulley,  merely  combines  the  principle  of  the 
lever  with  the  tension  of  cords;  the  properties  of  the  screw 
depend  entirely  on  those  of  the  lever  and  the  inclined  plane;  and 
the  case  of  the  wedge,  so  far  as  it  is  capable  of  mathematical 
demonstration,  is  very  analogous  to  that  of  a  body  sustained 
between  two  inclined  plana. 
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<xtor of  motion.    From  the  extremities  of  its  arms 

CJ,  CB,  let  two  weights  P,  IV,  be  suspended ;  and 

Mflfwse  them  to  be  in  equilibrio  about  C9  the  lever 

itself  remaining  A  c  -r 

in  m  horizontal 

position.     In  the 

present  instance,  ^p  w 

let  us  also  suppose  that  the  lever  ABy  and  the  cords 

AP,BfV,  by  which  the  weights  are  suspended,  are 

entirely  void  of  gravity  ;  in  which  case  it  is  evident 

that  the  equilibrium  of  the  bodies  does  not  at  all 

depend  upon  the  length  of  the  cords  AP,  BJV;  and 

as  (by  Art.  8.  page  10 1)  the  centers  of  gravity  of 

the  bodies  P,  IV  are  in   the  direction  of  the  lines 

AP,  BJV9  the  effect  will  be  the  same  whether  the 

bodies  be  suspended  by  the  strings  AP,  BW9  or 

whether  they  be  placed  with  their  centers  of  gravity 

in  the  points  A,  B  respectively^ .     In  this  latter  case 

the  point  C  becomes  the  common  center  of  gravity 

of  the  weights  P,fV,  and  consequently  (by  Art.%5. 

page  97.)   P:  W\\  BC :  AC;   i.e.  "  when   two 

weights  are  in  equilibrio  "upon   a  straight   lever , 

ec  placed  in  an  horizontal  position,   they  are  to  each 

"  other  inversely  as  the  length  of  the  arms  from 

"  which  they  are  respectively  suspended." 

2.  But 


(b)  For  since  the  equilibrium  does  not  at  all  depend  upon  the 
length  of  the  lines  AP,  BJV,  we  may  suppose  those  lines  to 
vanish ;  in  which  case  the  centers  of  gravity  of  P,  IF  may  be 
considered  as  coinciding  with  the  extremities  A,  B  of  the 
lever. 


230  ON  THE  LEVER. 

2.  But  it  is  evidently  quite  immaterial  to  the 
truth  of  the  foregoing  demonstration,  whether  the 
equilibrium  of  the  lever  be  produced  by  the  force 
of  gravity  of  the  two  weights  P,  fV9  or  by  the 
action  of  any  other  forces  in  the  directions  A  P,  BJV; 
we  may  therefore  assume  it  as  a  general  principle,  that 
u  if  two  forces,  acting  in  the  same  plane,  mdperpen- 
"  dicular  to  the  extremities  of  a  straight  lever,  be  in 
"  equilibrioy  they  will  be  to  each  other  inversely  as  the 
"arms  upon  which  they  respectively  act;"  and 
the  effect  of  these  forces  to  turn  the  lever  about 
the  center  of  motion  will  be  measured  by  the  product 
arising  from  multiplying  each  force  into  the  distance 
at  which  it  acts  from  that  center;  (See  Note  a, 
page  Q8 ;)  for  if  the  magnitude  of  the  forces  acting 
at  A  and  B  be  represented  by  P  and  W respectively, 
then  (since  P  :  W  ::  BC :  AC)  PxAC=Wx 
BC;  .".  P  x  AC  represents  the  effect  of  P,  and 
If  x  BC  represents  the  effect  of  fV,  to  turn  the 
lever  round  C(a). 

3.  Levers 

(*)  From  hence  it  appears,  that  "  any  number  of  weights  will 
"  keep  each  other  in  equilibrio  upon  the  arms  of  a  straight  leper, 
0€  when  the  sums  of  the  products  arising  from  multiplying  each 
€t  weight  by  its  distance  from  the  center  of  motion,  are  equal  on 
"  each  side  that  center;"  for  let  AD  (Fig.  in  page  108)  represent 
a  straight  lever,  whose  center  of  motion  is  G,  and  let  the  bodies 
or  weights  A,  B,  C,  D  be  placed  upon  its  arms  AG,  DG,  at 
diflereot  distances  from  G;  then  the  effort  of  A  to  turn  the  lever 
about  G  being  represented  by  Ax  AG,  of  B  by  BxBG,  of 
C  hy  Cx  CG,  &c.  the  whole  effect  upon  the  arm  AG  will  be 
represented  by  AxAG+BxBG,  and  upon  the  arm  DGbj 
CxCG+DxDG ;  there  will  consequently  be  an  equilibrium 
*rhtnAxAG+BxBG=CxCG+DxDG. 


ON  TUB  LEVEB.  231 

3.  Levers  are  divided  into  three  different  orders, 
according  to  the  position  of  the  power  and  weight 
with  respect  to  the  center  of  motion.  I.  In  a  lever 
of 'the first  order,  the  center  of  motion  is  between  the 
power  and  weighty  as  in  the  preceding  instance,  where 
P  and  W  may  bear  all  possible  relations  to  each 
other,  and  where  the  pressure  upon  the  fulcrum 
(since  P  and  W  press  in  the  same  direction)  will  be 
proportional  to  P  +  W.  II.  In  a  lever  of  the  second 
order,  the  weight  is  placed  between  the  power  and 
the  center  of  motion,  as  in  the  annexed  Figure, 
where  the  weight 
W  is  supported 
by  the  power  P 
acting  upwards  in 
the  direction  AP. 
In  this  case,  when  ^ 


there  is  an  equili-  F 
brium,P  :  W ::  BC 
:AC«*,P  is  there-  #W 

fore    less    than    JV;    and  the  pressure    upon    the 
fulcrum  (P  and  W  pressing  in  opposite  directions) 

is 


(b)  That  this  proportion  between  P  and  W  holds  also  when 
they  are  on  the  faro  side  of  the  fulcrum,  may  be  thus  proved  $ 
the  effort  of  the  weight  W\&  turn  the  lever  about  C  is  measured 
by  Wx  B  C  -,  the  effort  of  the  power  P  (acting  in  direction  PA) 
to  turn  the  lever  about  C,  i.  e.  to  sustain  W,  is  measured  by 
P'ji'JtCi  when  there  is  an  equilibrium  therefore,  Px^Crnust 
be  equal  to  WxBG><x  P  .  W ..  BC  :  AC,  as  before. 

2  H 
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is  proportional  to  W—P*.  III.  In  a  lever  of 
the  third  order,  the  power  P  acts  between  the  weight 
W  and  the  center  qf 
motion  C;  and  since 
BC  is  greater  than 
AC j  P  is  greater  than 

W,  and  the  pressure  c  ' B 

upwards     from      the  % 
fulcrum  is  represented 


4.  The  nature  of  many  of  the  common  machines 
and  instruments  made  use  of  for  moving  and  sus- 
taining 


(*)  From  the  principle  of  a  lever  of  the  second  order,  we  may 
estimate  the  proportion  of  the  pressure  sustained  bj  two  props 

F,f,  when  the  weight  C  B r 


W  is  supported  by  a  p  ~f 

rod  Cc  placed  upon  ^L 

them.    For  suppose  ^VW 

C,  c  to  be  successively  the  centers  of  motion,  then 

Pressure  on  fulcrum/:  weight  WuBCi  Cc;  for  same  reason, 
Weight  W.  Pressure  on  fulcrum  F::  Cc  :  Be;  .\  ex  aequo, 

Pre*. on  fulcrum/:  Pressure  on  fulcrum  F : :  BC :  Be;  and  as  the 
whole  weight  is  sustained  by  the  two  props,  it  is  divided  between 
them  in  the  ratio  of  BC  :  Be,  the  part  sustained  by  each  prop 
being  inversely  as  the  distance  of  the  weight  from  it. 

(b)  In  this  third  order  of  levers,  although  the  lever  is  supposed 
to  move  freely  round  the  center  of  motion  C,  it  is  yet 
to  consider  it  as  /irmly  connected  with  the  prop  at  that  point. 
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taining  weights,  and  for  overcoming  resistances,  may 
be  explained  upon  the  principle  of  the  lever.  Thus, 
not  only  the  common  balance,  the  steelyard,  &c.  but 
all  such  instruments  as  scissors,  snuffers,  pincers,  &c. 
(where  a  power  is  applied  at  one  end  of  the  instru- 
ment for  the  purpose  of  overcoming  the  resistance 
opposed  to  it  at  the  other)  may  be  reckoned 
amongst  levers  of  the  Jirst  order.  The  instruments 
used  for  moving  heavy  weights,  whereof  one  end  rests 
upon  the  ground  whilst  a  power  is  applied  at  the 
other;  the  oars  of  boats,  which  maybe  considered 
as  changing  their  center  of  motion  in  the  water  after 
every  impulse  which  they  receive  from  the  rower ; 
cutting-knifes,  fixed  at  one  end,  and  made  to  act  by 
means  of  the  pressure  of  the  hand  upon  the  other ; 
doors,  whereof  the  centers  (or  rather  the  axes)  of 
motion  are  in  the  hinges ;  &c.  &c,  all  come  under 
the  denomination  of  levers  of  the  second^  order.  A 
ladder,  raised  up  by  means  of  a  power  applied  towards 
its  lower  end,  in  which  case  the  principal  part  of  its 
weight  is  thrown  beyond  the  point  where  the  power 
acts;  sheers  (used  for  clipping  sheep),  in  which  the 
pressure  of  the  hand  is  applied  between  the  center 
of  motion  and  the  part  where  the  resistance 
operates ;  the  human  arm,  raising  by  its  muscular 
action  a  weight  suspended  at  one  extremity  of  it, 
the  center  of  motion  being  at  the  other;  &c.  &cv 

are  instances  of  levers  of  the  third  order. 

5.  Let 


(*)  For  in  all  these  instances  it  is  evident  that  the  weight  to 
be  moved,  or  the  resistance  to  be  overcome,  is  between  the  center 
of  motion  and  the  point  where  the  power  acts. 
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5.  Let  us  next  estimate  the  relation  of  the  forces 
which  keep  a  lever  in  equilibrio,  when  its  own  weight 
is  taken  into  consideration*  In  this  case  it  is 
evident,  that  in  a  lever  of  the  first  order  the  effect 
of  the  power  and  weight  (and  in  levers  of  the  second 
and  third  orders  the  effect  of  the  weight  only)  will 
be  increased  by  the  weight  of  the  arm  upon  which 
they  respectively  act ;  and  since  this  weight  may  be 
considered  as  collected  in  the  center  qf  gravity  of  the 
arm,  (Art.  4,  page  95,)  this  additional  fore*  will  be 
measured  by  the  weight  of  the  arm  multiplied  into 
the  distance  of  its  center  of  gravity  from  the 
fulcrum.  Suppose  the  lever  to  be  of  a  cyUndric  or 
prismatic  form,  and  that  its  weight  =  w,  then, 

In  a  lever  of  the  first  order  (Fig.  page  229),  the 

\yeight  of  the  arm  AC=*  — .^  •»  weight 'of  the  arm 

w  x  BCW 
BCs*«"  ■   h  -  ■ ;  and  as  the  centers  of  gravity  of 

AC  and  BC  are  in  their  middle  points,  the  distance 

of  the  center  of  gravity  of  AC  from  the  fulcrum 

=  \AC>  and  that  of  BC=\BC\  hence  the  effect 

of  the  power  P  is  increased  by  a  force  which  is 

, .    w  x  AC     .    *„  /     \w  x  AC*\        , 
measured  by — ^W-  x  \AC  (  or-* — ^ —  I,  and 

the  effect  of  W  by  a  force  measured  by  —    ^  ■  x 

i*c, 


(■)  For  AB  :  AC  : ;  whole  weight  of  the  lever  (w)  :  weight  of 

w  x  AC 
the  ami  AC^  ■ .    .     ;  and  AM  :  BC : :  whole  weight  of  lever 

(w)  :  weight  of  the  arm  BC=    Aii    • 
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i BC,   for  *"^flC') •     The  effects  of  P  and  W 

are  measured  by  P  x  AChxiH  IV  x  BC  respectively; 
in  the  case  of  an  equilibrium,  therefore,  we  have, 

Px^c+i^£ssffrXBC+^^t 

AB  AB     * 

n     fTx  BC    \w  .  BC'-AC*. 
orP=-AC-  +  *    ABxAC 

In  a  lever  of  the  second  order  (Fig.  page  23 1 ),  the 
whole  weight  of  the  lever  operates  in  direction 
of  W;  .\ 

P  x  AC=  WxBC+wx\AC, 
°r        — AC 

In  a  lever  of  tlie  third  order  (Fig.  page  232),  the 
whole  weight  of  the  lever  also  operates  in  con- 
junction with  IV;  .'. 

P  x  AC=  Wx  BC+  w  x  \BC, 

D     W+\wxBC 
orP= AC • 

XXXI. 

On  the  general  Properties  cf  the  Lever,  and  * 

Combination  of  Levers. 

1.  Let  ACB  be  any  lever,  whose  center  of 
motion  is  C ;  and  let  two  forces  P9  p  act  in  the 
direction  P,p  upon  the  extremities  of  its   arms 

CA, 
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CA,  CB.     Produce  PA,  pB,  to  M,N,  and  let  fall 
the     perpendiculars  *" 

CM,  CN;  with  the 
longer  perpendicular 
CN  and  center  C  de- 
scribe the  circular  arc 
ND,  and  join  CD. 
Let  DP  represent  the 
magnitude  of  the  force  acting  uponthe  lever  at  A  in 
direction  AP9  and  let  it  be  resolved  into  two  others, 
viz.  DE  perpendicular  and  EP  parallel  to  the  radius 
CD;  then  DE  only  is  effectual  to  produce  motion 
round  the  center  C,  the  part  EP  being  exerted 
merely  to  produce  pressure  upon  the  fulcrum  in 
direction  CD.  Supposing,  therefore,  the  lever  to 
be  perfectly  inflexible,  this  effort  of  P  to  produce 
motion  round  C  would  be  counteracted  by  a  force 
equal  to  DE,  applied  perpendicularly  at  N,  in  direc- 
tion NB.  Let  then  the  power  p  be  equal  to  that 
part  of  P  which  is  represented  by  DE,  and  (as  it  is 
indifferent  in  what  point  of  the  line  of  direction 
this  power  acts)  conceive  it  to  act  at  N.  In  this 
case  the  forces  P,p  will  be  in  equilibrio ;  i.  e. 
when  P  :  p  ::  PD  :  DE,  the  lever  will  be  kept 
in  equilibrio  about  the  center  of  motion  C;  but 
by  similar  triangles  PD  :  DE  ::  CD  (CN)  :  CM, 
.'.  P  :  p  ::  CN :  CM;  hence  "  two  forces  acting 
"•at  the  extremities  of  the  arms  of  any  lever  will 
be  in  equilibrio,  when  they  are  to  each  other 
inversely  as  the  perpendiculars  let  fell  upon  the 
"  lines  of  direction  in  which  they  respectively  act." 

2.  Produce 
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2.  Produce  PA,pB  till  they  meet  in  S ;  join 
C5,  and  draw  CO  parallel  to  pS,  in  which  case 
the  angle  OCS=CSN.  Now  if  CS  be  made 
radius,  CM  becomes  the  sine  of  the  Z.  CS  0,  and 
CN  the  sine  of  the  s 
/.CSNorOCS;  but 
as  SO  :  OC ::  sin. 
l-OCS(CN)  :sin. 

hence  Pip:: 
(CN:  CM  ::) 
50 :  OC. 

The  two 
sides  5  0, 
OC    of 

the  triangle  5  0  C  represent,  therefore,  the  relative 
magnitude  and  direction  of  the  two  forces  P9p; 
the  third  side  SC  will  consequently  represent  a  force 
equivalent  to  them  both  (Art.  6.  page  50) ;  and  as 
this  compound  force  acts  directly  towards  C,  the 
pressure  upon  the  fulcrum  will  be  represented, 
in  quantity  and  direction,  by  the  line  S  C. 

3.  If  each  arm  of  the  lever  be  straight,  but  the 

two  arms  inclined  to  each 

other  in  the  given  angh 

ACB,   let  L.CAM=*, 

JL  CBN=  0,  and  rad.  =  1 ; 

then^fC:  CM::  rad.  (l) 

:  sin.  *,  .\  CM=ACx 

sin.  «,   and   BC  :  CN  -, 

::  rad.  (l)  :  sin.  0,   .\  CN=BCx  sin.  /3;    hence 
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P  :  p  ::  BCxsin.  &  :  AC  x  sin.  a.    If  sin.  «= 
ain.  /3,  then  P  :  p  :i  BC  :  ^/C,  or  "  jP,/>  are  to  each 
other  as  the  arms  of  tlie  lever  upon  which  they  respec- 
tively act" 

4.  If  the  lever  be  Straight,  and  the  forces  act 
parallel  to  each  other,  then  sin.  a  »  sin.  0, 
/.  P  :  W  ::  BC  :  AC, 
as  in  Art.  2,  page  230  ; 
and  this  will  be  the  case 
whatever  be  the  position  of 
the  lever;  if  therefore  P 
and  W  be  in  equilibriop 
when  the  lever  is  in  the  j> 
"horizontal  position  ACB9  they  will  also  be  in  eqai- 
librio  when  it  is  in  any  other  position  mCB;  i.  e. 
the  lever  thus  acted  upon  will  rest  in  any  position*** . 

3.  In  the  qommon  balance  or  scales,  the  arms  AC, 
CB  are  equal  to  each  other  ;  .'.  when  there  is  an 
equilibrium,  P^fV.  But  this  equilibrium  will  be 
destroyed,  if  either  P  or  W  be  removed  from  their 

parallel 


•p^M^^^vrv««i«««WM«*^M.^r«i^^ 


(m)  This  also  appears  from  Art  1.  page  235;  lor  produce 
Pa  to  M,  then,  when  the  lever  is  in  position  *Gb,  P  :  W 
::  CN:  CM::  (by  sira.  A*)  Cb  ;  Ca  ::  (since  the  arms  of  the 
lever  are  invariable)  CB  :  CA.  In  thus,  asserting  that  the  lever 
will  rest  in  any  position,  it  is  in  course  taken  for  granted  that  the 
common  center  of  gravity  of  P,W  and  the  lever  coincides  with 
the  center  of  motion ;  for  it  is  evident,  from  the  principle  laid 
down  in  Lect.  4.  Part  I.  that  the  lever  will  only  rest  when  that 
center  is  sifyporied. 
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parallel  position.     Suppose,  for  instance,  a  person 
placed  in  the  scale  P  was  balanced  by  the  weight  Wy 
bat,  by  pushing  in  the  ob-f ......  A— i-£ 

Kque  direction  pF  against  i 
the  arm  CA,  the  scale  was  ! 
protruded  into  the  position 
pA;  then  draw pE  parallel 
to  PA,  and  produce  CAT* 

to  meet  it  in  E ;  and  at  the  instant  of  the  scales 
arriving  at  the  position  pA,  it  will  act  at  the 
perpendicular  distance  CE  from  the  center  of 
motion ;  its  effect  therefore  (by  Art.  2)  to  turn 
the  lever  about  C  will  be  measured  by  P  x  QE> 
i.e.  its  effect  will  exceed  that  of  W  in  the  pro- 
portion of  CE  :  CA,  and  consequently  the  scale  in 
which  the  person  is  will  preponderate,  and  the 
equilibrium  be  destroyed. 


w 


6.  In  a  combination  of  levers  connected  with  each 
other  in  the  manner  represented  in  the  annexed 

Q 

_^j — 


&    £ 


s 


i 
it 


Figure,  there  will  be  an  equilibrium  when  P :  W 
r.BCxDFxEGzACxBFxDG.  For  suppose 
the  equilibrium  to  exist,  and  that  the  forces  which 
act  at  jB,  D  are  represented  by  Q,  R  respectively,  then 

2i  P  :  Q 


*> 


V 
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P:  Q.:BC:  4C or  Q=P*c   , 

Q.Rv.DF.BF 

R:  fV::  EG:  DG  or  R=~^-i 

U(jr 

.\  ex  aequo  P:  W\\  BCxDFxEG:  ACxBFxDG  (M). 

lU     A,so>        n    D,n     ^PxJC    PxAB 
the  pressure  on  C  =  P  +  Q  =  f  + — „.-,     = — ■.„    , 

nnF     Q,  R^P%AC  x  W*EG 

„    D    _    W*  EG  ,  .„  JTxDE 
onG^+^-^+^-^-s 

We  have  here  supposed  the  forces  to  act  perpen- 
dicular to  the  extremities  of  the  several  levers;  if 
they  acted  obliquely  >  or  if  the  arms  of  the  levers 
were  inclined  to  each  other,  then  for  these  arms 
must  be  substituted,  in  the  proportion  marked  (M)3 
the  perpendiculars  let  fall  from  the  centers  of 
motion,  E>  F,  G,  upon  the  direction  in  which  the 
forces  act.  We  now  proceed  to  illustrate  the  fore- 
going theory  by  a  few  plain  examples. 

EXAM.  I. 

jit  the  extremities  of  a  straight  lever,  whose  length  is 
14  incites,  are  placed  two  weights  of  5  and  7  pounds; 
jit  what  point  must  the  fulcrum  be  placed  so  that  these 
weights  shall  balance  each  other  ^  the  weight  qf  the 
lever  not  being  taken  into  five  account? 

This  is  a  case  of  the  lever  of  they?™/  order,  in 
which  (Fig.  page  229)  P= 5,  /T=  7,  and  AB—1A  \ 

and 
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**Ulwhen  there  is  an  equilibrium,  B  (5)  :  W{7) 
%:BC  :  AC;  .'.  12  :  7  ::  BC+AC  (AB=2A) 
:^=tt*14;  hence  jBC=  24-14 «  10.  inches. 

EXAM.  II. 

At  the  extremity  of  a  lever  of  the  second  order, 
there  acts  a  power  which  is  of  itself  able  to  sustain 
only,  a  weight  of  15  pounds;  but  when  acting  under 
this  mechanical  advantage,  it  is  able  to  sustain  a 
weight  of  100  pounds j  placed  5  feet  from  it;  what 
is  the  length  of  the  lever  f 

Referring  to  Fig.  page  231,  we  have  -P=  15,  W=* 
lOO,  and  ^2?=  5  feet;  now  P  (15)  :  W{\O0)  ::  BC 
:  AC,  /.  P  :  W-P  (or  15  :  85)   ::  BC  :  AC-BC 

(AB=5);  hence  BC=^-^=^-,  and  AC=AB 

v  '  85         17 

+  5C=5^feet. 

EXAM.  III. 

A  body,  suspended  at  the  extremities  of  a  balance 
ivhose  arms  are  unequal,  weighs  (p)  pounds  at  one 
end,  and  (q)  pounds  at  the  other;  what  is  its  real 
iveight  ? 

A  balance  of  this  kind  is  called  a  false  balance, 
because  when  the  body  is  suspended  at  the  extremity 
of  the  longer  arm,  the  weight  which  balances  it  is 
above,  and  when  suspended  at  the  extremity  of  the 
shorter  arm,  is  be/otv>  ihe  true  weight.  But  the  true 
weight  of  the  body  is  easily  found  by  the  following 
operation ;  viz.  Let  x=  the  true  weight,  and  a  the 
arm  of  the  lever  upon  which  (p)  is  suspended  to 

balance 


J»_  V 


h 
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balance  ity  and  b  the  arm  upon  which  (q)  is  suspended 
to  balance  it;  thenar:/*  ::  a  :  b,  or  tf=^r,  and  a:  :  q 
::  £  :  a  or  x=— ;  multiply  these  two  equations 

together,  and  we  have  x* =pq  or  x  =  V/>9»  '• e*  "  ^e 
true  weight  of  the  body  is  a  mean  proportional 
between  the  apparent  weights  thus  obtained.** 


EXAM.  IV, 

To  explain  the  construction  of  the  steelyard. 

A  steelyard  is  a  lever  of  the  first  order,  having 
tvfco  unequal  arms  BC>  CD;  a  given  weight  F*\s 
moveable  along  the  longer  arm  CD>  so  as  to  sus- 
tain a  weight  of  a  variable  magnitude  suspended  from 
the  extremity  of  the  shorter  arm  CB. 
2> ^v  c   i    *    c:e 


i. 


1 .  Suppose  the  weight  of  the  arms  not  to  be 
taken  into  consideration,  then  P  :  W ::  BC  :  AC 
(Art.  1 .  page  229),  .-.  irx  BC=  P  x  AC,  and  as  P 
and  BC  are  given,  Woe  AC.  Hence,  if  Ca,  ab, 
be,  &c.  be  taken  equal  to  each  other  (or  Cb  =  2Ca, 
Cc=3Ca,  &c),  then  if  P  balances  one  pound 
when  placed  at  a,  it  will  balance  two  pounds  at  b, 
three  pounds  at  c,  &c.  &c. 

2.  Let  us  next  suppose  the  steelyard  to  have 
weight,  and  that  the  excess  of  the  weight  of  the 
longer  arm  CD  above  that  of  the  shorter  CB  is  such 

that 
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that  the  moveable  weight  P,  when  placed  at  E, 
would  keep  the  arms  in  equrKbrio;  in  which  case 
this  enus  would  be  measured  by  P  x  CE;  if  there- 
fore a  weight  W  placed  at  B  be  in  equilibrio  with 
the  weight  P  placed  at  A,  we  should  have  Wx  BC 

*PxAC+PxCE=P.AC+CE=PxAE;  con- 
sequently,  since  P  and  jB  C  are  given,  JVx  AE.  The 
construction  of  the  steelyard,  therefore,  would  be  the 
same  as  in  the  former  instance,  except  that  the 
graduation  must  begin  from  E9  instead  of  from  C. 

3*  Jk  general,  let  the  weight  of  the  arm  CDsaw, 
and  the  distance  of  its  center  of  gravity  from 
C=g;  the  weight  of  the  arm  CB=w\  and  the 
distance  of  its  center  of  gravity  from  C=g;  let 
CB  =  m,  and  Ca,  Cb,  Cc>  &c.  =  d,  d',  d",  &c.  respec- 
tively; and  let  fV9  W,  IV",  &c.  represent  the 
weights  sustained  by  P  when  placed  at  the  points 
Oj  b,  c,  &c.  successively ;  then  (by  Art.  5,  page  236,) 
the  following  equations  will  be  true  ;   viz. 

irm  +  w'g=Pd  +  wg(A) 
'iTm  +  wg^Pd  +wg(B) 
W"n  +  w'g  =  Pd"  +  wg  (C) 
&c.  =  &c. 

Subtract  (A)  from  (B),  (B)  from  {€),  &c.  &c.  then 


•*«^i^ 


W  -1T.m~P.t-d,  ord!  -d(ab)  =  Z 


wrrw. 


m 


fT" -&.m  =  P. F^T,  or  d"-(t  (bc)  =  ¥jz!H'm 

&C.  *  &C.  &C.      =  &C. 

If 


u 

€1 

€€ 
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If  fFf  W\  W'\  &c  be  io  arithmetical  progrtsnam, 
tben/T-  W=W~-  W  =  hc.. \ab=bc=&c;  mA 
if  jp'-ir, /F"-JT,  &c.  =  ii,  then  at,  be,  &c  are 

each  equal  to  —5-'     Hence  this  general  role  for 

making  the  divisions  upon  the  graduated  arm  of  a 
steelyard;  viz.  "  Let  m  =  the  length  of  the  shorter 
arm,  and  let  some  given  weight  (P)  balance 
another  given  weight  (W)  at  the  given  distance 
(Co)  upon  the  longer  arm;  let  it  =  the  least 
difference  of  weights  which  the  steelyard  is 
required  to  ascertain,   and    make  the  divisions, 

ab9  be,  &c.  each  equal  to  -^  ;  the  weight  (P) 

"  suspended  from  the  points  a,  b,  c,  &c.  will  balance 
"  IT,  W+  n,  W+  2n,  &c."Cm)     Thus  suppose  F=\lb. 

W=>  libs,  and  n  =  \lb.9  then  -?y  =  £  m ;  if  therefore 

each  division  a 6,  be,  &c.  is  taken  equal  to  \my  the 
steelyard  will  serve  for  ascertaining  weights  above 
libs,  proceeding  by  quarters  of  a  lb.;  if  w=  1  ounce 
(=!/£.),  then,  by  taking  a  b,  be,  &c.  each  equal  to 
±m, it  will  serve  for  ascertaining  the  ounces;  &c.  &c. 

EXAM.  V. 

ACB  is  a  cylindrical  straight  lever  whose  weight 
is  (w),  at  the  extremity  A  a  given  weight  (P)  is  sus- 
pended; 


(m)  If  IV  be  greater  than  W\  then  n  is  negatives  and  by 
carrying  on  the  graduation  backwards  from  a  towards  C,  P  will 
be  made  to  sustain  IT—  n,  W—1n9  IV— 3  n,  &c. 
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Ptodd ;  it  is  required  to  determine  the  position  of  the 
fidcntm  C9  so  that  P  may  be  in  equilibrio  with  the 
longer  arm  BC. 

Let  AB  =s  a,  x  Hence,    from    the    princi- 

AC=x  jples  laid  down  in  Art.  5, 

then  BC=a-x,     I*  ^       T 

W*    of  Df-^^""1  Jpage^S,  when  there  is  an 

a     .V  equilibrium,  we  have, 


wx      w        w.a  —  x 


P  xx  +  —  x  \x  =  — x  i.a  —  x, 

a        2  a  2 

n        wx*        w  .a  —  x*} 

or  Px  +  - —    =  — , 

2a  2a 

•\  2aPx+    wx%  =  wa*  —  2awx  +  wx*9 

and      2.P  +  w.x    =nua, 

wa 


or  x  = 


2.P  +w 


Cor.   If  P=sie,  then  x  =  \a,  or  AC=\AB  the 
length  of  the  lever. 

EXAM.  VI. 

P  and  W  are  suspended  from  the  extremities  of 
the  arms  qf  the  bent  lever  ACB  (whose  weight 
is  not  taken  into  the  consideration);  it  is  required 
to  Jind  the  angle  of  inclination  (ACB),  so  that 
when  there  is  an  equilibrium,  AC  shall  be  parallel 
to  the  horizon. 

By 
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By  Art.  3,  page  237,  i> :  r  ..  BC  x  tin.  CBD 
iACx.*m..  jlPAC;  but  sin.  L.PAC=r*L  =1, 

and    sin.    CBD    —    cos.  ^-         .£■ J? 

jLBCD;.'.  P-.ir.-.BCx 

cos.  BCD  :  AC  x  l,  hence 

cos.  BCD—  z= — inTv  from 

which  L-BCD  (and  con- 
sequently ACB,  which  is 

equal  to  180° -BCD)  is 
known. 

AC 
Cor.  1.  If  P=tr,  then  cos.  BCD=^^',  and 

AC 
BC=2AC,  then-™=£;  .-.  cos.  BCD= i= cos. 

60°;  hence  ACB=  120°. 


Cor.  2.  UAC=BC,  then  cos.  BCD=L\  and 

P  ^ 

if  JT=2P,  then  £=i;    .'.  cos.   BCD-\^  cos. 

(5o° ;  hence,  in  *Aw  case  also,  the  L-ACB  is  120\ 


EXAM.  VII. 

.FVwb  *Ae  extremities  of  the  arms  CA>  CB  of  a 
hent  lever 9  the  weights  P9  IV  are  suspended;  it  is 
required  to  determine  the  position  of  the  lever  when 
these  weights  are  in  equilibria. 

Through  C  draw  MN  parallel  to  the  horizon, 
and  produce  PA,  WB  to  meet  it  in  M  and  N;  by 

Art.  1, 
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Art.  I,  page  236,  the  lever  will  be  in  equilibrio,  when 
P  :  W\\  CN:  CM.  Join  AB,  and  draw  CD  paral- 
lel to  MP  or  NfV;  CD  will  cut  AB  in  the  same 
proportion  that  it  does  MJS  (Euc.  6.  JO),  i.  e.  DB 
:  At)  ::  CN  :  CM;  hence  Z)fi  :  AD  ::  P  :  /P; 
from  which  it  appears  that  "  if  the  line  AB,  which 

u Joins  the  extremities  of  M* c 

"  the  arms  of  the  lever,  be 
"  divided  in  the  point  D,  in 
"  the  ratio  of  P  :  W,  and 
that   point    be    brought 
immediately    under     the  W( 

center  of  motion,  it  will  give  the  position  of  the! 
"  lever  when  P  and  /Fare  in  equilibrio/' 

EXAM.  VIII. 

If  from  the  arms  of  a  straight  lever,  ACB,  two 
weights  P.  W  be  suspended,  and  the  lever  be  made 
to  turn  round  its  center  of  motion  (C),  then  will  these 
two  weights  describe  similar  circular  arcs,  whether 
they  be  suspended  by  equal  strings  AP,  BW^or  by 
unequal  strings  AP,  BW\ 

1.  Let  us  first  suppose  them  to  be  suspended  by 
equal  strings  AP,  BfV,  and  let  the  lever  be  turned 
from  its  horizontal  position  ACB  to  any  other  posi- 
tion aCb;  the  weight  P  in  the  mean  time  descri- 
bing the  line  Pp9  and  the  weight  TV  to  the  line 
Ww.  Complete  the  parallelograms  ACEP,CEWB, 
(which  will  evidently  form  one  parallelogram 
tAPfVB)  and  join  Ep,  Ew;  then  (since  ap  =  AP 

2  k  =CE) 
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CE)  ap  and  CE  will  be  equal  and  parallel, 
(Euc.  1.  33) 
Cap  £  is  a  paral- 
lelogram. In  the 
same  manner  it 
may  be  proved 
that  CEwb  is 
a  parallelogram, 
and  that  CapE, 
CEwb  form  one 
parallelogram  pf- 
apwb.  Now  Ep 
=  Ca=CA=EP, 
."•  Pp  is  a  cir- 
cular arc  whose 
center  is  E,  and  radius  EP  or  CA;  for  same  reason 
Ww  is  a  circular  arc  whose  center  is  E  and  radius 
EW "or  CB;  and  since  the  angle  fVEw  is  equal  to 
the  angle  PEp9  the  arcs  Pp,  JPto  are  concentric  and 
$i/?w7ar. 


2.  Suppose  now  the  string  BW  not  to  be  equal 
to  the  string  AP ;  then  complete  the  parallelogram 
CBWD,  and  (w'  being  the  position  of  W  when 
the  lever  is  in  position  a  Cb)  join  Dw\  In  the  same 
manner  as  before,  it  maybe  proved  that  JP  describes  a 
circular  arc  W>w\  whose  center  is  D9  and  radius  D  W* 
or  CB ;  but  it  is  evident  that  DW  is  equal  to  EW 
(being  opposite  sides  of  a  parallelogram),  the  arc 
W'w  is  therefore  equal  and  similar  to  the  arc  Ww  ; 
hence  "  P  and   W  describe   similar  circular  area 

<c  whilst 
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"  whilst  the  lever  moves  from  the  position  ACB 
"  to  the  position  a  Cb,  whether  the  strings  by  which 
"  they  are  suspended  be  equal  or  unequal." 


XXXII. 

QUESTIONS  for  PRACTICE. 

1.  At  one  extremity  of  a  straight  lever  whose 
length  is  7  feet,  a  weight  of  10  pounds  is  suspended ; 
at  the  distance  of  2  feet  from  the  point  of  suspension 
a  fulcrum  is  placed;  What  weight  must  be  suspended 
from  the  other  extremity  of  the  lever,  to  keep  it  in 
equilibrio  ?  Ans.      Albs. 


2.  A  lever  of  the  second  order  is  20  feet  long  ;  at 
what  distance  from  the  fulcrum  must  a  weight  of 
1 1  "libs,  be  placed,  so  that  it  may  be  supported  by  a 
power  (able  to  sustain)  50  pounds,  acting  at  the 
extremity  of  the  lever? 

Ans.      8  feet  and  11-  inches. 

7 

3.  A  cylindrical  straight  lever  is  10  feet  long,  and 
weighs  6lbs. ;  its  longer  arm  is  7,  and  its  shorter 
3  feet;  at  the  extremity  of  its  shorter  arm  a  weight 
of  21  pounds  is  suspended ;  What  weight  must  be 
placed  at  the  extremity  of  the  longer  arm,  to  keep  it 
in  equilibrio  ?    (See  Art.  5,  page  234.) 

Ans.      7  y  pounds. 

A.  A 
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4.  A  body  weighs  10  lbs.  Qoz.  at  one  end  of  a  false 
balance,  and  12 %lbs.  at  the  other;  What  is  its  real 
weight  ?  Ans.      1 1  lbs.  and  6  oz> 

5.  ^and  B  are  of  the  same  height,  and  sustain 
upon  their  shoulders  a  weight  of  150  lbs.  placed  on 
a  pole  8£  feet  long ;  the  weight  is  placed  3£  feet 
from  A ;  What  is  the  weight  sustained  by  each 
person  ?    See  note  (a),  page  232. 

Ans.  A  sustains  88-^/fa,  and  B  sustains  6li?/fo. 

6.  The  longer  arm  of  a  steelyard  is  8  feet,  and  the 
shorter  6  indies ;  and  its  apparatus  of  hooks  Sep.  is 
so  contrived,  that  a  weight  of  5  pounds  placed  upon 
the  longer  arm,  at  the  distance  of  one  foot  from  the 
center  of  motion,  will  balance  12  pounds  placed  at 
the  extremity  of  the  shorter  arm ;  the  moveable 
weight   (of  5 lbs.)  cannot  conveniently  be  placed 

%  nearer  to  the  fulcrum  than  6  inches ;  What  must 
be  the  graduation  of  the  steelyard  that  it  may  weigh 
half  pounds,  and  what  will  be  the  greatest  and 
least  weights  that  can  be  ascertained  by  it  ? 

Ans.      The  graduation  is  -  of  an  inch ;  greatest 

6 

W\  =  82lbs9   least  =  7 lbs. 

7«  The  arms  of  a  straight  lever  are  to  each  other 
as  3  :  2,  and  it  is  acted  upon  obliquely  by  two  forces ; 
the  force  (P)  applied  at  the  extremity  of  the  longer 
arm  is  inclined  to  it  at  an  Z.  of  45°,  and  (p)  at  the 

shorter 
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shorter  in  an  Z.  of  6o°;  What  is  the  proportion 
between  the  forces,  when  the  lever  is  in  equilibrio  ? 
See  Art.  3,  page  237.         Ans.       P  :  p  : :  y/6  :  3. 

8.  The  arms  of  a  bent  lever  are  equal,  and  P  :  W 

: :  1  :  V2 ;  What  must  be  the  inclination  of  the 
arms  to  each  other,  that  the  arm  from  whose  extre- 
mity P  is  suspended  may  be  parallel  to  the  horizon  f 

Ans.       135°. 

0.  In  a  combination  of  levers  connected  together 
in  the  manner  represented  in  the  Fig.  page  239, 
the  three  shorter  arms  (BC,  DF,  EG)  are  respec- 
tively 1,  2,  and  4  feet ;  the  three  longer  arms  (AC, 
BF9DG)  are  9,  Jl,  and  12  feet;  the  weight  (P) 
suspended  from  A  is  3  pounds;  What  weight  will  it 
sustain  at  E  ?  Ans.     445%  lbs. 


Lecture 
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Lecture  VIII. 


ON  THE  WHEEL  AND  AXLE5   AND  THE  PULLEY. 


JL  he  principle  of  the  wheel  and  axle  is  so  analo- 
gous to  that  of  the  lever,  that  this  may  naturally  be 
considered  as  the  next  in  order  of  the  mechanical 
powers. 

XXXIII. 

On  the  Wheel  and  Axle. 

1 .  In  order  to  explain  the  manner  in  which  the 
wheel  and  axle  operate  upon  each  other,  suppose  DE 
to  be  a  cylindric  roller  supported  upon  the  props 
LH,  MQ,  and  moveable  about  the  axis  LM. .  Let 
two  straight  inflexible  rods  AG,  EC  be  inserted 
into  this  cylinder,  in  a  direction  perpendicular  to  the 
axis,  but  parallel  to  each  other  and  to  the  horizon; 
let  another  rod  PK  be  also  inserted  perpendicular 
to  the  axis,  but  making  any  angle  with  the  plane 
passing  through  BC  or  AG.  From  the  extremities 
of  the  rods  BC,  AG  let  the  weights  W,w  be  sus- 
pended^   then   (by  Art.  2,  page  230)   /TxBCwill 

represent 
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represent  the  effect  of  Wy  and  w  x  AG  the 
effect  of  w,  to  turn  the  roller  about  the 
axis  LM;  and 
supposing  the 
rods  AG,  BC, 
and  the  roller 
DE,  to  be  per- 
fectly rigid  and 
inflexible,  it  is 
evident  that 
these    two 

weights  will  counteract  each  other's  effects,  in  the 
same  manner  as  if  they  were  acting  at  the  extremi- 
ties of  the  arms  of  a  straight  lever.  When  W  and 
w  therefore  are  in  equilibria,  Wx  BC  will  be 
equal  to  w  x  AG,  or  w  :  W\\  BC :  AG;  and  this 
will  be  the  case  whatever  be  the  length  of  the  rod 
BC.  Suppose  that  rod  to  be  equal  to  the  radvis  of 
the  roller,  then  the  string  B  W  will  become  a  tan- 
gent to  the  roller,  and  the  foriegoing  proportion 
becomes  w  :  W  ::  the  radius  of  the  roller  :  AG. 
Let  us  next  suppose  the  weight  W  to  be  kept  in 
equilibrio  by  a  power  P  acting  at  right  angles  to  the 
extremity  of  the  rod  PK;  then  may  P  and  W  be 
considered  as  acting  at  the  extremities  of  the  arms 
PK,  BC  of  a  bent  lever;  and  since  they  act  at 
right  angles  to  those  arms,  (by  Art.  3,  page  237) 
P  :  W  ::  BC  :  PK**\  and  (when  BW  acts  as  a 
tangent  to  the  roller)  P  :  Wv.  radius  of  the  roller :  PK. 

2.  This 


(a)  For  in  this  case,  sin.  *=sin.  0. 
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2.  This  mode  of  estimating  the  effects  produced 
by  forces  acting  upon  a  lever  whose  arms  are  .in 
different  planes,  leads  immediately  to  the  explanation 
of  the  manner  in  which  any  weights  or  forces 
sustain  each  other  by  means  of  the  wheel  and  axle. 
For,  let  the  weight  W  (which  is  suspended  by  a 
rope  going  ronnd  the 
axle  DE)  be  kept  in 
equilibrio,  either  by 
another     weight     (w) 


at  right  H 
angles  to  the  handles  TS,  Pi,  &c.  of  the  wheel 
St  V,  and  let  the  planes  of  these  wheels  be  at  right 
angles  to  the  axis  LM  of  the  machine  ;  then,  in  the 
former  case,  the  weight  w  may  be  considered  as 
sustained  by  a  weight  (w)  acting'  at  right  angles  to 
the  extremity  of  the  arm  ACoi  a  straight  lever,  and 
in  the  tatter  by  a  power  (P)  acting  at  right  angles  to 
the  extremity  of  the  arm  t K  of  a  bent  lever,  the 
weight  itself  in  each  case  acting  at  the  distance  of 
the  radius  of  the  axle  from  the  center  of  motion ; 
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hence,  by  Art.  1.  w  or  P  :  IV  w  radius  of  the  axle 
:  AC  or  tK>  i.e.  "  the  weight  or  power  acting  at  the 
€€  circumference  of  the  wheel :  weight  sustained  upon 
u  the  axle  : :  radius  of  the  axle  :  the  radius  of  the 
«  Ufheel^r 

3.  If  the  power  does  not  act  at  right  angles  to  the 
radius  of  the  wheel,  but  in  some  ohlique  direction, 
as  AP  (in  the  annexed 
Figure,which  represents 
a  section  of  the  wheel 
and  axle),  then  let  fall 
CD  perpendicular  to  g| 
A  P.     By  the  property 


tc 


*c 


of  the  lever,  P  and  W 
are  to  each  other  "  in- 
<c  versely  as  the  perpen- 
"  dkulars  let  fall  from 
€*  the  center  of  motion 

upon  the  directions  in 

which  they  respectively  act ;"  in  this  case,  there- 
fore, P  :  W\\  CB  :  CD  ::  radius  of  the  axle  :  sine  of 
the  Z.  which  P  makes  with  the  radius'  of  the  wheel. 

4.  Hitherto  we  have  not  considered  the  thickness 
of  the  rope;  when  that  is  taken  into  the  account, 

we 

—^ — —  ■  ■  ■         ■    i    I.  .  '    '  ' '— — ■— » 

(*)  Ltt  As  radios  of  the  wheel,  r=  radios  of  the  axle,  then 
P\  Wuri  It,  :.  PxR^Wxr;  if  IP*  and  r  he  given,  and 
Rmn&  11  variable,  thenPoc^-  i.e.  "  to  sustain  a  given  weight 
"  ttpob  a-  given  axle,  the  power  must  be  increased  as  the  radius 
"  of  the  wheel  n  diminished;  and  vice  versa'* 

2  V 
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■ 

we  must  add  the  half  of  it  to  the  distance  at 
which  fVsLtidw  respectively  act(m).  Let  therefore 
2  *= diameter  of  the  rope,  and  let  /?=  rad.  of  the 
wheel,  r=  rad.  of  axle;  then  if  the  thickness  of  the 
rope  be  taken  into  the  consideration,  we  have 
w  :  W\\  r  +  t  :  R  +  t;  and  since  in  this  case  the 
same  quantity  (t)  is  added  to  each  term  of  the 
ratio  r  :  R"h\  w  must  bear  a  greater  ratio  to  W  than 
that  of  r  :  R9  or  of  the  radius  of  the  axle  to  the 
radius  of  the  wheel{c) . 

5.  To  find  the  pressure  upon  the  props  LH>  MQ 
(Fig.  in  p.  254),  when  two  weights  W>  w  keep  them- 
selves in  equilibrio  about  the  wheel  NRO  and  axle 

DE, 


(')  For  W,w  act  in  the  direction  of  the  axis  of  the  rope,  and 
this  axis  is  evidently  removed  from  the  circumference  of  the 
wheel  or  axle  by  half  the  thickness  of  the  rope. 

(b)  For  r  :  R  is  a  ratio  of  lesser  inequality,  .'.  it  is  increased  by 
this  addition  of  the  same  quantity  to  each  of  its  terms.  (Alg. 
Sect.  53.  Lect.  8.) 

(c)  In  this  article  we  have  considered  the  ropes  which  go  round 
the  wheel  and  axle  to  be  of  the  same  thickness,  and  that  it  coils 
round  the  axle  but  once.  But  suppose  the  thickness  of  the  rope 
to  which  Jfis  appended  to  be  2  T,  that  of  w  to  be  2  /,  and  that 
the  rope  coils  round  the  axle  any  number  of  times  denoted  by  n, 
then  it  is  evident,  that  for  each  coil  of  the  rope  after  thtjirst,  fPwill 
be  further  removed  from  the  circumference  of  the  axle  by  the 
whole  thickness  (27)  of  the  rope;  the  most  general  form  there- 

Jbre  under  which  the  relation  of  w  :  JFcan  be  exhibited,  when 
the  thickness  of  the  rope  is  taken  into  the  consideration,  is, 
w  :  W\\  r+2n—  \.T  :  R+t. 
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DEy  Jet   flsw1.  of  the  axle,  and  ^f=w*.  of  the 

wheel  NRO}  and  (in  the 

annexed  Figure)  let  X L  x       G       c  ** 

denote  the  distance  of 

the  weight  (W)  from  L,  and  C  the  position  of  the 
wheel;  moreover,  let  G  be  the  common  center  of 
gravity  of  W  and  w ; (d)  then  the  pressure  of  the  axle 
upon  each  prop=£a;(e>  pressure  of  the  weights  Wyw 

upon  the  prop  LH= ym — *  uP°n 

prop  MQ= ^-f — p ;  the  pressure  of  the* wheel 

T  rr    AxMC  lifir>    AxLC    . 

upon  LH= — ,  M  3  upon  M Q= — ttt-*>  hence 

the    w/to/e     pressure   upon    the    prop    LH=\a 

+ j-=r^ ,  and  upon  the  prop  M Q 

,       AxLC+W+lv.LG(r 
=  *a  + Of" (  •  6.  In 

(d)  The  point  X  in  this  Figure  is  supposed  to  be  that  point 
where  .a  plane  passing  through  the  rope  xlV  (Fig.  in  pag.  254),  at 
right-angles  to  the  axis,  intersects  the  axis $  and  the  point  C  is 
supposed  to  be  the  center  of  the  wheel ;  so  far  therefore  as  the 
pressure  upon  the  props  LH,  MQ  is  concerned,  it  is  evident  that 
the  weights  W,  w  may  be  considered  as  placed  at  X  and  C  re- 
spectively. Take  GX  :  GC  \\w\W,  then  G  will  be  the  common 
center  of  gravity  of  IV  and  w,  and  the  pressure  of  W  and  w 
upon  the  props  will  be  the  same  as  if  a  weight  equal  to  W+w 
was  placed  at  G.     (Aft.  7.  pp.  99, 100.) 

(•)  For  the  weight  of  the  axle  acts  in  a  similar  manner  upon 
each  of  the  props ;  and  as  the  two  props  sustain  its  whole  weight, 
it  is  evident  that  each  prop  must  sustain  half  that  weight. 

(0  For  the  manner  of  calculating  the  respective  pressures  of  A 
and  W+w  upon  the  props  LH,MQ,  the  reader  is  referred  to 
Note  (a),  page  232,  and  Note  (a),  page  234. 
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6.  In  the  same  manner,  we  might  compare  the 
pressure  upon  the  props  LH,  MQ,  when  the  weight 
(JV)  is  sustained  by  means  of  a  power  (P)  acting  upon 
the  handles  of  the  wheel  StV  (Pig.  in  page254); 
except  that  in  this  case,  since  P  and  IV  may  act 
on  the  same  or  on  opposite  sides  of  the  axis  of 
motion,  and  since  P  acts  at  different  degrees  of 
obliquity  during  one  revolution  of  the  wheel, 
that  part  of  the  expression  which  involves  the  pres- 
sure of  P  and  W  will  he  variable,  and  assume  the 
form  of  mJV±nP,  where  tlie  positive  or  negative 
sign  must  be  used  according  as  Wand  P  are  on 
opposite  sides  or  on  the  same  side  of  the  axis. 

7.  In  a  combination  of  wheels,  such  as  is  repre- 
sented in  the  annexed  Figure,  where  a  power  (P)  acts 
upon  the  winch  or 
handle  PQ,W  which 
turns  the  wheel  A, 
which  acts  upon  the 
wheel  B,  from  which 
the  motion  is  propa- 
gated through  the 
wheels  C  and  D  to 
the  axle  £,  about 
which  the  rope  that 

sustains  the  weight 

(tV)  is  wound,  let  the  force  exerted  by  the  wheel  A 

upon 

(»)  In  this  case  the  effect  will  evidently  be  the  nme  u  if 
[he  power  acted  at  tht  circumference  of  a  wheel  whose  radiits 
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DE9  Jet   flxw1.  of  the  axle,  and  A=vt*.  of  the 

wheel NRO,  and  (in  the 

annexed  Figure)  let  X L  x       G       c  M 

denote  the  distance  of 

the  weight  (IV)  from  L,  and  C  the  position  of  the 

wheel;   moreover,  let  G  be  the  common  center  of 

gravity  of  W  and  w ; (d)  then  the  pressure  of  the  axle 

upon  each  prop=£a;(e)  pressure  of  the  weights  fV9w 

upon  the  prop  LH= ym — »  anc*  uPon  t"e 

prop  MQ  =  — "TIT — p ;  t'ie  Pressure  °f  ^e  w^ee^ 

T  TT    A*MC  njtr,    AxLC    . 

upon  LH= — ,  „   ,  upon  AfQ=  ■  ,  ^    ;  hence 

the    whole     pressure  upon    the    prop    LH=\a 
+ ^r^ ,  and  upon  the  prop  MQ 

AxLC+W+lv.LG(r 

=  *a  + LM (  '  6.  In 

(*)  The  point  A'  in  this  Figure  is  supposed  to  be  that  point 
where  .a  plane  passing  through  the  rope  xlV  (Fig.  in  pag.  254),  at 
right-angles  to  the  axis,  intersects  the  axis  >  and  the  point  C  is 
supposed  to  be  th*  center  of  the  wheel ;  so  far  therefore  as  the 
pressure  upon  the  props  LH,  MQ  is  concerned,  it  is  evident  that 
the  weights  W,  w  may  be  considered  as  placed  at  X  and  C  re- 
spectively. Take  GX  :  GC  ww\W9  then  G  will  be  the  common 
center  of  gravity  of  IV  and  w,  and  the  pressure  of  W  and  te 
upon  the  props  will  be  the  same  as  if  a  weight  equal  to  W+w 
was  placed  at  G.     (Aft.  7.  pp.  99, 100.) 

(•)  For  the  weight  of  the  axle  acts  in  a  similar  manner  upon 
each  of  the  props  j  and  as  the  two  props  sustain  its  whole  weight, 
it  is  evident  that  each  prop  must  sustain  half  thai  weight. 

(0  For  the  manner  of  calculating  the  respective  pressures  of  A 
and  W+w  upon  the  props  LH,MQ,  the  reader  is  referred  to 
Note  (a),  page  232,  and  Note  (a),  page  234. 
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(  then,  by  Art.  2, 

j  P  (12) :  /F(100) ::  r  (6)  :  x, 
Let  r=  radius  of  axle,  /  g^  j*.  h, 

x=...  of  wheel,  \.9.  x=—=  50  indies  =  4  2, 

and  the  diameter  =  8   4. 

EXAM.  II. 

^  weight  of  500  lbs.  is  sustained  by  a  rope  of  one 
inch  diameter ',  going  round  an  axle  whose  radius  is 
8  inches;  and  the  power  acts  close  to  the  circumference 
of  a  wheel  whose  radius  is  4  feet;  what  is  the  ratio 
ofPifVf 

This  ijb  a  case  of  Art.  4,  where  the  weight  is 
not  kept  in  equilibrio  fay  another  weight,  but  by 
some  power  acting  upon  a  handle  close  to  the  cir- 
cumference of  the  wheel  (as  P  acts  upon  the 
wheel  StVm  Fig.  page  254),  and  .'.  t  disappears  in 
the  4  th  term  of  the  proportion  w  (or  P)  :  W\ :  r  +  t 
:  R  +  t,  which  becomes  P  :  W ::  r  + 1  :  R.  In  the 
present  instance,  fP=5003  r=8  inches,  *  =  £  inch, 

4250 
/?*= 48  inches,  .\  P  :  500  ::  8|  :  48,  or  P= 

48 
=  88.54/fo.(a) 

EXAM.  III. 

In  the  Figure,  page  258,  PQ  =  one  foot;  radii  of 
wheels  Ay  C  are  each  4  inches;  radii  of  wheels  J5,  L> 

are 


(•)  If  the  thickness  of  the  rope  be  not  considered,  then  P  :  W 
(500)  ::  r  (8)  :  R  (48),  .-.  P=!52?=83.33 ,  it  makes  a  dtfe- 

'tree  therefore  of  5 .21  lbs.  whether  this  thickness  be  or  be  not 
taken  into  the  account. 
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mre  each  1 5  inches ;  and  the  radius  of  the  axle  E 
is  3  inches;  what  power  must  be  applied  at  P  to  sup- 
port  a  weight  of  6oolbs.  ? 

By  Art.  7,  P  :  W  (600)  ::  a  x  r  x  r ' :  PQ  x  R  x  It, 

::  3x4x4   :   12  xl5xl5, 

2400 
::  4:225,    .\  P=  — r=10j/fo 

EXAM.  IV. 

In  a  combination  of  wheels  and  axles,  in  which  the 
circumference  of  each  axle  is  applied  to  the  circum- 
ference of  tlte  next  wheel}  and  in  which  the  ratios  of 
-  the  radii  of  the  wheels  and  axles  are  2:1,4:1, 
8  :  \,  &c....9  2*  :  1  (where  n=*the  number  of  wheels) 
there  is  an  equilibrium  when  the  power :  weight  ::!:/>., 
Required  the  number  of  wheels? 

This  is  a  case  of  Art.  8,  where  P  :  Wwrxr 
x  r"  &c  :  Rx  R  x  K  &c ;  and  in  the  present 
instance,  1  :  p  ::  1  x  1  x  1  &c.  :  2  x  2*  x  2s  &C...2- 
::    1    :  £»*•«+*••■»  ::  1    :   2*^,    .'.  p  =  2n^,   and 

p*=xT+*l  hence  2  log.  p  =  n*  +  n.log.  2,  or  n%  +  n 

—      °ff'P  (which  put)  =  a ;  then  solving  the  qua- 

,_              *j4a+l-l 
dratic  equation,  we  have  n  =x . 

XXXIV. 

On  the  Pulley,  and  System  of  Pulleys. 

A  pulley  is  a  small  grooved  wheel  moveable  about 

a  pivot,  the  pivot  itself  being  at  the  same  time  either 

Jlxt  or  moveable.  The  principle  upon  which  ?  weight 
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is  sustained  by  means  of  a  pulley  or  system  of  pulleys 
is  very  simple,  and  will  be  readily  understood  from 
the  following  investigation. 

1 .  In  the  single  fist  pulley  (A),  about  which  the 
weight  (#T)  is  sustained  by  the  power  (P)  acting 
on  a  string  {IV A  P)  passing  along  the  groove  in  the 
circumference,  no  mechanical  adr  \wwwmum  ■umimmmw 
vantages  gained;  for  since  therope 
passes  freely  round  the  pulley,  it 
is  evident  that  the  tension  on  each 
side  of  it  must  be  the  same,  and 
consequently  that  the  power  must 
be  equal  to  the  weight  which  it  sus- 
tains. The  only  advantageous  cir- 
cumstance attending  a  pulley  of 
this  kind  is,  that  a  given  power 
may  be  made  to  sustain  or  put  in 
motion  a  given  weight  in  a  more  convenient  manner, 
by  altering  at  pleasure  the  direction  in  which  the 
power  acts.     The  pressure  upon  the  pivot  or  axis  of 
the  pulley  (A)  is  evidently  equal  to  P  +  nr. 

2.  But  if  a  weight  {IV)  be  sustained  by  a  power  (P) 
acting  on  a  string  going  over  a  moveable  pulley 
(E)  as  well  a*  the  fixt  one  A>  then  it  is  evident  that 
this  weight  is  sustained  by  the  two  strings  AE,  DE; 
and  as  it  is  suspended  from  the  center  of  the  pmlley 
(£),  these  ropes  must  act  at  equal  distances  from 
that  center;  consequently,  each  string  must  sustain 

half 


THE  PULLEY. 


263 


But 


*• 


i 


half  the  weight  (Note,  page  232). 
,  evident,  that  whatever  is  the  ^ 
weight  sustained  by  the  string 
AE,  the  same  must  be  sus- 
tained by  the  power  (P),  which 
acts  upon  a  string  going  freely 
over  the  fixt  pulley  (A) ;  hence, 
when  there  is  an  equilibrium, 
P=\IVyotW  =  lP,  ,;PifV 
::  1  : 2.  With  respect  to  the 
pressure  upon  the  hook  D,  it 
is  I  Wot  P,  and  upon  the  axis  _ 

of  the  pulley  (A)   it   is  equal    to  P  +  \tV=lP. 

3.  The  same  principle 
pervades  the  system  of 
pulleys,  in  which  the  same 
string  goes  round  all  the  ( 
pulleys,  as  in  the  annexed 
Figures.  For  it  is  evi- 
dent that  the  weight  (IV) 
is  supported  by  all  the 
strings  at  the  lower  block; 
if  therefore  the  number  of 
these  strings  be  (n),  each 
string  mustsupportifh  part 
of  the  weight.  But  when 
there  is  an  equilibrium, 
whatever  be  the  tension 
upon  each  of  these  strings 
which  support  the  weight, 
the samewillbethe  tension 
1  j 
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on  the  string  upon  which  the  power  (P)  acts; 
hence  P-iJV,  or  JV=nP;  .:  P  :  W  ::  l  s  n  ^ 
(where  n= number  of  strings  at  lower  block,  or 
twice  the  number  of  moveable  pulleys).  The  pres- 
sure upon  ike  hook  B  or  C  is  evidently  equal  to 
P+Wr=P  +  nP  =  n~+\.P. 

4.  When  the  same  string  does  not  go  round  all  the 
pulleys,  but  each  pulley  has  a 
separate  string  CFE,  HDP, 
ABD,  &c.  going  round  it,  and 
fastened  to  the  hooks  A,  H,  C, 
&e.  then  the  relation  between 
P.  and  fVmast  be  estimated  by 
a  different  method.  Thus  (since 
the  string  CFE  goes  over  a 
single  moveable  pulley)  by  Art.  2, 

P :  weight  sustained  by  pulley  (F) 
aod  weight  luslained  by  (F) :  weight  sustained  by  {D)  :: 

,   weight  sustained  by  (/)):  weight  sustained  by  (B)\.t.W ; -, 


A 

tivt'T 

0f 

i 

£ 

1  :  2, 


&c. 


fcc. 


/.  ex  ssquo,  P  :  fFv.  1  :  2  x  3  x  1f  &c.  ::  1  :  %\ot 
W=  2'P  (if  n  be  the  number  of  moveable  pulleys). 

In 


(.)  If  two  blocks  of  pulleys  of  this  kind  (in  which  m  and 
n  are  respectively  the  Dumber  of  strings)  were  combined  together, 
so  that  the  effect  (£)  produced  by  the  Jltst  block  should  act  as 
power  upon  the  second,  then/1  :  E  ■;  1  :  m,  and  £  :  W::  1  ;  *; 
.'.  ex  aequo,  P  :  W: :  1  :  mil. 
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In  this  system  of  pulleys,  the  pressure  upon  the  hook 
A=\fV=\  x  2"P= 2*~lP;  upon  the  hook  Hi**l 
pressure  upon  A) »  \  x  am"1  P  *=  2"^*P;  &c.  &c.  and 
the  pressure  upon  pulley  22= 2  P. 


5.  Hitherto  we  have  considered  the  strings  as  act- 
ing parallel  to  each  other ;  but  suppose  the  power  (P) 
to  act  upon  the  weight 
(IV)  by  a  string  going 
over  the  moyeable  pul- 
ley (E)  in  an  oblique  di- 
rection, then  produce 
the  string  AFto  E,  and 
draw  DPat  right  angles 
to  DE  (D  being  the 
center  of  the  pulley). 
Let  FE  represent  the 
magnitude  of  the  power  acting  in  the  direction 
EF,  which  resolve  into  ED,  DF;  then  ED  is  that 
part  of  it  which  is  efficacious  in  supporting  the  weight 
(W) ;  and  since  the  string  BD  supports  the  same 
weight  which  the  string  AF  does,  the  whole  weight 
sustained  by  the  string  UFA  will  be  represented 
by  »2XE;  hence  P  ;  W-  EF :  IDE ::  rod. :  2  cos. 
JLDEFar  2  cos.  L  of  inclination  qf  the  direction 
of  the  power  to  the  direction  of  the  weight. 


6.  Suppose  there  to  be  a  system  of  pulleys  (of  the 
same  nature  with  that  in  Art.  4.)  in  which  the  strings 
do  not  act  parallel  to  each  other,  but  die  string,  CD 


is 
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is  inclined  to  the  string  CB  in  an  /.(*);  J3C  in- 
clined to  BA  in  Z.(A  ;  BA  to  AW  in  Z_(y)  &c. ; 
then,  from  what  has  just  been  proved, 


P  :  weight  sustained  at  C  ::  rad.  (1)  :  2  cos.  a> 
weight  at  C  :  weight  at  B  ::  rad.  (1)  :  2  cos.  /3, 

weight  at  B  :  weight  at  A  (W)  ::  rad.  (1)  :  2  cos.  y, 
&c.  &c,  &c.  &c. 

•\  ex  aequo,  P  :  Ww  l  :  2"  x  cos.  a  x  cos.  0  x  cos.  y 
&c,  where  n  =  the  number  of  moveable  pulleys. 


7.  There  is  another  mode  of  combining  pulleys 
together,  which  we  have  not  yet  noticed ;  viz.  when 
each  string  isjixt  into  the  weight,  as  in  the  annexed 
Figure.  In  this  case,  supposing  there  to  be  an  equi- 
librium, and  the  power  (P)  to  act  upon  a  string 
going  freely  over  the  pulley  A,  then  it  is  evident 
that  the  pressure  upon  that  pulley  will  be  equal  to 
2P9  .\  the  string  BA  supports  a  part  of  the  weight 

equal 
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equal  to  IP.  .  For  the  same  reason,  since  the  string 
FBA  goes  freely  over  the  pulley  B, 
the  string  CB  supports  AP ;  &c.  &c. 
hence  the  portions  of  weight  sup- 
ported by  the  strings  AG,  BF,  CE, 
&c.  are  P,lP,4P,  &c.  respectively, 
and  consequently  W=  P  +  IP  +  4P 
+  &c.  .  .  .  2"~lP  (where  n  =  num- 
ber of  strings  attached  to  the 
weight)  si*.  1  +2+4  +  &c.3"~' 
=  P.T^\?>.\P:  Ww  1:2*- J. 
The  pressure  upon  the  support  at 
H  is  evidently  equal  to  P  +  W=  P 


EXAM.  I. 

A  weigh  ofdQlbs.  is  kept  in  equilibrio  by  a  power 
of  Tibs,  by  means  of  a  system  of  pulleys,  in  which  the. 
same  string  goes  round  every,  pulley ;  What  is  the 
number  of tmoveable pulley sf  .,- 

Let  n=  the  number  of  strings  at  the  lower  block. 
of  pulleys;  then,  by  Art.  3,  P  (7)  :7F(56)  ::  1  :  n 


(")  The  sum  of  a  geometric  series,  v/hatejirst  term  is  1 ,  ■ 
ratio  2,  and  number  of  terms  n,  a  2*—  1.     (See  Alg.  Lect.  12. 
Sect  73.) 
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56 

as  —  a  8  =  twice  the  number  of  moveable  pulleys, 
•\  number  required  is  4. 


EXAM-  II. 

In  the  system  of  pulleys  described  in  Art.  A.  find  the 
general  relation  between  P,  W,'  and  n. 

W 
In  this  system,  W~  V  P,  .\  P=  -?  ; 

w 

and  2*=  -p> 

.\  n .  log.  2  =  log.  J^- log.  P, 

log.  W-  log.  P 
or  »r=— s-j a — # 

log.  2. 

From  which  it  appears,  that  if  any  two  of  the  three 
quantities  P,  fF,  or  n,  be  given,  the  third  may  be 
found. 

EXAM.  III. 

In  the  system  of  pulleys  described  in  Art.  6,  where 
the  strings  act  obliquely  upon  each  pulley,  the  angles 
«,  /3,  7,  &c.  are  each  of  them  6(f ;  What  is  the  retor- 
tion between  P  and  W* 

In  this  system,  P  :  W\\  1  :  2"xoos.«xco8.0xcos.y, 
&c. ;  hence,  as  a>  £,  7,  &c.  are  each  of  them  W,cos.  a, 
cos.  /3,  cos.  7,  &c.  are  each  of  them  equal  to  {sin.  3Cf 
or)§,  and  the  number  of  these  quantities  is  n; 

,\  F  \W\\  1   :  2* x  —  ::  1  :  1  ;  or  P=  ^  what- 

ever  be  the  number  of  pulleys. 

Ex. 
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I 

EXAM.  IV. 

Find  the  general  relation  between  P,  W,  and  n,  m 
the  system  of  pulleys  described  in  Art.  7 ;  and  then 
Jind  the  number  of  pulleys  necessary  Jor  a  power  of 
3  lbs.  to  support  a  weight  of  38  i  lbs. 


IV 


Here  JP=i\2»-i,  .\P=s. , 

9  2»— 1* 

:    also,  2«-l=£  /.  2»=^+l=?2t£ 


hence  »x log.  2=log.«r+P- log.  P,om=  log-  y+i>~log-  P. 

°  log.  2. 

'  *       '  log.  2.  0.301080     ' 


QUESTIONS  for  PRACTICE. 

1 .  A  power  of  3lbs.  acts  upon  a  wheel  whose 
diameter  is  6  feet ;  What  weight  will  it  keep  in 
equilibrio,  supposing  the  rope  which  supports  that 
weight  to  be  wound  round  an  axle  whose  diameter 
is  5  inches?  Ans.      43+ lbs. 

> 

3.  A  power  of  5lbs.  keeps  in  equilibrio  a  weight 
of  150  lbs.  by  means  of  a  wheel  whose  diameter  k 
lO  feet;  What  is  the  diameter  of  the  axle? 

Ans.     4  inches. 

3.  A  power  (P)  acting  by  means  of  rope  going 
aver  a  wheel  whose  diameter  is  6  feet,  supports 

a  weight 
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a  weight  of  3 20 lbs;  the  diameter  of  the  axle  is 
8  inches,  arid  the  rope  by  which  P  and  W  are 
suspended  is  2  inches  thick ;  What  must  be  the 
magnitude  of  P,  supposing  the  thickness  of  the  rope 
to  be  taken  into  consideration  ? 

Ans.      P  =  43  .24lbs. 

4.  Four  wheels,^,  B9  C,  Z>,  whose  diameters  are 
5,  4,  3,  and  2  feet  respectively,  are  put  in  motion 
by  a  power  of  10  lbs.  applied  at  the  circumference 
of  the  wheel  A;  these  wheels  act  upon  each  other 
by  means  of  three  smaller  wheels,  the  diameter 
of  each  of  which  is  8  inches ;  the  last  wheel  D 
turns  an  axle  whose  diameter  is  6  inches;  What 
weight  may  be  sustained  by  a  rope  going  over  this 
axle?  Ans.     8 100 /fa. 

5.  In  the  combination  of  wheels  and  axles  de- 

* 

scribed  in  Exam. 4.  p.26l,  P  :  W  \\  1  :  32768  ;<•- 
What  is  the  number  of  wheels  ? 

Ans.      5  wheels. 

6.  By  means  of  a  system  of  pulleys,  of  which  6  are 
moveable,  and  the  same  string  goes  round  <dl  the 
pulleys,  what  power  will  be  necessary  to  sustain  a 
weight  of  1 1 2  lbs  ?  Ans.      tylbs  f 

7.  A 


(»)  The  logarithm  of  this  number,  as  it  stands  in  the  Tables,  is 
4.51 54499  5  but,  for  the  solution  of  this  question,  it  will  be  proper 
to  make  it  4. 5 154500. 
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7 .  A  weight  is  sustained  by  a  power  attached  to  a 
rope  going  over  one  moveable  Pulley  (as  in  Fig. 
page  265),  the  direction  of  the  rope  making  an  Z_of 
45°  with  a  verticle  line  passing  through  the  center 
of  the  pulley;    What   is  the  relation  between  P 

and  Wt  Ans.     P  :  W : :  1  :  */2. 

8.  A  weight  of  640  lbs.  is  sustained  by  a  power 
equivalent  to  5  lbs.  by  means  of  the  system  of 
pulleys  described  in  Art.  4,  p.  264 ;  What  is  the 
number  of  pulleys?  Ans.      7  pulleys, 

9.  What  power  will  be  necessary  to  sustain  a 
weight  of  K)20lbs.  in  a  system  of  8  pulleys,  con- 
structed according  to  the  Fig.  in  p.  267,  where  the 
strings  are  all  fastened  to  the  weight? 

Ans.      4  lbs. 


r 
/ 


2  N  Lecture 
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Lecture  IX. 

ON  THE  INCLINED  PLANE,  THE  SCREW,  AND 

THE  WEDGE. 


JL  his  Lecture  will  comprehend  the  three  remain- 
ing mechanical  powers;  viz.  the  Inclined  Plane, 
the  Screw j  and  the  Wedge;  beginning  with  the 
Inclined  Plane,  being  that  upon  which  the  pro- 
perties of  the  Screw  more  immediately  depend. 

XXXVI. 

On  the  Inclined  Plane. 

1 .  Let  AC  be  an  inclined  plane,  whose  length  is 
AC,  height  ABy  and  base  BC ;  and  suppose  the 
weight  IV  to  be  kept  in  equilibrio  by  another 
weight  (or  power)  P  acting  freely  over  a  pulley  fixt 
at  D.    Draw (a)  WE  at  right  angles  to  AC,  meeting 

AB 


(')  This  Figure  is  in  course  to  be  considered  as  a  section  of 
the  plane  passing  through  the  center  of  gravity  of  the  weight;  and 
if  the  weight  be  not  large,  that  center  of  gravity  may  be  con- 
sidered as  placed  in  the  angular  point  (W)  of  the  triangle  DWE. 
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AB  (produced  if  necessary)  in  E ;  the  weight  W 
may  then  be  considered  as  kept  at  rest  by  three 
forces,  viz.  the  action  of 
the  power  in  the  direc- 
tion WD,  its  own  weight 
(or  gravity)  in  direction 
DE,  and  the  re-action 
of  the  plane  in  direction  » 
EW;  /.  (by  Art.2,mnm 
page  70)  these  three  fT 
forces  are  to  each  other 
as  the  three  sides  of  the 
triangle  DWE,  in  the 
directions  of  which  they  respectively  act.  Hence 
P  :  W  ::  WD  :  DE  ::  sin.  LWED  or  LACB^ 
:  sin.  JLDWE  ::  sine  of  the  Z~of  inclination  of  the 
plane  :  sine  of  the  Z.  which  the  direction  of  the  power 
makes  with  a  perpendicular  to  the  plane  at  the  point 
where  the  weight  rests  upon  it. 

2.  By  the  third  law  of  motion,  the  pressure  of 
JV  upon  the  plane  must  be  equal  to  the  re-action  of 
the  plane  upon  W;  if  therefore  EW represents  that 
re-action,  WE  will  represent  the  pressure  upon  the 
plane;  hence  P  :  pressure  upon  the  plane  ::  WD 
1  WE  ::  sin.  Z.  WED  or  L.ACB :  sin.  LWDE; 
and  W :  pressure  upon  the  plane  : :  DE  :  WE  :  sin. 
t-DWE  :  sin.  LDWE. 

3.  If 

■       ^— —       ■  ■  ■'■      ■    ■     ■  —————— —^1  ■ 

(b)  Since  the  triangles  ACB,  WAE,  are  right-angled  triangles, 
and  have  the  angle  at  A  common,  the  angle  AEWmmt  be  equal 
to  the  angle  ACB* 
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3.  If  the  power  acts  parallel  to  the  pl*ne9  then 
WD  may  be  cot**i<icrtd  as  cojreiding  with  WA,  and 
the  poorer,  the  tc  eight,  and  the  pr*s*xrc  will  be  respec- 
tively represented  by  the  three  sides  IF  A.  AEy  WE 
of  the  triangle  AIFE;  hence  P :  IF  zz  WA :  ^f£ 
::  fby  sim.  A')  -*B  :  ^/C  ::  AezgAl  of  the  plane 
:  length  of  the  plane ;  and  P :  pressure  upmn  the 
plaxe  ::  IFA  :  // £  zz  AB  z  BC  ::  At^&t  of  the 
plane  :  toe  of  the  plane ;  also  IF:  pressure  upon  the 
plane  ::  AE  z  IFE ::  ^C:  BC ::  length  of the  plane 
:  toe  of  the  plane. 

4.  If  the  power  acts  parallel  to  the  base  of  the 
plane,  (i.e.  if  the  weight  IF  be  sustained  upon  the 
plane  bj  a  force  acting  in  direction  p  FF9  and  pushing 
upwards  in  such  manner  that  p  IF  is  always  parallel 
to  the  horizon)  then  produce  p  IF  to  F;  and  when 
there  is  an  equilibrium,  the  power,  the  weight,  and 
the  pressure  will  be  respectively  represented  by  the 
three  sides  IFF,  FE,  IFE  of  the  triangle  IFFE ; 
•-.  P  :  IF  ::  J/T  :  JF£  ::  (by  sim.  A§)  ^B  :  BC 
::  height  of  the  plane  :  toe  of  the  plane;  and 
P  :  pressure  upon  the  plane  ::  //T:  /FE  ::  ^B  :  ^C 
: :  height  of  the  plane  :  length  of  the  plane ;  also, 
IF  :  pressure  upon  the  plane  : :  FE  :  IFE  : :  BC 
:  .//C  : :  base  of  the  plane  :  length  of  the  plane. 

5.  Let  a  =  Z_ of  inclination  of  the  plane,  fl=/L 
which  the  direction  of  the  power  makes  with  a 
perpendicular  to  the  plane  at  the  point  where  the 
weight  rests  upon  it;  then,  by  Art.  J,  P:  IF::  sin. « 

:  6in. 
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:   sin.  Q ;   .\  P  =  — : — ^— .     Suppose  W  and  sin.  * 

sin,  0  rr 

to  he  riven,  then  P  varies  as  -. — ~,  and  will1  conse- 

°  sm.  /3' 

quently  be  the  least  when  sin.  fi  is  the  greatest, 
i.  e-  when  the  angle  DWE  becomes  a  right  angle,  or 
P  acts  parallel  to  the  plane ;  hence  the  least  power 
will  be  required  to  raise  or  sustain  a  given  weight 
upon  a  given  inclined  plane,  when  the  direction 
in  which  that  power  acts  is  parallel  to  the  plane. 

Again,  W—  — : — ;  if  therefore  P  and  sin.  a  be 

sin.  a 

given,  then  JV<x  sin.  P9  and  will  consequently  be 

greatest  when  sin.  fl  is  greatest,  i.e.   the  greatest 

weight  will  also  be  raised  or  sustained  by  a  given  power 

upon  a  given  inclined  plane,  when  the  direction  in 

which  the  power  acts  is  parallel  to  the  plane. 

6.  Let  y**L.PPDE;  then,  by  Art. 2,  P  -.pres- 
sure upon  the  plane  : :  sin.  «  :  sin.  y,  •*•  pressure 

P  x  sin.  y     . 

upon  the  plane = -. — —  ;  if  P  and  sin.  *  be  given, 

*  sin. «  ^ 

then  the  pressure  upon  the  planeocsin.  7,  and  will 

consequently  be  greatest  when  sin.  y  is  greatest, 

i.e.  when  fVDE  becomes  a  rigfa  angle,  or  the 

power  acts  parallel  to  the  base  of  the plane{*] [. 

7-  Wheu 

(•)  In  this  case,  since  JT£  is  greater  than  FE,  it  appears  that 
the  pressure  is  greater  than  W;  but  in  this  there  is  no  inconsis- 
tency, for  it  is  evident  that  when  a  weight  is  sustained  upon  an 
inclined  plane  by  means  of  a  force  acting  in  direction  p  TV,  part 
of  the  pressure  arises  from  the  power  as  well  as  from  the  weight, 
and  therefore  the  whole  pressure  may  be  greater  than  the  weight. 
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7.  When  a  weight  (JV)  is  sustained  by  another 
weight  (P)  going  over  a  fixt  pulley  at  D,  since  the 
angle  DIVE  varies  at  every  point  of  the  plane,  it  is 
evident  that 
there  is  but 
one  point  of 
the  plane 
where  a 
given  power 
will  sustain 
a  given 

weight;  and  that  point  may  be  thus  deter- 
mined.    Take  BG  :BC::  P:  JV,  and  with 
center  B  and  radius  BG  describe  a  circular 
arc  cutting  AC  in  F;  join  BF,  and  draw 
DKL     perpendicular  to  BF,  or   to  BF 
produced ;  then  the  point  fV  where  DL  cuts  AC 
will    be    the   point   required ;    for    the   triangles 
DIVE,  BFC  being  similar, (a)  we  have  JVD  :  DE 
::  BF  or  BG  :  BC;  but  P  :  JV.i  BG  :  BC,  .\  P 
:  W\\  WD  :  DE;  hence,  by  Art.  1,  the  relation 
between  the  sides  of  the  triangle  WDE  is  such 
as  to  give  the  position  of  TV  when  there  is  an  equi- 
librium between  P  and  W. 

8.  But  when  the  power  acts  parallel  to  the  plane, 
or  parallel  to  the  base  of  the  plane,  the  ratio  of 
P:  IV 

C)  Draw  WE  at  right  angles  to  AC,  as  before,  then  L-AEW 
=  ^ACB;  and  in  the  right-angled  triangles  BKL,DBL,  the 
Z.  KLB  is  common,  /.  £_KBL=/-KDB;  hence  the  £_CFB 
=the  L>DWE,  and  consequently  the  triangle  £F£  is  itsxtfer  to 
the  triangle  DIVE. 
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P  :  Wis  constant®  through  every  part  of  the  plane; 
if  therefore  a  given  power  be  in  equilibrio  with  a 
given  weight  at  any  one  point  of  a  plane,  the  same 
power  would  also  be  in  equilibrio  with  the  weight, 
when  placed  at  any  other  point  of  that  plane.  We 
now  proceed  to  give  a  few  examples,  for  the  illustra- 
tion of  this  theory. 

EXAM.  I. 

A person  is  just  able  to  sustainbyhis  strength  a  weight 

of  200  lbs.  Wltat  weight  would  he  be  able  to  sustain 

on  an  inclined  plane  whose  elevation  is  50°,  by  means 

of  a  rope  going  round  it,  and  Jixt  to  the  top  of  the 

plane  in  the  manner  represented  in  the  annexed  Figure? 

In    this  case,  the  power  which    supports    the 

weight   acts  parallel   to   the  plane,    /.  by   Art.  3, 

P    :   W    ::    AB    :    AC    ::    sin.  t-ACB    (50>) 

:    radius  ::  7660  :   10000, 

FXr     Px  10000       ... 

or  w=-7morl  thls 

is     the    weight     supported 

by   the  rope  PWA ;    but 

since  that  rope  is  fxt  at  A, 

each  part  PW,  WA  of  that 

rope  supports  halfc)  the  weight ;  hence,  if  the  force 

exerted 

(t>)  For  P  :  WQn  one  case)  .:  height  of  the  plane  :  length  of 
plane;  and  in  the  other,  P  :  Ww  height  of  plane  :  base  of  plane 
(Art  3,  4.) 

(c)  The  case  being  similar  to  that  of  a  weight  supported  by 
two  parallel  strings  going  oyer  a  pulley. 
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exerted  'by  the  rope  PJFAssP,  the  force  acting 
an  (he  direction  iFP^P;  call  that  force  (p)9 
then  p**£P,  or  P^^p;    substitute  this  for  P, 


UJJI 


t±5&l.lQlbs.;  if  therefore  a  person  by  his  natural 
strength  is  able  to  lift  a  weight  of  QQQlbs,  acting 
•  under  the  circumstances  here  represented  he  will 
be  able  to  sustain  a  weight  of  522. IQ  lbs. 

EXAM.  II. 

Upon  an  inclined  plane,  whose  ie^Sf  is  30  feety 
and  elevation  30°,  a  weight  of  Slbs.  is  sustained  by  a 
power  of  2lbs,  acting  over  a  pulley  fixt  at  -the  distance 
<qf  10 feet  from  the  top  of  the  plane  (in  the  manner 
represented  in  Fig.  1 ,  page  27 6 J ;  It  is  required  tojmd 
the  distance  of  W  from  the  top  of  the  plane9  when 
there  is  an  equilibrium. 

'Since  AC=  20  feet,  and  L.ACB  =  30°,  AB  (  =  sin. 
30°  to  radius  AC)  will  be  equal  to  10  feet,  and 
consequently  BC=  ^/A(?—AB*=  ^300=  17  .  32 
feet;  constructing  the  Figure,  therefore,  as  in  Art.  7, 
we  have   BG  :  BC  (17-32)  ::  P  (2)  :  W  (3),  .-. 

BG  (or  BF)  =  2  x  17'32  =  n .  54  feet ;  hence,  in  the 

triangle  BFC  we  have  BC=  17 .  22,  BF  =  1 1 .  54, 
t-FCB=  30P,  from  which  the  angles  FBC,  CFB  are 
found  to  be  respectively  18°.37',  and  131°.23';  but 
the  triangle  DIVE  is  similar  to  the  triangle  BFC , 

therefore 
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v.  L WRDm&p,(mWDE~\V.sft  and  LD WE 
=  13l°.23'. 

• 

Again,  since  DWE  is  131°.  23',  and  ^df^E  a  right 
Z_  (or  90°),  the  L-DWA must  be  41°. 23';  hence,  in 
the  triangle  Z>  /F^,  we  have  AD=  10  feet,  Z.  WD  A 
=  18°.37'*  and^Z>/^=41°.23/,  from  which  AW 
is  found  to  be  4 .  828  feet,  which  gives  the  distance 
of  W  from  the  top  of  the  plane  when  P  is  in  equili- 
bria with  W. 

EXAM.  III. 

v  A  body,  is  sustained  upon  an  inclined  plane,  first  by 
a  power  acting  parallel  to  the  plane,  and  afterwards 
by  a  power  acting  parallel  to  the  base  of  the  plane. 
Compare  the  pressure  upon  the  plane  in  these  two 
different  cases. 

By  Art.  3,  when  the  power  acts  parallel  to  the  plane, 

W  i  pressure  upon  the  plane  (P) : :  length  of  the  plane 

:  base  of  the  plane. 

By  Art.  4,  vigtien.  it  acts  parallel  to  the  base  of  the  plane, 

Pressure  upon  the  plane  (p)  :  W  : :  length  of  the 

plane  :  base  of  the  plane. 
Hence,  ex  cequo>  p  :  P  : :  the  square  of  the  length  of 
the  plane  :  square  of  the  base  of  the  plane.    Thus, 
in  a  plane  whose  elevation  is  60°  (and  whose  length 
is  consequently  double™  of  its  base),  it  makes  a 

difference 


•^TWW^^^"— f^W*-^W 


O  to  Fig.  page 273,  if  L.ACB=&*>,  then  LCAR=Z<f; 
.'.  BC=z$radius=bAC,  or  AC=*BC. 

2  o 
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difference  of  4  :  1  as  to  the  pressure  upon  the  plane, 
whether  a  body  be  sustained  upon  it  by  a  force 
acting  parallel  to  t/ie  plane,  or  by  one  acting  pa- 
rallel to  the  base  of  the  plane. 

EXAM.  IV. 

Two  weights  P,  fV  resting  upon  the  inclined  pieces 
AC,  AD,  whose  common  height  is  AB,  keep  each 
other  in  equilibrio  by  means  of  a  string  going  aver  a 
pulley  fixt  at  A.     Compare  the  two  weights. 

Since  the  string  passes  freely  over  the  pulley  at 
Ay  and  the  two  weights  are  at  rest,  it  is  evident 
that  the  tension  of  the  string  A 

WAP  must  be  every  where 
the  same,  i.e.  whatever  power 
is  exerted  at  A  to  sustain  IV 
on  the  plane  AC,  the  same  is 

exerted  at  that  point  to  sustain  P  upon  the  plane 
AD;  call  that  power  (/>),  then,  since  the  power  ii\ 
each  case  may  be  considered  as  acting  parallel  ta  the 
plane,  we  have,  by  Art.  3, 


P 
andP 

.-.  P:  IV  ..AD 


IV  x.AB.AC, 
p    ::  AD:  AB  ; 
AC  : :  plane  upon  which  P  rests 


:  plane  upon  which  IV  rests. 

EXAM.  V. 

A  body  is  supported  between  two  inclined  planes 
of  given  elevations ;  compare  the  pressure  upon  the 
planes. 

Let 
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Let  NHL  represent  a  perpendicular  section;  of 
the  body  passing  through  its  two  points  of  contact 
(H,L)  with  the  planes;  and  from  those  points 
draw  BF,LF  at  right  angles  to  the  planes  DCt 
AC  respectively.  From  their  intersection  F,  draw 
FG  perpendicular  to  the  horizon,  and  let  it  repre- 
sent the  weight  of  the  body.  Through  G  draw  GO 
parallel  to  LF;  then  the  D 
three  sides  of  the  triangle 
GOF  will  be  in  the 
direction  of  the  three 
forces  which  keep  the  bo- 
dy at  rest  upon  the  plane 
AC,  viz.  GO  will  repre- 
sent the  re-action  of  the 
plane  Ap,  OF  the  re-action  of  the  plane  DC,  and 
FG  the  weight  of  the  body ;  and  in  the  same  manner 
it  may  be  shewn  that  the  three  sides  of  the  same 
triangle  will  represent  the  three  forces  which  keep 
the  bddy  at  rest  upon  the  plane  DC.  Through  G 
draw  MGK  parallel  to  the  horizon ;  then  since  the 
three  sides  of  the  AGOF  are  perpendicular  to  the 
three  sides  of  the  triangle  MCL{'),  MCK  must  be 
iimilar  to  GOF  (see  Note,  page  71)  ;  and  since  the 
weight  of  the  body,  the  pressure  upon  the  plane 
DC,  and  the  pressure  upon  the  plane  AC,  are  re- 
spectively represented  by  the  three  sides  FG,FO, 
QQ  of  the  AGOF,  they  will  also  be  represented  by 

*X  the 

•y  ,.  , _____ 

Q  FaZ^S^p^kdicular  to  MK,  FO  to  HC,  and  OG 
(being  parallel  to  F^Os  perpendicular  to  KC. 


,?(■„' 


./ 
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the  three  sides  MK,  MC,  CK,  of  the  triangle 
MCL.  Hence  the  pressure  upon  DC  :  weight  of 
the  body : :  (FO  :  FG  : :)  CM :  MK : :  sin.  L.MKC 
or  ACB  :  sin.  L.MCK;  and  the  weight  of  the 
body  :  the  pressure  upon  AC  : :  (FG  :  OG  ::)  MK 
:  CK  ::  sin.  L.CMK  or  jDC£  :  sin.  L.MCK ; 
.'.  ear  £»^tto,  the  pressure  upon  DC :  the  pressure 
upon  AC  ::  sin.  JLACB  :  sin.  JLDCE.  Thus 
suppose  L>DCE**(kf9  LACB=3(f,  then  pres- 
sure on  DC  :  pressure,  on  ^fC ::  sin.  30^  :  sin.  6o* 

::i:V5::  *  :N^' 

Cor.  Let  *=  /LDCE,  0=  Z.^CB,  then  LMCK 
=  l80°-«  +  /3;  /.  pressure  on  DC  :   W  ::  sin.  0 

:  sin.   180?— *  +  /3,  and  pressure  upon  AC  :   IF 

::  sin.  «  :  sin..  180°  —  «  +  0 ;  consequently  the  wm 
of  the  pressures  upon  DC,  AC  :  IV : :  sin.  a  +  sin.  /? 

:  sin.  180*  —  a  +  0.  Thus,  if  each  of  the  planes 
be  inclined  to  the  horizon  in  an  Z.  of  60%  then  sum 
of  the  pressures  :  JV  ::  2  sin.  (ky  :  sin.  60° ::  2  :  I, 
i.  e.  the  sum  of  the  pressures  =  twice  the  weight  of  the 
body. 

XXXVIL 

On  the  Screw. 

The  Screw  combines  the  principle  of  the  Inclined 
Plane  with  that  of  the  Lever.  In  order  to  explain  the 
nature  of  this  machine,  it  will  therefore  be  necessary 

to 
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to  resolve  it  into  its  constituent  parts,  and  describe 
the  manner  m  which  these  parts  act  severally  upon 
each  other. 

1.  Let  AEB,DBC,FCG,  &c.  be  a  series  of 
imJiacd  planes,  whose  bases  EA,  BD,  CF>  fcc.  and 
height*  AB, DC,  FG,  fcc.  are  all  equal  to  each  other ; 
anil  let  them  be  placed  with  their 
boom  parallel  to  each  other,  in  the 
manner  represented  in  the 


annexed  Figure;    then  it  is 

evident     that     their    several 

lengths  EB,  BC>  CG>  &c.  will  be  all  equal,  and 

that  they   will  fall    in   one    right    line    EBCG. 

From  Art.  4,  page  27 4,  it  appears  that  if  a  power 

acts   parallel  to  the   base  of   any  one  of    these 

planes,   its  relation   to  the  weight  which   it  can 

sustain  will  be  that  of  the  height  of  the  plane  to 

the  basi  of  the  plane;   and  it  moreover  appears, 

from  Art.  8,  page  27  7y  that  it  is  immaterial  at  what 

point  of  the  plane  the  power  acts;   from  which 

it  follows  that  a  weight  {W)  would  be  sustained 

by  a  power  (iP)  acting,  parallel  to  the  horizon,  at 

any  point  o{  the  line  EBCG,  if  P  :  W  ::  height  of 

any  one  of  these  planes  :  its  base. 

2.  ■  Suppose   now   the    preceding  Figure  to  be 
wound  round  the  cylinder  AEG L  (the  circumfe- 
rence 


2S4  TH2   SCBKW. 

rewee  of  whose  base  is  just  equal  to  my  one  of  the 
&»J£,BO?CFT4cl  sothat  the  plane  £BCG 
should  form  2  protuberant  spiral  line 
ESB £C L&jhovt  the  nrke  of  the  ] 
cylinder;  each  of  the  ports  EBB, 
MAC,  CLG  of  that  spiral  line  would  in  * 
on*  case  be  amiiar  and  carnal  to  each 
other,  and  their  adpbi  £fi,£C,rGTE 
Jar.  would  be  equal  co  the  heights  AB,  jM 
DC.FG,  te.  of  the  several.  inclined  pbmaAEB, 
&BC.  FCG,  4c  As  the  mrfinarirw  of  every  part 
of  thn>  spiral  One  to  the  horizon  is  the  same  as 
that  of  the  plane  EBCG.  it  a  evident  that  the 
power  BBceanry  to  sustain,  a  weight  upon  it  will 
be  the  same  as  that  noon  the  plane  ;  viz.  P  (acting 
pmmiiti  to  tmt  base  of  the  cy&oder)  wB  be  to  if 
::  (AB  :  -f  £,  upon  the  ^w,  and  .-.  upon  the 
tf&wl  Bote  u)  E  B  :  c&cnmjierence  A  E  ::  distance 
tttmeen  nve  CamaaV  *f*  fin?  jQirad :  circumference  of 
nW  cyHnile-- 


3.  By  a  spiral  line  thus  raised  upon  the  convex 
surface  of  a  cylinder,  L>  tbrraeJ  the  external  screw  ; 
and  if  upon  the  concave  surtax  of  a  hollow  cylin- 
der of  the  same  diaraeter  a  groove  be  cut  to 
admit  this  protuberant  spiral,  it  will  form  what 
is  railed  the  internal  screw.  Let  the  external 
and    internal    screw    be  tilted    to  each   other    in 

the 
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the  manner  represented  in' the  annexed  Figure  <»}, 
and  let  the  external  screw  be  tamed  round  by  a 
power  applied  to  the 
lever  BO  (acting  parallel* 
to  t^e  hose  of  the  cylin- 
der), whilst  the  internal  [ 
scrqw  remains  fixed;  then 
it  is  evident,  from  the 
manner  in  which  the  two 
■  screws  act  upon  each 
other,  that  whilst  the  I 
lever  BC  makes  one  rw  I 
volution,  the  external  [ 
screw  will  be  elevated 
or  depressed  through  one  _[ 
of  the  spaces  ab,bc,cd,  &c.  according  to  the  direc- 
tion in  which  it  is  turned.  When  the  screw  is 
depressed, 

(*)  In  the  machine  here  represented,  the  internal  screw  is  con- 
tained in  the  perforation  of  the  beam  AL,  which  therefore  must 
be  considered  as  the  part  where  the  action  of  the  screw  takes 
place.  It  may  be  observed  that  the  form  of  the  spirals  in  this 
screw  is  not  the  same  as  that  of  the  spirals  upon  the  cylinder  in 
the  preceding  Figure.  Thejlat  form,  there  exhibited  was  only 
intended  to  explain  the  principle  of  the  screw  as  immediately 
arising  from  that  of  the  inclined  plane.  The  principle  of  the 
screw  does  not  depend  so  much  upon  the  form  as  upon  the 
inclination  of  the  spirals.  The  most  common  form  is  that] 
represented  in  the  annexed  Figure,  where  the  spirals  being  made 
tapering,  the  action  of  the  external  and  internal  screw  upon  each' 
other  is  rendered  smooth  and  easy ;  but  the  Jlat  form  is  most] 
adapted  to  those  cases  where  a  very  great  pressure  is  to  be 
created. 
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depressed,  it  drives  before  it  the  board  E  F>  which 
moves  in  the  grooves  DE9  NF>  by  which  means  a 
pressure  is  created  upon  any  substance  (&)  placed 
between  that  board  and  the  Jixt  board  KM. 

4.  Let  us  now  estimate  the  quantity  of  this 
pressure,  by  finding  the  relation  which  it  bears  to 
the*  power  which  produces  it.  To  do  this,  it  will 
be  necessary,  in  the  first  place,  to  consider  the  force 
which  would  be  generated  in  the  elevation  of 
the  screw ;  which  force  may  be  estimated  by  shew- 
ing separately  what  part  of  it  arises  from  the  action 
of  the  spirals  of  the  screw  upon  each  other,  and 
what  from  the  action  of  the  lever.  As  the  machine 
turns  round,  each  point  of  the  external  screw  acts 
upon  the  corresponding  one  of  the  internal  screw 
with  a  force  analogous  to  that  by  which  a  body  is 
sustained  upon  an  inclined  plane  when  the  power 
acts  parallel  to  the  base  of  the  plane ;  the  whole 
force  therefore  of  the  screw  will  be  of  the  same 
kind,  and  (by  Art.  2.)  will  bear  to  the  weight  which 
it  could  support,  the  ratio  of  "  the  distance  between 
two  spirals  :  circumference  of  the  cylinder."  This 
would  be  the  case,  supposing  the  force  to  act  close 
to  the  surface  of  the  cylinder ;  when  it  acts  therefore 
at  the  extremity  of  the  lever  BC,  it  will  be  increase  :i 
in  the  proportion  of  the  radius  of  the  lever  :  radius 
of  the  cylinder. 

5.    Let  d^  the    distance    between   two  spirals 
of   the    screw,    a  =  length   of   the    lever    {CB)f 


fft{iV^>  [       7t r&*,~~-fey-e~  m 
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/)  =  3.14I5   &c.   then   the  circumference  (BDE) 
of  the  circle  described  by  x--"~  i>     *\ 

the  extremity  of  the  lever      / 
=  2/wr.  LetP=  the  power   / 
acting  at  the   extremity  / 
of  the  lever  ^  p**  the  power  \ 
acting  at  the  surface  of  the   \ 
cylinder,  W=zlhe  weight      \  / 

which   is  kept  in   equi-  %%'--...S. *": 

librio  by  P,  then,  by  Art.  4, 

pxWw    d   :  circumference  AFG^\ 
J>  :/>  i.CA.CB.i  circumf.  AFG  :  circumf, BDE; 

.-.  ex  sequo,  P  :  fP  ::  d  :  circumf.  BDE  (2pa),w 

and   ipaP~tVdi    .:  P-^,   wJ*$y 

<£=     „,  ,  and  a=  —pr- ;  hence,  if  any  three  of  the 

four  quantities  IV,  P,a,d  be  given,  the  fourth  may 
be  found. 

6.  We 


(•)  ^f/'G  represents  a  section  of  tbe  cylinder  upon  which  {he 
screw  is  cot. 

« 

(b)  From  this  proportion  it  appears  that  the  relation  of  P  :  W 
depends  entirely  upon  the  distance  between  the  spirals  and  the 
circumference  which  the  power  describes,  whatever  be  the  thick- 
ness of  the  cylinder  upon  which  the  screw  is  cut;  and  since  P 

(Wd\       Wd       ,  n     d     . 

=r--l« — ,  when  IT  a  given,  P<x-;  i.e.  the  power 

necessary  to  sustain  a  given  weight  varies  directly  as  the  distance 
between  the  spirals,  and  inversely  as  the  length  of  the  lever. 

2   P 
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6.  We  have  thus  estimated  the  magnitude  of  the 
weight  which  might  be  sustained  by  a  given  power 
applied  to  the  elevation  of  the  screw;  but  this 
machine  is  more  often  used  for  the  purpose  of 
creating  a  pressure,  than  raising  a  weight;  and 
it  is  evident,  that  whatever  force  is  exerted  by 
the  screw  to  sustain  a  weight  when  it  is  turned 
in  one  direction,  will  also  be  exerted  to  create 
a  pressure  downwards,  when  it  is  turned  in  an 
opposite  direction.  Whether,  therefore,  the  screw 
be  applied  to  the  raising  of  a  weight,  or  the 
creating  a  pressure,  the  power  necessary  to  sus- 
tain the  weight  or  produce  the  pressure  will 
always  bear  to  that  weight  or  pressure  the  ratio  of 
"  the  distance  between  any  two  spirals  of  the  screw 
"  to  the  circumference  of  the  circle  which  the  power 
"  describes.9* 

EXAM.  I. 

A  screw,  the  distance  between  whose  spirals  is  one 
inch,  is  turned  horizontally  by  a  lever  whose  length  is 
2  feet,  reckoning  from  the  axis  of  the  screw ;  what 
weight  could  be  sustained  (or  pressure  produced)  by  it, 
when  a  power  of  30  lbs.  acts  at  the  extremity  of 
the  lever  ? 

By  Art.  5,  IV—  -~r —  =  (in  the  present  instance, 

for  a  s  24  inch.)  —  =  4523 .  70lbs. 

i.e.  a  power  of  30 lbs.  applied  to  a    machine    of 
this  kind  would  be  sufficient  to  sustain  a  weight, 

or 
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or  to  create  a  pressure,  equivalent  to  about  4523  lbs, 
or  somewhat  more  than  two  tons. 

EXAM.  II. 

A  person  who  could  just  lift  a  weight  of  Qolbs, 

found  himself  able,  by  means  of  a  lever  3  feet  long, 

acting  as  a  handle  to  a  screw,  to  sustain  a  ton  weight ; 

what  ivas  the  distance  between  the  spirals  of  the  screw  P 

« 

By  Art.  5,  d=  -*jp-  =  (in  the  present  case,  for 

o  r    ..;  2x3.1415  x  3  x(k)       e/>J   r   A       ,       _ 

a=3  feet)  rrr^ =  .504 /eel  as  about 

7  2240 

6  inches. 

EXAM.  III. 

In  the  annexed  Figure,  the  screw  (AB)  which  is 
turned  by  a  power  (P)  acting  upon  the  handle  (P  Q), 
turns  at  the  same  time  the  wheel  (C),in  such  a  manner 
as  to  cause  it  to  draw  up  the  weight  (W)  by  a  rope 
wound  round  the  axle  (D) ;  this  is  called  the  endless 
Screw*  and  it  is  required  to  find  the  ratio  of  P  \  W. 

Supposing  all  the  parts  of  this  machine  to  be 

nicely  adjust- 
ed, it  is  a  very 
powerful  one; 
inasmuch  as  it 
combines  the 
energy  of  the 
Screw  with  the 
multiplying  I 
power  of  the 
wheel  &  axle. 
To  estimate 

its   effect,   therefore,    let   PQ=a,    the   distance 

between 


290  THE  SCREW. 

between  two  spirals  of  the  screw  =  d,  radius  of  the 
wheel- R,  radius  of  the  axle=*r9  p  =  3.1415,  and 
Q = the  force  exerted  by  the  screw  upon  the  wheel ; 
then,  by  Art.  5, 

P  :  Q  : :  d :  Ipa, 

and  by  Art. 2,  page  255,  Q  :  W  :\  r  :  /?, 

— —  ■     ■*     ■  *     * 

/.  ex  aequo,  P  :  IV  w  dr  \  IpaR. 

_      Wdr         ,   _    iPpaR     ,  .    ,     _ 

Hence  P=r-— 5,  and  ^= — 5 —  5  let  rf=l0ne 

2paRJ  dr 

inch,  a=  12  inches,  r=4  inches,  -R=  18  inches,  and 

P= 30 lbs.  then  JF«  -        .  ' — lbs.  =  4.54  tons;  so 

4 

that,  by  means  of  this  machine,  a  power  of  30  lbs 
would  be  sufficient  to  keep  in  equilibrio  a  weight  of 
about  4  £  tons. 

XXXVIII. 

On  the  Wedge. 

All  those  instruments  which  are  used  for  the 
separation  of  the  parts  qf  bodies,  such  as  knives, 
axes,  coulters,  chissels,  &c.  &c  come  under  the 
general  denomination  of  the  wedge \  but  these 
instruments  are  made  of  such  variety  of  shapes,  and 
forces  are  applied  to  them  in  such  various  manners, 
that,  of  all  the  mechanical  powers,  the  wedge  is  that 
whose  properties  are  lust  capable  of  being  brought 
to  a  mathematical  calculus.     In  the  particular  case 

when 
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when,  the  wedge  is  of  the  form  of  a  triangular  prism, 
and  the  resistances  upon  its  sides  can  be  considered 
as  forces  acting  in  given  directions,  the  relation 
between  those  resistances  and  the  power  which 
counteracts  them  may  be  estimated  in  the  following' 


1 .  Let  ABC  represent  a  section  of  the  wedge 
perpendicular  to  the  axis  of  the  prism,  and  suppose 
its  sides  AC,BC  to  be  perfectly  smooth.  Let  a 
power  P,  whose  magnitude  and  direction  is  repre- 
sented by  ab,  act  upon  AB  the  back  of  the  wedge, 
and  let  it  be  counteracted  by  two  resistances  R,  R 
(which  are  represented 
in  quantity  and  direc-  . 
tion  by  the  lines  de,kl)  *~ 
acting  upon  the  sides 
AC,BC.  Resolve  a  b 
into  ac  perpendicular 
and  be  parallel  to 
the  back,  of  the  wedge,  and  let  de  also  be  re- 
solved into  df  perpendicular  and  ef  parallel  to 
the  side  AC;  and  since  the  side  AC  is  perfectly 
smooth,  df  only  is  effectual  to  stop  the  progress 
of  the  wedge ;  resolve  df  again  into  dg  parallel 
and  gf  perpendicular  to  the  back  of  the  wedge, 
then/g*  is  the  only  part  of  the  resistance  R  which 
is  directly  opposed  to  that  part  of  the  power 
(viz.  ac)  which  acts  perpendicular  to  the  back,  of  the 
wedge.  Let  the  resistance  Bf  be  resolved  in  the 
seme  manner,  and  let  mn  be  that  part  of  it  which 
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is  directly  opposed  to  ac;  then,  supposing  every 
part  of  the  wedge  to  be  perfectly  hard  and  inflexible, 
it  is  evident  that  there  will  be  an  equilibrium 
between  P  and  R+  R  when  ac=fg  +  mn{t). 

2.  Produce  dg  to  h;  and  since,  in  the  right-angled 
triangles,  dfh,  CAD,  the  alternate  angles  dhf,  CAD 
are  equal,  the  angle  fdg  must  be  equal  to  the 
angle  ACD  (*).    Now 

de  (R)  :  df  ::  rad.     :  sin.  L.def,  or  sin.  p, 
and  dfifg  ::  rad.     :  sin.  L-fdg,  or  sin.  «, 


flXMD. /oxsin. « 

.\  R  :  fg  ::  rad.]'  :  sin.  p  x  sin.  *,  or  /^= =^=7 • 

For  the  tame  reason wn= X l. 

fad> 

Again,  ah  (P)  :  ae  ::  rad.  :  sin.T,  /.  ac= -p^—. 

But  when  there  is  an  equilibrium,  ac=fg+mn  ;  Hence 

Pxsin.  T_/?xsin.  /oxsin.  g+iFxsin.  />'xsin.  /3 
rad.  Hra3>  ' 

p__.fi  X  sin,  /oxsin. at+Z^Xsin.  /a'xsin.  /3 
"""  rad.  x  J»in.  w 

3.  Suppose  now  the  power  (P)  to  act  perpen- 
dicular to  the  back,  and  the  resistances  (R,R) 
perpendicular  to  the  sides  of  the  wedge;  then 
sin.*-,  sin.p,  sin. /each  become  equal  to  radius  (=  l ), 
and  our  equation  becomes  P  =  R  x  sin. a  +  R  x  sin./3. 

This 


(•)  But  in  ascertaining  this  relation  between  P  and  R+K 
when  they  are  in  equilibrio,  it  should  be  recollected  that  the 
point  (c)  cannot  be  arbitrarily  assumed  -,  for  there  evidently  will 
be  a  tendency  to  vibratory  or  rotatory  motion,  unless  the  two 

resistances 
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This  equation  expresses  the  general  relation  between 
the  power  and  the  resistances 
when  they  are  in  equilibria,  and  A 
act  perpendicularly  upon  the 
back  and  sides  of  a  wedge. 
But  in  the  particular  case, 
when  the  directions  of  P> 
Ry  R  meet  in  a  point,  this 
relation  may  be  expressed  more  simply;  for  if 
those  directions  meet  in  Z>,  then  it  is  evident 
that,  this  equilibrium  is  produced  under  the  sante 
circumstances  as  that  "  of  a  body  kept  at  rest  by  th/ee 
forces  whose  directions  meet  in  that  point;"  but 
(by  Art.  3,  page  7 1 )  those  three  forces  would  be  to 
each  other  as  the  three  sides  of  a  triangle  perpen- 
dicular to  their  respective  directions;  P,R>  and 
R  will  therefore  be  to  each  other  as  the  three  sides 

of 


resistances  balance  themselves  about  that  point.  To  determine 
the  point  c  so  that  this  tendency  to 
vibratory  motion  shall  be  prevented, 
produce  gf,nm  to  k  and  o,  then 
it  is  evident  that  the  resistances 
fg,mn  will  only  balance  them- 
selves about  c  (which  may  in  this 
case  be  considered  as  the  center  of 
motion  of  au  inverted  lever  which  is 
fopported  by  a  power  or  prop  acting 
in  direction  ac)  when  fg  xck=mn 
xco,  or  ck  :  co  ::  mn  :  fg.  That  no  vibratory  or  rotatory 
motion  may  be  produced,  it  appears  therefore  that  P  must  act 
upon  the  back  of  the  wedge  in  such  a  manner,  that  the  poinjt 
at  which  it  acts  may  cut  ko  in  the  ratio  of  mn:  fg. 
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tf  the  triangle  ABC;  i.e.  P  :  R  ::  AB  '.  AC; 

P\R"  \\  AB  :  BC;  and,  consequently,  B  :  R+R 

: :  AB  :  AC+  BC : :  back  of  the  wedge  :  mm  of  the 

sides™. 

4.  If  the  wedge  be  isosceles,  and  two  equal  resis- 
tances, acting  in  a  similar  manner  upon  the  aides 
AC,BC,  are  kept  in 
equilibrio  by  a  power 
.acting  perpendicular  to 
the  back  AB,  then 
ain. KKsin./S;  K^R; 
sin.  i«'  «t  sin.  ^  ;  and 
sin.  t  e=  rod. ;  our  equa- 
tion therefore  becomes 
p_2/gxsin^xsin.« 

"  radl* 

hence  P  :2R  ::  sin.joxsin.*  :  rad.l";  i.e.  "the 

"power  :  sum  of  the  resistances  ::  sine  of  the  L. 

M  which 

O  Let  Z_^  =  «.  £.fl  =  A  then  /.C=  igo»— ^+0 
(Fig.  io  Art. 3,  page  203) ;  .-.  AB  -.  AC  :-.  sin.  l«f—m+fi 
:  sin.  0,  and  AB  :  BC  -.:  sin.  180°— «+0  :sJn.«j  hence  .**£ 
:  ^J+BC  :;  sin.  l9tf>-«+0  i  sin.  «+sin.0|  from  which  it 
appear*  that  when  the  power  and  resistance*  act  perpendicularly 
to  the  back  and  sides  of  a  wedge,  there  is  an  analogy  between 
the  case  of  equilibrium  of  P,  B,  R,  and  that  of  a  body  sup- 
ported between  two  inclined  planes  ;  for  the  sides  of  the  triangle 
ABC  correspond  to  the  sides  of  the  triangle  MCK  in  Cor.  1. 
Euun.  S.  page  263.  This  is  the  analogy  alluded  to  in  Note  (a), 
page  228. 
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"  which  the  resistances  make  with  the  side  of  the 

"  wedge  x  sine  of  %  the  vertical  L.  of  the  wedge 

u  :  square  of  the  radius.1"  Moreover, 
i.  Let  the  resistances  be  perpendicular  to  the  sides, 
then  sin.  p- rad.  .*.  P  :  iR  ::  sin.  a  :  rad. 
u  AD  i  AC. 
n.  If  the  resistances  act  perpendicular  to  the  back, 
then  R  becomes  parallel  to  CD,  .'.  f  —  m; 
P:2R::  sinT2* :  rad>  ::  AD* :  AC. 

in.  Let  the  resistances  act  parallel  to  the  back, 
then  1 80" -P=CAD= complement  of  ACD, 
.'.  sin.  l8Cf  —  p  or  sin.  p  =  cos.  ■;  hence  P  :lR 
::  sin.  *x  cos.  «  :  rad.i*  ::  £  rad.  x  sin.  2«w 
:  rad.]'  : :  \  sin.  2  a  :  rad. : :  £  sin.  £_  ^CB :  radius. 

5.  Hitherto  we  have  supposed  the  sides  of  the 
wedge  to  be  perfectly 
smooth  i  but  conceive  them 
to  be  of  such  a  nature 
-  that  the  resistances  are 
wholly  effective,®  then  the  re- 
lation between  P  and  R+R 
must  be  estimated  in  a  dif-rf  */*  *"^|1H* — J 
ferent  manner;  for  in  this 
case  it  wiltijjlRly  be  necessary  to  resolve  de  into  df 
parallel' 

(*)  For  rad.,:  cos.  a  ::  2ein.a  :  sin.  2  a,  .'.  rin.  mxcoi.r 
= |  rad.xsin.2a.        Trigonometry,  Prop. 3.   pagey. 

(*)  i.e.  j  if  (on  account  of  the  roughness  of  its  sides,  or  from 
any  offer  cause)  the  wedge  has  no  tendency  to  slide  in  the  direc- 
tions AC,  BC. 

i  a 
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parallel  and  ef  perpendicular  to  the  back  of  the  wedge, 
and  efm\\  be  the  part  of  the  resistance  directly  opposed 
to  the  power  acting  at  right  angles  to  the  back  ;  let 
kl  be  resolved  in  the  same  manner,  and  In  will  be  the 
part  of  the  resistance  R  which  is  opposed  to  P  ; 
hence,  when  there  is  an  equilibrium,  P  =>  ef+  In. 
Now  de  (R)  :  ef  ::  rad.  (l)  :  sin.  JLedf  or  Age 

::  (forAge  =  \S(f-Jeg  +  eAg)  1  :  sin.1800  —  «  +  p, 

.'.  e/=  R  x  sin.  1 80°  —  «  +  p ;  for  the  same  reason  In 

=*R  xs\xi.  180°-/3  +  />';  /.  P  =  flxsin.  1800-a  +  p 

+  R  x  sin.  180°  —  /3  +  /.  If  the  resistances  act  /rar- 
pendicular  to  the  sides,  then  p,  p  are  each  equal  to 
90°,  /.  P*flxsin.  90°-*  +  if  x  sin.  go-/3  =  JRx 
cos.  a  +  R  x  cos.  /3 ;  which  coincides  with  the  expres- 
sion in  Art.  3,  for  a,  /3  in  the  present  case  are  the 
complements  of  the  Z-'a,/3  in  that  article;  and  it  is 
evident  that  these  expressions  ought  to  coincide,  for 
when  the  resistances  act  perpendicular  to  the  sides 
of  the  wedge,  it  can  make  no  difference  whether  the 
sides  be  smooth  or  not.     We  now  proceed  to  an 

example  or  two. 

EXAM.  I. 

Two  equal  resistances  (Rf  R)  acting  at  angles  of 

6o°  and  30°  upon  the  sides  of  a  perfectly  smooth  wedge , 

are  kept  in  equilibrio  by  a  power  acting  p&pendicular 

to  its  back ;  the  angle  which  a  perpendicular  (from 

tlte  vertical  angle  of  the  wedge  to  the  back)  makes  with 

the  side  upon  which  R  acts  is  45°,  and  with  the  side 

upon  which  R  acts  30o;  required  the  ratio  of  P :  R+  R 

or  2  R 

This 


THE    WEDGE.  297 

This  is  a  case  of  Art.  2,  where  R  =  R,  sin.ir= rad. 

(which let^lj.-.P-jR.sin.fj  x  sin.a  +  sin./  x  sin.jB; 
But, 

sin.  e=sin.60°=    --J       _     _     4/3      T 

•iD.«=sin.45°=-p=)  J^V^+l     t 

VZI  = ■     ;  henc* 

ski.fi=iin.30>=     £l 

•     *      •    orv>         iK:  *:s  V^S+l  :4,&P  :  21?  ::*/5+l:8. 
•in.£=sin.30°=     ^/ 


EXAM.  II. 

-*/  power 9  acting  perpendicularly  upon  the  back  of 
a  perfectly  smooth  isosceles  wedge,  is  kept  in  equilibria 
by  two  equal  resistances  acting  at  angles  ofQ(f  upon 
the  sides  of  the  wedge ;  the  vertical  angle  of  the 
wedge  is  a  right  angle ;  what  is  the  ratio  of  P  to 
the  sum  of  the  resistances  ? 

By  Art.  4,  P:  2R  ::  sin.pxsin.«  :  racLl* :  in 


*/3      . 
=     -,  sin. 


the  present  instance  sin.p  =  sin.6o° 

l  /^         1 

=  sin. 45°=— 7=^,  rad. a  1,  .\  P  :  Q.R  ::  ^—  x   ~rr 

V  2  '  2     *f2 

#  1  : :  >/s  :  2 %f2. 

* 

XXXIX. 

In  estimating  the  relation  between  the  power 
and  the   weight  in   this  and   the   two  preceding 

Lectures, 


wnl  bear  to  die 
race  which  the 
when  the?  are  in.  apaSkna 
yemex   and   weight  being 
rection  in  which  they 


•.TUlf        .1 


1.  In  the  straight  hewer  (see  Fig.  page  248), 
since  the  arcs  P/>,  Wm  are  described  in  the  same 
*»*  by  P  and  W  les^jccliiefy,  the  re&criy  «/  P 
z rdbc% ofWzzPpz  Ww  ::  Aa  zBhzzCAz  CB 
Pwh*n  (P)and  {W)  are  ineguEftras. 


4.  h  £**4^^szfe,  wink*  the  power  d 


*  -^.  *  «*  1 1« 


the 
to  the 
the  potter  z  the 


to  the  cimmfemce  of  the 
asoaads  through  a  space  equal 
t/  ihe  exie,  .-.  the  velocity  of 
of  the  weight : :  the  circum- 
ference 


t*!  In  escimanng  the  increase  ot  the  paver  neucamy  to  put 
the  rr.Trhinr  In  motion,  the  frictmm  ci  k»  different  parti  should 
be  taksn  into  the  accoant.  If  a = the  sum  of  the  impediments 
arising  from  friction,  and  i>=the  power  which  would  keep 
the  weight  (fT)  in  tyai&rio,  then  it  it  evident,  that,  before 
the  machine  can  be  put  in  motion,  the  power  actually  employed 
most  exceed  P+p. 
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ference  of  the  wheel :  the  circumference  of  the  axle 
: :  radius  of  the  wheel :  radius  of  the  axle  : :  W :  P. 

3.  In  the  single fxt  pulley ,  the  power  and  weight 
move  through  equal  spaces  in  the  same  time,  .\  the 
velocity  of  the  power  is  equal  to  the  velocity  of 
the  weight;  and  in  this  machine  P=JV9  .'.  velocity 
of  power  ;  velocity  of  weight  ::  W  \  P. 

4.  In  the  system  of  n  pulleys  (Fig.  page  263), 
whilst  the  power  descends  through  any  space  (x)y 
each  of  the  strings  belonging  tQ  the  block  of  pulleys 
to  which  the  weight  is  appended  is  shortened  by  £#, 
.\  the  weight  ascends  through  a  space  equal  to  ±x 
in  the  same  time  that  (P)  descends  through  the 
space  x ;  hence  the  velocity  of  the  power  :  the 
velocity  of  the  weight ::  x  :  \x  ::  n  :  1  ::  W ':  P. 

3.  In  the  system  of  pulleys  (Fig.  page  l64)\ 
whilst  P  descends  through  any  space  (x),  the  pulley 
F  is  raised  through  a  space  =  § a:;  the  pulley  D 
through  a  space  =  £x£#=£a:;  the  pultey  B 
ihrough  a  space  =  §  x  \x=^x\  &c.  &c.  hence  (if 
n=the  number  of  pulleys)  velocity  of  P  :  velocity 
of  W : :  x  :  ~u  x  x  : :  2"  :  1  : :  IV :  P. 

6.  Let  ACB  be  an  inclined  plane,  up  which  the 
weight  {W)  is  drawn  by  a  power  (P)  acting  over 

a  pulley 
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a  pulley  at  A,  then  P  :  W  ::  AB  :  ^/C     Drwr 

Pfb  parallel  to  CB,  and  a  6 

parallel  to  y//i,  then  whilst 

P  descends  through  a  space 

equal    to    fVa,  IV    ascends 

upon  the  plane  through  the 

same  Apace;    but   the    space   c 

actually  described  by   (fV)   in   this  time   in    the 

direction  of  gravity,  is  b a;  .\  (when   the  velocity 

of  the  power  and   weight  are   estimated   in    the 

direction  in  which  they  respectively  act)  the  velocity 

of  P  :  the  velocity  of  TV  w  Wa  :  ab  ::  (by  sim.  A*) 

ACiAU.:  IV:  P. 

7.  In  the  scretu,  whilst  P  describes  the  circum- 
ference of  a  circle  whose  radius  is  BC  (Fig.  in 
page  287),  the  weight  is  elevated  or  depressed 
through  a  space  equal  to  the  distance  between  two 
contiguous  spirals  (d),  .\  the  velocity  of  P  :  the  ve- 
locity of  IV::  circumference  (BDE)  :  d  ::  W  ;  P. 

In  the  same  manner  we  might  trace  this  relation 
between  the  velocity  of  the  power  and  the  velocity 
of  the  weiglu  in  machines  where  the  power  and 
weight  act  obliquely  to  each  other;  but  as  the 
<>|>oration  then  becomes  somewhat  more  intricate, 
ami  us  what  has  been  already  shewn  is  sufficient 
to  establish  the  truth  of  our  proposition,  it  seems 
unnetvssary  to  pursue  the  investigation  any 
further. 

Lecture  -!• 
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Lecture  X. 


ON  THE 


PRESSURE  AND  TENSION  OF  CORDS. 


J.  he  pressure  and  tension  of  Cords,  arising  from 
the  action  of  forces  employed  in  Machinery,  may 
be  considered  in  two  points  of  view;  I.  When  the 
cords  pass  freely  over  wheels  or  pulleys.  II.  fVKen 
they  arejixt  at  both  ends^K  Each  of  these  cases 
will  require  a  distinct  investigation. 

XL. 

On  the  Pressure  and  Tension  of  Cords  passing 

freely  over  Pulleys. 

1.  Let  A  and  B  be  two  pulleys  fixt  at  a  given 
distance  from  each  other  in  the  same  horizontal 

line, 

(•)  When  the  cord  is  fixt  at  one  end,  and  (passing  over  a 
pulley  or  pulleys)  is  acted  upon  by  a  power  or  weight  at  the 
other,  it  constitutes  a  third  case  j  but  this  case  evidently  belongs 
to  that  of  a  €t  pulley  or  system  of  pulleys"  which  has  already 
been  considered  in  our  8th  Lecture. 


\- 
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line,  and  suppose  a  cord  PAWBP  to  pass  over 
them,  at  the  extremities  of  which  are  sus- 
pended the  two  equal 
weights  P,  P ;  these 
two  weights  being  kept 
in  equilibrio  by  a  third 
weight  W^.  Draw 
AE  parallel  to  CB,  and 
produce  JVC  to  meet  it  in  E,  then  the  three 
sides  CA,AE,EC  of  the  triangle  ACE  will 
represent  the  quantity  and  direction  of  the  three 
forces  by  which  the  weight  W  is  kept  at  rest ; 
for  these  three  forces  are,  1  st,  The  tension  produced 
by  P  in  direction  CA ;  2dly,  The  tension  produced 
by  P  in  direction  CB  or  AE ;  and,  3dly,  its  own 
gravity  in  direction  EC;  and  since  P=sP,AE 
or  CB  must  be  equal  to  AC.  Hence  PorP:  W 
ix  AC  or  CB.EC. 

1.  Join  A B ;  then,  since  AB  is  parallel  and  CE 
perpendicular  to  the  horizon,  the  angles  at  D  are 
right  angles,  and  the  lines  AB,  CE  bisect  each 
other  in  Z>(b).  Hence  EC =2  CD,  and  P:  W 
i.AC:  (EC  or)  2CD;  .:  <lP x  fPxx*AC xxiCD 
xx  AC  i  CD,  and  AP*  :  W*  ::  AC%  :  VD%\  also, 

4P* 


(')  In  this  and  the  following  articles  we  suppose  the  cords  to 
be  without  weight,  and  perfectly  inextensible ;  and  the  pulleys  to 
be  so  small,  and  so  adjusted,  that  the  centers  of  gravity  i£PMF>W 
&c.  may  all  lie  in  the  same  vertical  plane. 

(b)  ACE  and  ACB  being  isoueUs  triangles. 
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4Pf-  W*  xW*\\AC  -  CD'  {AD') :  CD\  .-.  CD% 

WxAD*         „       W*AD  . 

=  4P'-/T"  °r     D= JAP-W*'   whlch  gives 

the  position  of  W  when  the  equilibrium  takes  place, 

for  P,  W  and  AD  (  =  iAB)  are  known  quantities (e). 

3.  Suppose  now  that  AB  is  not  parallel  to 
the  horizon  (but  makes  some  given  angle  with 
the  horizontal  line  BD),  and  that  P'  is  not  equal 
to  P ;  then  draw  AE 
parallel  to  CB,  and 
produce  JVC  to  meet 
it  in  E.  For  the 
same  reason  as  be- 
fore, the  three  sides 
CA,  AE,  EC  of  the 
triangle  A  EC  will  re- 
presentthequantityand  P 
direction  of  the  three  forces  P,F,W>  by  which 
the  equilibrium  is  effected ;  and  since  the  propor- 
tion of  the  three  sides  of  this  triangle  is  known, 
its  three  angles  may  be  found.  Let  CAE=s*, 
AEC  or  ^ECB  =  P;  then  since  AE  is  parallel 
toCB,  the  L. ACB  =i&(f-CAE=  180°-*.  Now 
the    I.DBC  =QO°-ECB=go°-l3;    if  therefore 

JLDBA 

(«)  If P= i IV, otIPt^W,  then 4P»=  W*% and 4P«- 1^=0$ 
if  W  be  greater  than  2P,  then  4P«—  JF«  is  negative;  in  the 
former  case,  therefore,  the  value  of  CD  becomes  infinite,  and  in 
the  latter  impossible;  which  shews  that  if  JFbe  equal  to  or  great* 
than  2  P,  then  «o  equilibrium  can  take  place. 

2B 
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LDBA=y,we  have  LABC=(DBC- DBA=) 
go  — ^3  —  y ;  hence,  in  the  triangle  ABC,  the 
side  AB  and  the  two  angles  ACB9  ABC  are  known, 
from  which  the  other  sides  AC>  CB  (and  conse- 
quently the  position  of  C  when  there  is  an  equi- 
librium) may  be  determined (a). 

41  Let  us  next  take  the  case  of  two  equal  °*  weights 
W>W*  balancing  themselves  over  any  number  of  pul- 
leys   Ay  By  Cy 

&c.    and    let 
it  be  requir- 
ed to  find  the 
pressure  upon**' 
each  pulley. 
Since  the 
tension    of  ■ 
the  cord 

WABCDW  is  everywhere  the  same,  take  A  a.  A*, 
Bby  Bfi,  &c.  equal  to  one  another  on   each  side 

of 


(a)  This  Problem  (like  the  former)  is  in  course  limited  to 
a  certain  relation  between  W  and  P+  P.  This  limitation  must 
be  discovered  in  the  solution  of  each  particular  case  ;  for  it  is  evi- 
dent that  if  the  angles  of  the  triangle  A  EC  should  be  such  as  to 
give  the  angle  ABC  equal  to  or  greater  than  the  given  angle 
ABP,  the  line  BC  will  never  meet  the  vertical  I'meEfV,  and 
therefore  the  case  becomes  impossible. 

(b)  It  is  evident  that  this  Problem  is  limited  to  the  case  of  two 
equal  weights;  "for  since  the  cord  passes  freely  over  all  the 
pulleys,  if  the  weights  be  unequal  then  no  equilibrium  could 
ensue. 
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x>f  the  pulleys  A,  B,  C,  &c.  and  complete  the 
parallelograms  AaEa,  BbFfl,  &c;  draw  the  rf/a- 
gonalsAE,BF,  CG,  &c.  and  (since  the  forces  acting 
on  the  pulleys  are  represented  by  the  two'adjoining 
sides  of  each  parallelogram)  these  diagonals  will 
represent  the  pressure  upon  the  several  pulleys 
Ay  B,  C;  &c.  Now  the  parallelograms  AaE*, 
BiFfi,  &c.  having  all  their  sides  equal,  their  dia- 
gonals AE,a*;  BF,  bfi ;  &c.  will  cut  each  other  at 
right  angles,  and  likewise  bisect  each  other ;  hence 
AE,  BF,  CG,  &c.  are  equal  to  twice  the  cosine  of  half 
the  angles  a  A  a,  bBfi,  &c.  (to  radius  Aa  or  Bb,  &c.) 
respectively ;  if  therefore  those  angles  be  denoted 
by  t,  t,  t",  &c.  and  radius  =  1,  the  pressures 
upon  the  pulleys  A,  B,  C9  &c  will  be  denoted  by 
1,  IV  x  cos.  i  t,  2  /Fx  cos.  \t,  2  JVx  cds.  W,  &c.(c) 

EXAM.  I. 

In  the  Figure,  page  302,  "let  AB  =  d,  and  P  x  W 
: :  •  1  :  n  (n  being  less  than  2) ;  it  is  required  to  find 
tJie  position  of  JV,  when  there  is  an  equilibrium 
between  IV and  P  +  F. 

Since 


(c)  Take,  for  instance,  the  parallelogram  about  the  pulley  A  / 
then  AE=2An=:2&\n.^Aan=z2cos.£maAn=2co*.%aAci 
=2cos.iTj  but  W  :  pressure  on  pulley  A  ::  Aa  :  AE  or  2 An 
:  :  rad.  (I)  :  2 cos.  |t,  .*.  pressure  on  pulley  A=*2  Wx  cos. £ v  -, 
and  so  of  the  rest. 

If  there  be  three  pulleys  A,  B,  D,  placed  in  the  form  of  an 

isosceles  triangle  whose  base  AD  is  parallel  to  the  horizon  and 

LABD=\2(f,  then  each  of  the  angles  at  A  and  D  is  also  equal 

to 
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Since  AB  =  d,  AD=*  id;  and  since  P  :  Ww  1  :  n, 

IV  AlV%  4  W* 

P=Z>     •••   4P«=^V,     and    4PWr*  =  ^V 


•) 


( 


CD 


W4-n 


9 


;  bisect  therefore  AB  in  A  and  take 


Ci)=  — ===,  and  it  will  give  the  position  of  JV 
when  the  equilibrium  takes  place. 

Cor.  Let  P=  Wy  then  n=  1,  and  CD=-£-j=  ; 

let  P  :   JT  ::   1   :  «/T,   then  n=*/2,  and  CD 

= ;  &c.  &c. 

EXAM.  II. 

In  the  Figure  of  Art.  3',  page  303,  the  weights 
P,P'>and  W  are  respectively  3,4,  and  5 lbs;  the 
distance  {AB)  between  tlie  pulleys  is  6 feet,  and  it  is 
inclined  to  the  horizontal  line  BD  in  an  angle 
(DBA)  of  30  degrees;  it  is  required  to  find  the  posi- 
tion of  W  when  the  equilibrium  takes  place  f 

Since 


to  120P;  hence  cos.-^r  (=cos.4V=co8.-J.sr")  scos.  GOPessin.  30» 
=  4-,  and  2JPxcos.4.t=2  /Fx^  =  ^;  in  this  case  the  pressure 
upon  each  of  the  three  pulleys  is  the  same,  and  just  equal  to 
•ither  of  the  weights  Wot  W. 
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Since  the  three  sides  CA,  AE9  EC  of  the  tri- 
angle A  EC  are  as  (P,  P*,  iV,  i.e.  as)  the  numbers 
3,4,5  respectively,  the  angle  CAE  will  be  900, 
and  the  angle  A  EC  36°.  54';  hence  the  angle 
^OBisgo0,  and  the  angle  ABC(  =  90°- P-y=) 
Q(f-  36°.  54'  -30°  =23°.  &;  from  which  the  two 
sides  AC,  CB  of  the  triangle  ABC  (AB  being 
6  feet)  are  found  to  be  2.354  and  5.518  feet  re- 
spectively (a). 

EXAM.  III. 

Two  equal  weights  W,  W  balance  each  other  over 
the  three  pulleys  A,  B,  C9  placed  in  the  form  of  a 
triangle  whose  base  AC  is  parallel  to  the  horizon;  and 
the  angles  ABC,  BCA,  BAC9  are  900,  60°,  30°  re- 
spectively ;  it  is  required  to  compare  the  pressures  upon 
A,  B,  C 

Since   BAC=  30°,  and    BCA=6of>,   the   three 
angles  WAB,  ABC,  BCW 
are  respectively  1 20°,  90°  and 
1509;  hence,  by  Art.  4,  the 
pressure   upon  A  =  2  W  x 
cos.  60%     upon    B  =  2fVx 
cos.  45°,  and  upon  C=2fV 
x cos. 75°,   /.the  pressures 
upon  A,  B,  C  are  as  cos.  60°, 

cos. 


>W  #w 


(a)  If  in  this  and  the  preceding  example  k  had  been  required 
to  find  the  pressure  upon  the  pulley*  A  and  B,  this  might  taailj 

be 
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cos.45%  and  cos./5%  or  as  sin.30T,  sin.  45%  sin.  15* ; 
but  if  rad.=  l,  sin.30»=*,  sin.45#=^i,  and 
rin.  i5^^2""^3^,  .-.  (multiplying  these  num- 
bers by  2)  it  appears  that  the  pressures  upon  A,  B9  C 
are  as  the  numbers  l,  v2,  and  V-  — \/3  respec- 
tively. 

Cor.  If  the  absolute  pressure  upon  each  pulley 
was  required,  then  these  numbers  must  be 
multiplied  by  iJF;  thus  if  /F=  10  lb$>  then  the 
pressure  upon  A  =  20  x  §  =  \Olbs ;    pressure  upon 

£  =  20x  — r*  =  14 . I4lbs ;    pressure    upon     C=  20 
sfa 

V^-n/3     ^   „„ 

x —-* — =5.17  lbs. 

2 

XLI. 

On  /Ae  Pressure  and  Tension  of  Cords,  fastened 

at  both  ends. 

1.  Suppose  the  cord  ACB  to  be  fastened  to  the 

hooks  A  and  B,   and    let   a  weight    (IV)*    sus- 

i  pended 

be  effected  by  means  of  the  expressions  in  Art.  4,  page  304  -, 
for  when  the  point  C  is  determined,  the  angles  PAC,  FB  C  will 
be  known,  and  the  pressure  upon  pulley  A=2Pxco&.*tPAC, 
the  pressure  upon  5=2  F  x  cos.  *  FB  C. 

/b\  v™.  «;.*  i         *  /  1  — cos.  a           .     .         A    /i— cos.  3(F 
(  )  *or  *m  *  «=  V    2 '     •'*  S,n#  15*= V  2 


See  Plant  Trigonometry,  page  16. 
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pended  by  the  ring  C>  slide  freely  along  it ;  it  is 
evident  that  whilst  the  weight  descends,  this  ring 
will  describe  an 
ellipse  (whose  foci 
are  A  and  B),  to 
which  the  line 
IVC  will  be  *a  nor- 
mal at  the  lowest 
point  C.  Produce 
JVC  to  G,  and 
through  B  draw  ED  parallel  to  GfV;  draw  the 
tangent  HF  (which  will  evidently  be  a  horizontal 
line),  and  AE  parallel  to  it ;  and  produce  AC  to 
meet  ED  in  D.  By  the  property  of  the  ellipse,  CG 
bisects  the  angle  ACB,  .-.  the  angle  CBD  (=GCB) 
is  equal    to    the   angle   CDB   ( =  ACG)  •    hence 

CZ>=  CB,  and  consequently  AD-  (AC+CD=) 
AC+  CB- the  length  of  the  cord.  To  determine 
iixt  lowest  point  C  therefore,  we  have  only  to  draw 
BD  perpendicular  tQ  the  horizon,  and  with  center 

Aand  radius  =  length  of  the  cord  to  describe  a  cir- 
cular arc  cutting  BD  in  D;  then  bisect  BD(C)  in  F9 
and  draw  FC  at  right  angles  to  BD,  and  the  point 
C  where  it  cuts  AD  will  be  the  point  required. 

2.  It  is  evident  that  the  weight  will  nwtwhen  it 
arrives  at  the  lowest  point,  and  that  the  three  forces 
which  keep  it  at  rest  will-be  represented  by  the  three 

sides 

(c)  Since  CBD  is  an  isosceles  triangle,  the  tangent  HF,  which 
is  perpendicular  to  BD,  also  bisects  it.    * 


!;-■■*■*  v»j.  .  ^ 


SIO 

mdts  DCTCB,BDcf  the  trisagSe  C£Z>;  Le.  the 
pevuwre  *r  tauim  mfmm  A  will  be  represented  by 
DC,  the  pretamt  vr  tension  upon  B  by  CB+  and  the 
weight  itself  by  B;  and  since  CB=CD,  these 
prwures  will  be  equal;  bence  the  presmre  upcm 
A  or  B  i  IF  ;:  CD  or  CB  :  BD  ::  CZ> :  2DF. 
Tor  the  purpose  of  estimating  this  pressure,  let 
(<^Z))  the  length  of  the  strings  I,  the  given  line  AB 
**a,  and  the  angle  BAE  which  it  makes  with  the 
horizontal  Vine  AE  =  *;  then  y/£  =  a  x  cos.*,  and 

DE=jAD*-AE9=Jr-a*xcos.J*;  but  by 
similar  triangles  CD  :  Z)^  ::  AD :  Z)£,  .-.  CD 
:  iDF::  AD  :  2DE;  hence  pressure  on  A  or  B 

(Pr.)   :   IF  (::   CZ)  :   *Z>/)  ::  ^TD  :  2Z)£  ::  / 

_ fjri 

3.  Let  os  neit  suppose  the  cord  ACB  to  be  kept 
stretched  by  a  power  {P)  acting  upon  it  in  some 
given  direction  PCG,  the  cord  still  passing  freely 

through 

(*)  If  as0,  or  the  line  AB  be  horizontal;  then  cos.  a=rad. 

IVl 
=  1,  and  P= — ,  ;  and  as  in  this  case  DF=±  DE,  DC  will 

be  equal  to  *  ^Z),  ,\  AC=CD=CB.  If  a=0,  and  /=a,  then, 
whatever  be  the  value  of  W,  P  will  be  infinite ;  i.  e,  "  if  a  weight 
##  however  small  be  suspended  from  a  cord  fastened  to  two  hooks 
"  whose  horizontal  distance  is  equal  to  the  length  of  the  cord, 
"  then  it  will  require  an  infinite  force  from  those  hooks  to  keep 
"  the  cord  perfectly  straight."  This  difficulty  of  keeping  a  cord  or 
chain  perfectly  straight,  even  if  acted  upon  only  by  its  own  weight 
(supposing  it  to  have  weight),  is  a  matter  of  common  experience. 
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Aides  DC,  CB,BD  of  the  triangle  CBD;  i.e.  the 
pressure  or  tension  upon  A  will  be  represented  by 
DC>  the  pressure  or  tension  upon  B  by  CB,  and  the 
weight  itself  by  B ;  and  since  CB «  C D,  these 
pressures  will  be  equal;  hence  the  pressure  upon 
A  or  B  :  W  ::  CD  or  CB  :  fiZ)  ::  CD  :  2/)F. 
For  the  purpose  of  estimating  this  pressure,  let 
(AD)  the  length  of  the  strings  I,  the  given  line  A  B 
=za,  and  the  angle  BAE  which  it  makes  with  the 
horizontal  Hne^jE  =  a;  then  AE  =  a  xcos.*,  and 

DE=  *J AD*- AE9=  J l* -a* xcos.ci*i  but  by 
similar  triangles  CD  :  /)F  ::  ^/Z) :  DE,  .\  CD 
:  2.D.F ::  AD  :  lDE\  hence  pressure  on  A  or  B 
(Pr.)   :   /T  (::   CZ>  :  2ZXF)  ::  AD  :  2/XE  ::  / 

==-  Wl 

:  2v/8-fl9 x cos.o)*,  and  Pr.  =  TTTit    7«    """ugTJp)' 

3.  Let  us  next  suppose  the  cord  ACB  to  be  kept 
stretched  by  a  power  (P)  acting  upon  it  in  some 
given  direction  PCG,  the  cord  still  passing  freely 

through 

(a)  If  «=0,  or  the  line  AB  be  horizontal;  then  cos. a=rad. 
=  I ,  and  P= — ,  ;  and  as  in  this  case  DF=±  DE,  DC  will 

be  equal  to  4.  AD,  /.  >4C=  CZ>=:  CB.  If  a=0,  and  /=«,  then, 
whatever  be  the  value  oiW,P  will  be  infinite ;  i.  e,  "  if  a  weight 
"  however  ima//  be  suspended  from  a  cord  fastened  to  two  hooks 
t"  whose  horizontal  distance  is  equal  to  the  length  of  the  cord, 
"  then  it  will  require  an  infinite  force  from  those  hooks  to  keep 
u  the  cord  perfectly  straight'*  This  difficulty  of  keeping  a  cord  or 
chain  perfectly  straight,  even  if  acted  upon  only  by  its  own  weight 
(supposing  it  to  have  weight),  is  a  matter  of  common  experience. 
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through  the  ring  C.    In  this  case,  also,  the  line 

PCG  will  be  a  normal  to  the  ellipse  in  the  point 

C;  and  if  BD  be  drawn  ^ 

parallel  to   GP,  and  AC 

produced  to  meet  it  in  JD, 

the  three  sides  DC,  CB,  BD      ^ 

of    the   isosceles  triangle  BCD  will" 

respectively  represent  the  pressures 

upon  A  or  B  and  the  magnitude  of 

the  weight  or  power  P,  as  before. 

Hence  pressure  on  A   or   B   (Pr.) 

:  P::  CB  or  CD  :  BD. 

4.  To  estimate  this  pressure,  let  AD=*  /,  AB=  c, 
and  Z.PGJ3=«;  then  AD(l)  :  ^B(a) ::  sin.  ABD 

or   sin.  PG B    (sin.  a)   :   sin.  LADB=* — 7~""-» 

the  Z-ADB  therefore  is  known ;  let  this  angle  «/3, 
then  jLACB  =  2fii  but  Pr.  ;  P  ::  CB  :  5Z) 
::  sin.  CD 2?  :  sin.  J3CZ)   or  sin.  AC B  ::  sin.jS 

•sin  a/3   ■  Pr     -Pxsin.fl        Pxsin.l  P 

.  sin.  &H9  •  •  xt.  =  ~~ : — -—5—=:  ■    .     *        ■    » =r 

sin.  2p       2sin.Pxcos./>     2cos./* 


2cos.£-4C# 


5.  But  the  case  is  quite  d&ferent,  if,  instead  of  a 
ring,  the  force  acts  by  means  of  a  knot  in  the  cord. 
For  instance,  let  the  string  PC  be  fastened  in  a 
knot  at  C,  and  let  a  force  (P)  act  in  some  given 
direction  PCG  to  keep  the  cord  in  the  position 

2  s  ACB. 
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ACB.    In  this  case  it  is 
evident  that  the  line  PG 
does  not  necessarily  bisect 
.  the  angle  ACB.    Draw  BD  paral- 

lel to  PG,  and  produce  AC  to  meet 
jt  in  D,  then  since  (as  in  the  preceding 
Article)  DC  represents  the  pressure 
upon  the  hook  A,  BC  the  pressure 
upon  B,  and  BD  the  power  which 
produces  this  pressure,  we  have. 


Vr.oaA:P::DC:BD  ::  sin.  CBDgtGCBoxBCP  :  sm.BCD  or  ACB, 

aD<^  ml 

P :  Pr.on  B::£D:  BC::  sm.BCD  or  ACB  :  sin.  ftDCor  >*CG  or  ACP, 

.*.    ex  aequo, 
Pressure  on  A  :  Pressure  upon  B  : :  sin.  2JCP  :  sin.  ACP ; 

i.e,  "the  pressures  upon  the  hooks  ^and  B  are 
"  to  each  other  inversely  as  the  sipes  of  the  angles 
"  which  the  direction  of  the  power  (PC)  makes 
"  with  that  part  of  the  cord  to  which  they  are  re- 
€t  spectively  attached  .,,(b) 

6.  Since 


(a)  BCP,ACB  and  ACP  being  respectively  the  supplements 
of  OCB,  BCD  and  ACG. 

(*)  We  have  here  supposed  the  cord  to  be  kept  stretched  by 
means  of  a  power  P,  but  the  same  would  evidently  be  true  of  a 
weight  (IV)  suspended  by  a  knot  in  the  cord;  so  that  (in  Fig. 
page  309)  the  pressures  on  A  and  B  would  not  necessarily  be 
equal,  but  pressure  on  A  would  be  to  pressure  on  B  : :  sin.  BCW 
:  ACW;  also  pressure  on  A  :  W  ::  sin.  BCW  :  ACBt  aod 
pressure  on  B  :  fV.  -.  gin.  ^C/T:  sin.<4C£. 
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6.  Since  the  knot  is  tied  at  a  given  point  in  the 
cord,  and  the  hooks  are  placed  at  a  given  distance 
from  each  other,  the  three  sides  AC,  CB,  AB  of 
the  triangle  ACB  are  known,  and  consequently  the 
three  angles  may  be  found.  Hence  the  angle  ACB 
is  known;  and  since  CGB  is  known (c),  the  JLBCP 
(=CGB  +  CBG)  will  also  be  known;  from  which 

ACP(  =  36(f-ACB+  £CP)maybefound.  Having 
thus  obtained  the  angles  ACP,  ACB,  BCP,  we 
are  enabled  to  compare  the  pressures  upon  A  and  B 
with  each  other,  and  with  the  power  (P). 


EXAM.  I. 

* 

Let  a  weight  of  10  lbs,  sliding  freely  along  a  cord 
whose  length  is  8  feet,  he  supported  by  two  fyooks 
placed  at  the  distance  of  ofeet  from  each  other,  and 
in  a  line  making  an  angle  of  30°  with  the  horizon ; 
required  the  pressure  upon  each  hook. 

This  is  a  case  of  Art.  2,  page  3 1 0,  where 
W  =  lOlbs,   I  =  8  feet,   a  =  6  feet,   a  =  30°  (and 

.-.  cos.  «  =  sin.  6o°=  *^4}  ;  hence  the  pressure  upon 

each  hook  (  =  - — j-  ■  , I  =  r — y^  1 

V     'V/«-a'xcos.«V7       W64-27 

%  =  6. 57  lbs. 


12.10 

Ex. 

■ 

(e)  For  PCG  is  supposed  to  be  inclined  to  AB  in  z  given  angle. 
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A  card  of  12  feet  in  length  is  tied  to  two  hooks 
whose  distance- from  each  other  is  8  feet;  this  cord 
Pusses  through  a  ring  upon  which  a  power  of  50  lbs. 
6tfs  in  a  direction  making  an  L*qf  60°  with  a  line 
factum  from  one  hook  to  the  other;  what  is  the 
pressure  upon  each  hook  ? 

By  referring  to  Art.  4,  (Figure  in  page  311)  we 
have  AB (a)  =*  8  feet,  AD(l) « 12  feet,  and  ««  60% 

16'  =  /3;     hence    the    pressure    upon    each    hook 

=  30. 02  lbs. 


=  8in.35# 


\2CQS.0      J 


2cos,S5M6'     i-63aa 


EXAM, 


A  cord  AC  By  whose  length  is  1 4  feet,  is  fastened 
to  two  hooks  A  and  B  at  the  distance  of  12  fret 
from  each  other  (see  Figure  in  Art.  5,  page  312); 
AC  =$ feet,  BC=*5feet9  and  another  cord  PC  is 
fastened  to  ACB  by  a  knot  at  C;  it  is  then  stretched 
by  a  power  (P)  of  60  lbs,  acting  in  direction  PG, 
making  an  angle  of  70°  with  AB ;  compare  the 
pressures  upon  the  hooks  with  each  other  caul  with  the 
power? 

Since  AB  =  \2,  AC  =  9,  Cfi«=5,  the  angle 
ACB  will  be  equal  to  114°. 57',  and  ABC  to 
42°. 51';  hence,  since  CGB=7<f>BCP  {**ABC 

+ 
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+  CGB)    =*42a.5l/  +  7O»=sll20.5l/;    from  which 
we  have  ACP  (=36(f^ACB  +  BCP)  »  36o° 

-  Tu^WTTT¥J?^  132*.  12'.    But,  by  Art  5, 

Pressure  on  A  :  P  (60) : :  sin.  BCP      :  sin.  ACB 

::  sin.  112°.5l' :  sin.  114a.57' 

::     .9215  :  .Q066, 

.\  pressure  on  A=  60 . 9  /fa. 
Again, 

Pressure  on  B :  P  (60)  ::  sin.  ^CP     :  sin.  ACB 

: :  sin.  1 32°.  1 2' :  sin.  1 14°.  57* 
::    .7408  :  .9066, 

.\  pressure  on  f?= 49 .02  lbs. 

XLIL 

On  the  Construction  of  the  Funicular  Polygon 

and  the  Catenary. 

1 .  If  any  number  of  forces  P9  P,  P",  P",  Q, 
(Fig.  in  page  31 6)  acting  in  directions  Pikf,P'.Af, 
P"M\  F"M '",  QM",(t)  upon  the  cord  PJf'JIT 
M'"  Q,  keep  each  other  in  equilibrio,  then  the 
figure  into  which  the  cord  is  bent  by  the  action 
of  these  forces  is  called  the  funicular  polygon; 
and  since  the  whole  system  is  in  equilibrio,  it  is 
evident  that  every  part  of  it  must  also  be  in 
equilibrio;  thus  P,P  and  the  tertsion  of  the  cord 
M'M"  must  be  in  equilibrio  about  the  knot  AT; 
tension  of  the  cord  M"M*>  P",  and  tension  of  the  cord 
M"M'",  about  the  knot  M";  and,  tension  of  the  cord 


(*)  These  directions  are  supposed  to  lie  all  in  the  same  plane. 
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WW,  F",  and  Q,  about  the  knot  M".  Take  any 
point  Ay  and  through  it  draw  the  lines  (or  cues) 
VX,  YZ  at  right  angles  to  each  other ;  produce 
PM\  QM"'  to  meet  VX  in  the  points  p,q;  let 
VX  cut  the  directions  FM,  F'M",  F"M"  in  the 
points  p',p",p'"i  and  produce  M"M,M"'M"  to 
meet  VX  in  the  points  «'«".    To  facilitate  the  con- 


struction of  the  polygon,  let  the  angles  Pp  V,  Afp'  V, 
M"p"V,  M'"p'"V,  Qq  V  (in  which  the  direction  of 
the  forces  P,  P, P ",  F",  Q  are  inclined  to  VX)  be 
respectively  denoted  by  the  letters  p,p',p",p'",q ; 
and  the  angles  M'a  V,  M"*V  (in  which  the  cords 
M"M,  M'"M"  are  inclined  to  VX)  by  the  letters 
moreover,  let  tjje  tensions  of  the  cords  M'M", 

M" 
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M"M"  in  the  directions  M'M",M'M'"  be  repre- 
sented by  i,t',  in  which  case  it  is  evident  that  the  . 
tension   of  those  cords  in  the  opposite  directions 
(M"ftT,M'"M")  must  be  represented  by  -*',  -<". 

2.  Draw  M'N,MOat  right  angles  to  AX,  A Y 
respectively ;  and  produce  FM',  M"M  to  meet  AY 
in  the  points.  C,  D.  The  effects  of  the  forces 
Pf  F ,  /'  (which  keep  the  knot  M'  in  equilibrio), 
when  reduced  to  the  axis  AX,  are  measured  respec- 
tively by  P  x  cos.  p,  F  x  cos.  p',  t  x  cos.  *'(a; ;  and 
when  reduced  to  the  axis  AY  by  P  x  cos.  M'EQ9 
JF  x  cos.  M'CO,  t'  x  cos.  M'DO,  or  by  P  x  sin.^ 
P*  x  sin./)',  f'x  srn.  «',  which  are  equal  to  them0*. 
But  since  the  forces  P,  F,  t',  keep  each  other  in 
equilibrio  about  the  knot  AT,  the  sum  of  them,  when 
estimated  along  the  same  straight  line,  must  be  equal 
to  nothing ;  hence  we  have, 

Px  COS.  p  +  P'x  COS.  p'+t'  X  COS.  a'  =  O  1 

and  P*  x  sin.  />  +  P'  x  sin.  p'  +  t'  x  sin.  a  =0  J   C-") 

where  these  sines  and  cosines  must  be  reckoned 

positive 

•   •    *  1- 

(*)  For  P  :  part  effective  in  direction  AX  (t)  : :  M'p  :  pN 
::  radius  (1)  :  cos.  p,  .'.  T=PxcoSi/&;  P*  :  part  effective 
in  direction  AX  (*■')  ::  JW'p'  :  p' N  ::  radius  (1)  :  cos.p', 
/.«•' ssP'xcos.p'j  /'  :  part  effective  in  direction  ^JC  (7)  ::  AT* 
:  a'JV::  radius  (l)  :  cos. «',  .*.  T=/'xcos.  a;  and  in  the  same 
manner  the  effective  part  of  the  forces  f,  P,  f  may  be  calculated 
for  the  axis  A  Y. 

(*)  tor  cos.  M'EO=&m.  EM' 0=*\n.MpNc=nn.p;  cos.M'CO 
=sin.  CM'0=sin.  M'p'N=*n.  p';  and  cos.  AT D 0=sin.  OM'D 
=iin.  MViV=»sin.  a'. 
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as  tbey  are  measured 
directions  upon  tbe  lines 


} 


referring  tbe  forces    —  r*  ,  P%  #^ 
other  mequilibrio  about  tbe  ki 
to  tbe  axes  FX,  FZ,  and  resolving  tba 
aiular  namer,  we  should  hate, 

—I  xcm*M  +  P^XOTSLp*-f-lPXCOS.aT  =  0 

—  #  x sb. « -*-/**  x an. y  +  rxsa./^ 

extending  tbe  same  ptocess  of  reasoning  to  the 
three  faces  —  f%  i^,  Q  (which  are  in  equilibrio 
about  tbe  last  Jtmot  AT)  we  hare, 

—  l^xcos.«"  +  jP~xcos.y''+Qxcos-9=0  1 
and— C  x  sin.  m  +F~  x  sin.  p~+  Q  x  sin.  9=0  J 

4.  Tbe  far  therefore  which  obtains  between  the 
quantities  composing  these  several  equations  is  very 
evident ;  so  that  if  there  were  any  mwUer  of  forces 
Fj  Fm9  F"  &c.  between  tbe  Jirst  force  (P)  and  the 
ktf  (Q)j  ^^  could  easily  estimate  the  relation 
between  them  and  the  tensions  upon  the  different 
parts  of  the  card  adjoining  to  each  knot,  at  tbe  time 
tbe  equilibrium  takes  place ;  for 

Let 

(*)  In  these  equations  ve  hare  thought  proper  to  make  the 
signs  of  all  these  quantities  positive;  for  it  is  very  easy  to  restore  to 
each  quantity  its  proper  sign,  as  wiU  be  seen  when  we  come  to 
the  solution  of  an  actual  example. 

C)  For  this  negative  sign  of  /',  see  the  loiter  part  of  Art.  1. 
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Let  \heknots  in  the  cord  be  ....  M\  M",  M'"8cc7.  .  Af'C«)  <»> 
.   .  .  .forces  acting  at  them  .     .     .     .    F,   P",  F"  &c. .  .  P'(-) 
.   .  .  .  angles  at  which  they  act .     .     .     p,  p",    />"'&c. .  .   p'<«) 
.   ...  tensions  of  M'M",M" 'M"' frc.      t',    t\     r&c...    /'(•) 
.  .  .  .  oag/w  at  which  /',/", r&c. act,  «',   a",    a'"&c...   a'U>j 

then  the  equations  denoting  the  equilibrium  at  th« 
several  knots  M,  AT,  JkT"  &c.  will  be  as  follow ; 

For  the  knot  M. 
The  equations  marked  (A). 

For  the  knot  M". 
The  equations  marked  (B). 

For  the  knot  M". 

ii  Tit"  ^  "'  Mt 

—  tf'XCOS.  a   +P     XCOS.p    +  /     XCOS.a"'=0 

—  /  xsin.  *  +  jt  xsin. />   +  *   x  sin, 

&c.     &c.     &c.     &c.     &c. 

For  the  last  Ano^  Afti. 

—  I'^-^xcos.aC^^  +  ^^XCOs  p'^  +  ^XCOS-.^srO*  1     ... 
and-*'t-l)xsin.  «'<—» +  /*<«>  x  sin.  p'^  +  ^xsin.y-O  J    (   '' 

5.  By    setting    down    these    several    equations  ' 

in  the  form  of  A,  A  +  B,  A+B+C,  &c 

A+B+C&cc.  ...  +4 (b)  we  have, 

Px 


s'a"=0  \  ro 


(•)  Here  n  denotes  the  number  of  dashes  at  the  letters  ;  M ' 
standing  at  the Jirst  knot ;  M"  at  the  second;  and  so  on. 

(b)  t.  e.  Set  down  (^f)  again  $  add  the  j?r$f  lines  of  A  and  jB 
together,  and  then  the  second  lines  ;  add  thejfrrf  lines  of  A>  B,  C 
together,  and  then  the  second  lines ;  Sec.  &c. 

2  T 


390  OB  TUB  PRESSURE 

PxoB*-p+P'xcaLp'+fxco&.*=0 


Px9m.p+Fxm.p'+fxsm.«'=0   /  v 
P*€m.p+P'xco*.p'+P"xc<x.p"+f'xci*.m''=0    1   /^.m 

Pxcot^+fx  «*./>'+/>"  x  cos.f"+P"'  x  cot, />'"+/'"  x  cos.a"  =0^ 
^Xssn.p+P'xsiD.  p'+P"x«n./>"+/>wxsin.p/"+rx8in.a"=0  >(A+B 

&c     &c.    fire,    &c.    &c.    fire.  J 

Pxo».p+P'xcoi.p>&c.../,,Wxco8.p'w+Qxcos.^=0^ 
Pxao.p+P'x»in.p'+&c...P/Wx«n.p'«+9x8in.^==OJ  ( A+B+ &c" 

6.  On  reviewing  the  equations  in  the  preceding 
article,  it  may  be  pbserved  that  all  their  terms, 
except  the  last,  consist  of  known  quantities  (viz.  the 
several  forces  P>Pf,P">P"'hLC  multiplied  into  the  sines 
or  twme*  of  the  given  angles  in  which  their  directions 
cm*  lAe  line  f~X).  If,  therefore,  these  known  quan- 
tities in  the  Jfrst  line  of  equation  {A)  be  denoted 
by  c,  and  in  the  second  by  *;  and  in  the  succeeding 
eqoatkw*  by  c\c\  fce.  •  •  c  *, and  /,/',  &c. . .  s'im) ; 
thru  these  equations  may  be  transformed  into  the 
following  ones;  vur. 

s  +  t  xsin.  «=OJ 


* +f*xsin.  «'  =  OJ 


c  +/    xco& 


Sec  &c«  &c  &c. 

C^0+QxCOS.js:0 


}  w. 


7.  FVom 
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7-  From  the  equations  marked  (D),  we  obtain, 

t'xCOS.  «'=  —  C,    .*.   f9  XCOS.  «]'=C4, 

and  /'  x  sin.  «'=  —  s,  .*.  /'9  x  sin.  «'  9=$9, 

Hence  — — ,  =  (tang. «' = )  ~. 
cos.*     x      &         '  c 


and  t'9  x  cosT*3)9  +  sin. «']*(  =  *'9  x  rad.|*  or  l)  rt^  +  f1, 

.\  t'=*Jc*  +  s*; 

and  precisely  in  the  same  manner  we  may  obtain 

the  values  of  «",  *'"  &c q ;  and  of  *",  *'",  t" 

&c Q.    We  thus  determine  the  tension 

and  position  of  the  several  parts  {MM"\  M'M"'9  &c.) 
of  the  cord  in  succession,  as  well  as  the  magnitude 
and  position  of  the  last  force  Q,  wAicA  keeps  the  whole 
in  equilibrio. 

8.  The  manner  in  which  the  values  of  the 
several  quantities  t',  /",  C  &c,  *', *"  «"'  &c.  are  deter-  * 
mined,  corresponds  therefore  to  the  manner  in 
which  we  may  conceive  the  equilibrium  to  take 
place,  in  tracing  the  actions  of  the  forces  P,  F3  P" 
Sec.  from  one  end  of  the  cord  to  the  other.  For 
let  us  first  suppose  two  forces  P9  F  (given  both 
in  quantity  and  direction)  to  act  upon  the  knot  Af, 
then  from  the  equation  (D)  we  find  the  quantity 
and  direction  of  a  third  force  t>  which  keeps  these 
two  in  equilibrio ;  i  (or  rather  —  i)  and  F'  now 
become  two  given  forces  acting  upon  the  knot  M", 
and  from   equation   (E)  we  determine  also   the 

quantity  and  direction  of  a  third  force  t  which  keeps 

them 
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them  in  equilibrio ;  and  so  we  proceed  till  we  arrive 
at  the  force  Q,  which  acts  at  the  other  end  of  the 
cord.  The  conclusions  here  drawn  are  entirely 
independent  of  the  length  of  the  cord,  or  of  the 
relative  length  of  its  several  parts ;  which  is  perfectly- 
consistent  with  the  nature  of  the  problem ;  for  since 
the  effects  of  forces  acting  in  straight  lines  are  the 
same  at  whatever  points  in  those  lines  the  forces  act, 
it  is  evident  that  the  sum  total  of  the  forces  which 
thus  keep  each  other  in  equilibrio  will  altogether* 
depend  upon  the  angles  at  which  their  directions  are 
inclined  to  each  other (a). 

9.  Suppose  now  all  these  forces  except  the  first 
and  last  to  act  parallel  to  each  other,  and  at  right 
angles  to  the  line  AX{h)  (as  in  the  case  of  any 
number  of  weights  P\  P'\  P"  &c.  suspended  by  a 
cofd  PMM'M'Q  fastened  to  two  hooks  at  the 

points 

(•)  As  the  forces  P,  P',  P"  &c.  are  all  supposed  to  act  in  the 
same  plane,  the  directions  of  the  resulting  forces  t',  t",  t'"  &c.  will 
lie  in  that  plane  j  and  consequently  the  cord  itself,  after  it  is 
acted  upon  by  these  several  forces  and  tensions,  will  be  in  that 
plane,  if  these  forces  do  not  act  in  the  same  plane,  or  if  there 
be  several  forces  acting  in  different  planes  upon  the  knots 
M\  M",  M"  &c.  then  may  they  all  be  reduced  to  others  whose 
quantities  and  directions  may  be  estimated  along  the  ares 
VX,  YZ,  according  to  the  principles  laid  down  in  Sect.  12, 
page  74. 

(b)  As  the  point  A  may  be  arbitrarily  assumed,  take  it  in  such 
manner  that  AX  (drawn  at  right  angles  to  FM't  F'M",  &c.) 
may  pass  through  C  the  point  of  intersection  of  the  directions 
PM\  QM"  of  the  first  and  last  force  P  and  Q. 
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points  P,  Q),  then  will  cos. p'=co$.p'  =  cos.p'" 
=  &c.  =  0,  and sin.jb/=sin.j&/'=Bsin.j&'"=&c.  =  radius; 
hence  the  equations  marked  (A+B+C  .  .  .  L) 
in  Art.  5,  page  320,  become 

Px  cos./>  +  Qx  cos.js=0,     and 
Pxsin*j&+P'+P"  +  F"&c.  xrad.+  Qxsin.  7  =  0. 

From  the  nature  of  this  0 

problem  it  is  evident  ^ 
that  cos./>  and  cos.  q 
will  lie  in  different  di- 
rections, .'.  one  will  be 
positive  and  the  other 
negative;  and  since  the 
tensions  upon  P  and  Q 
are  exerted  upwards, 
and  the  forces  F,F', 
P"'  &c.  act  downwards,  P  and  Q  must  have  the  same 
sign,  and  P7  +  P"  +  P"'  +  &c.  a  contrary  sign ;  these 
equations  therefore  may  be  transformed  into  v 

P  xcos. />=  Q  x  cos.  9  fG,) 

and  P  x  sin./>  +  Q  x  sin.9  =  F  +  P"  +  P '  &c.  x  rad.  (//) 

From  equation  fG,)  we  have  P  :  Q  ::  cos.  9  :  cos.j& 
::  cos.  QCX  :  cos.  PC  A  ::  sin.  QGG  :  sin.  PCG 
::  sin.  QC/^:  sin.  PCW. 

Substitute  for  Q  in  equation  (H)  its  value  found 

,^i  f  ■     Pxcos./>\ 
from  equation  fGJ  (viz.     cos      ^  ), 


•w 


and  we  have 


n      .    M     P  x  cos.j&  x  sin.  7    -k; — =5 — — — --  , 

Pxsm./>  + ^ *  =  P +P"+F"+&c.xrad. 

r  cos.  9 

or 
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er - ;L_ £^- J=F+F  +F  +&c.  xcot.f, 

».e.  P x  m.p  +  q w *  F  +  f '  +  P"  +  &c.  x  cos.?  ,• 

.♦.  P  :  F  +  P"  +  P"  +  &c.  : :  cos.  7  :  sin. />+£ 
::  sin.  QCW\  sin.  PCQtt) ;  and  in  the  same  manner 
we  might  prove  Q  :  P  +  P '  +  F '  +  &e. :  r  sin.  PCff 
:  sill.  PCQ. 

1 

10.  On  comparing  these  relations  of  P,  Q  and 
F  +  P"  +  P"  &c  with  what  was  shewn  in  Note  (a) 
page  312,  it  appears  that  when  any  number  of 
weights  F3 P", P"  Sec.  are  thus  suspended  from  the 
hooks  P  and  Q  by  means  of  knots  in  the  cord 
PM'M'M"'Q9  the  pressure  upon  the  hooks  P  and  Q 
is  the  same  as  if  a  weight  {W)  equal  to  P  +  F  +  P" 
&c.  was  suspended  from  the  knot  C  in  a  cord 
PCG$  whose  length  is  determined  by  producing 
PM+  QM"  till  they  meet  in  C;  for  according  to  the 
principles  laid  down  in  that  Note,  we  have, 

Pressure  on  P  t  pres.  on  Q  ::  sin.  QCfP:  sin.  PCW; 
Pressure  on 

Pi  fr(F+F'  +  P''+kc.)::s\n.QClfr:sm.PCG; 

and  Pres.  on 

Q:  ^(P+P+P"'  +  &c.):tsin.PC»r:sin.PCG; 

/.  the  pressures  thus  produced  by  the  weight 
(W)  bear  the  same  relation  to  each  other  and  to  the 

weight 


(*)  See  Plane  Trigonometry,  page  20. 
(b)  For  PCQ=l80—p+q,  and  tin.JM^ssine  of  its  «/>- 
plment  180*— p+q. 
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weight  (W)  as  the  forces  P,  Q  in  the  last  article  \ 
the  tensions  of  the  cords ,  PAT,  QM"'  (u  e.  the 
pressure  upon  the  hooks  P,  Q)  are  consequently 
the  same  whether  the  weights  P*,  P",P"'&c.  are 
suspended  by  knots  in  the  cord  at  M ',  M'\  M"  &e* 
or  a  weight  (JV)  equal  to  their  sum  be  suspended 
from  C 

11.  It  is  evident  that  the  foregoing  demonstration 
does  not  at  all  depend  upon  the  number  of  the  weights 
F,  F\  F"  &c.  suspended  from  the  knots  M'  M"9 
M'"  &c. ; '  let  us  therefore  suppose  them  to  be  in* 
creased  ad  infinitum,  in  which  case  the  cord  will 
assume  the  form  of  a  curve,  and  the  pressure  upon 
the  hooks  P  and  Q  will  be  the  same  as  if  a 
weight  equal  to  F  +  P"  +  F"  &c.  was  suspended  by 
a  cord  whose  length  is  PCQ,  of  which  the  knot 
C  is  determined  by  producing  the  tangents  PM\ 
QM"'  till  they  meet  in  that  point  (Fig.  in  page 
323).  Or  if  we  suppose  the  cord  itself  to  have 
weight,  then  each  particle  of  it  may  be  considered 
as  a  weight  suspended  from  and  acting  at  the 
point  to  which  it  belongs,  so  that  it  will*  assume  the 
form  of  a  curve  PqQ  (Fig.  in  page  326)  ;  and  its 
pressure  upon  the  hooks  P,  Q  will  be  the  same  as 
if  a  weight  (W)  equal  to  the  weight  of  the  cord  was 
suspended  from  C;  PC,QC  being  tangents  to  the 
curve  in  the  points  P,  Q,  and  the  cord  PCQ  void  of 
gravity.  It  is  further  evident,  that  when  once  the 
equilibrium  has  taken  place,  the  tension  at  any  point  q 
in  the  curve  may  be  estimated  in  the  same  manner  as 

if 
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if  the  cord  mas  suspended  f™  To  find 

therefore  the  tension  pi  the  point  q.  we  have  only 
to  dram  the  tangent  yc* 
meeting  PC  in  c,  and 
through  c  drav  cv  paral- 
lel to  CW3  and  suppose  tr 
to  be  equal  to  the  weighs 
of  the  pari  Pf  of  the 
cord;  then,  because  (by 
Aft.  lO)  the  pressures 
upon  P  or  Q  are  to  the 
whole  weight  /7F)  of  the 
cord  ::  sin.  QCJFor  sin. 
PCfT:  sin.  PCQ,  £  the  tension  at  q  will  be  to  the 
weight  (if)  of  the  part  Pq  ::  sin.  Pew  :  sin.  Pcq, 
and  tension  at  q  :  pressure  at  P  ::  sin. Pew 
:  sin*  9  c  it.  ^ 

12.  If 


(a)  Since  the  pressure  at  P  :  /F: :  an.  ^C/F:  sin.  PC  Q,  the 

pr««rr,  a/  P=  IF'X  *\%^ ';  if  PC 0=  180*,  then  sin.  PCO 
^  s:n.  P6Ty  ^  x 

=0,  whilst  XT  and  QCW  remain  finite,    :.  P  in  this  case  is 

infinite;  whkh  confirms  what  was  said  in  Note  (a),  page  3 10, 

respecting  the  force  necessary  to  keep  a  cord  perfectly  straight 

when  supported  at  both  ends,  though  acted  upon  only  by  its  own 

weight. 

(b)  Let  G  be  the  center  of  gravity  of  the  cord,  then  its  whole 
weight  operates  as  if  it  was  concentrated  in  G;  but,  from  what 
has  been  here  proved,  it  also  operates  as  if  it  was  concentrated  in 
C ;  from  hence  it  follows  that  G  and  C  must  lie  in  the  same  ver- 
tical line ;  i.  e."ifa  line  he  drawn  through  C  (the  codmon  inter- 
"  section  of  the  tangents  PC,  QC)  at  right  angles  to  the  horizon, 
"  it  will  pass  through  the  center  of  gravity  of  the  cord*' 
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1 2.  If  the  cord  be  of  Uniform  thickness,  and  per- 
fsctly flexible,  then  it  will  t\a^  be  difficult  to  find  the 
equation  to  the  curve  whose  form  it  will  assume. 
Foj  suppose  it  to  be 
suspended  from  the 
points  P  and  Q  as 
before,  and  that  the 
equilibrium  has  taken 
place ;  then,  if  A  be 
the  lowest  point,  it     v 
is  evident  that  the  tangent  VAX  will  be  parallel 
to  Hue  horizon*?.     Draw  AZ  at  right  angles  to  VX, 
and  consider  it  as  the  axis  of  the  curve,  to  which 
the   perpendicular  ordinates  pm  &c.  are  referred. 
Let  An=*Xypn*zy9Aq=z9  and  draw   qn  inde- 
finitely near  to  pm,  and  qo  parallel  to  AZ,  so  that 
we  shall  have  mn  or  qo  =  x9po=y ;  let  the  tangent 
to  the  point  jb  (pC)  meet  VX  in  C,  and  draw  CG 
parallel  to  AZ,  in  which  case  the  triangles  CGq, 
qop  will  be  similar.     Suppose  now  the  tension  at 
the  given  point  A  to  be  represented  by  the  constant 
quantity  (a) ;    and   since   the  cord  is  of  uniform 
thickness,  the  weight  of  any  part  of  it  will  be  repre- 
sented -by   the  length  of    that  part;    hence   the 
weight  of  the  part  q  A  may  be  represented  by  z ; 
but  (by  Art.  1 1 )  the  tension  at  A  (a)  :  .weight  qf 

qA 

(*)  For  a  tangent  to  the  curve  at  any  point  between  P  and  A 
is  inclined  to  the  horizon  $  and  a  tangent  at  any  point  between 
A  and  Q  U  also  inclined  to  the  horizon,  but  in  an  opposite  direction j 
in  passing  therefore  through  the  lowest  point  A  it  roust  beoomc 
parallel  t*  the  horizon. 

2   t; 
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qA  (z)  ;:  sin.  qCG  :  sm.qCA  or  sin.  qCV  or 
sin.CqG  ::  (by  sim.A*)   sm.pqo:  sin. qpo  ::  po 

:  go  ::  y  :  x;  hence  a9 :  z9  ::y9 :  xf,  and  a9+z* 

z£ 
:  z9  ::  x9+y*  (**)   :  i%  /.  x=  ;    from 

which  x»  TaMV  +  Cor.  *•  but  when  *  =  O,  x=*  O, 
/.the  correct  fluent  »  x=N/a,  =  z9  —  a;  hence 
a  +  x=  *Ja*  +  z*9  and  «9  +  2ax  +  x9=a9  +  z9,  .\  z9 
=s2ax+x*,  and  z=  ±*/2aaT+x*.    Again,,  since 

.  .     ai  ±ax  . 

a  :  z  ::*:*,  we  have  tr=  —  =    d      ■         .  whose 

*  .  *      *      ^ax  +  x* 

n                            .       i      a  +  *  + V^ax  +  x* 
correct  fluent  is y=  +o  x  hyp.  log. 

=  ±a  x  hyp. logit^LfLJlE — ;  and  since  the  or- 

a 

dinate  (y)  has  two  equal  values,  the  one  positive 
and  the  other  negative,  it  appears  that  the  curve 
consists  of  two  similar  tranches  lying  at  equal 
distances  on  each  side  the  line  AZ.  As  this  is  the 
form  which  a  chain  consisting  of  very  small  links 
would  most  readily  assume,  this  curve  is  called  the 
Catenary,  or  Catenarian  curve ;  but  before  we  pro- 
ceed to  its  construction^  we  shall  exemplify  the 
theorem  which  relates  to  the  Junicular  polygon. 

EXAM.  I. 

Suppose  four  forces  P,  F,  jP",  jP"',  which  are  to 
each  other  as  the  numbers  5, 4,  3, 2,  and  whose  direc- 
tions are  inclined  to  the  line  AX  (see  Fig.  in  page  3 1 6) 

in 


,(•)  Fora+.r=Vtf«+*«;  and  Vaajr+j^st. 
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in  angles  of  30° ,  40°,  50°,  and  60°  respectively,  to  act 
at  the  same  time  upon  the  cord  PM'M"M'"Q  by 
means  of  knots  tied  in  the  cord  at  the  points  M\  M"> 
M"';  it  is  required  to  find  the  magnitude  of  a  fifth 
force  (Q)  which  will  keep  them  all  in  equilibrio,  and  the 
form  of  the  cord  after  the  equilibrium  has  taken  place. 

By   referring  to  Art.  5  th,  6th,  and  7th  of  the 
present  Section,  we  have, 

P  =5andp  =30?}  .-.  c  =  Pxco8.  p+Fx  cos.p'=5xcos.30P+ 
F  »4  ... p'  =40P\4xcos.  40Ps 5 X. 8660 +4X.7600  =7-3940. 
P''=3...p^5P500(j«i>xsin.p-fiyXiin.p/aa5X8in.30P+4x 
P* '  =2  . . .  p'"*z6CP)si*.  40>=5  x . 5000+4 X  .6427=5 .0708. 

Hence  tan.  *'=*  i=|^^^a=.6837a=tto.34°.  *S, 
and        f  =  V7S+<«=8.965. 


>M*MM 


Also,  c'=c+P"x  cos.p"=7.3940  +  3  X  COS.  50o  =  7.3»IO+ 
3  X. 6427=9. 3221. 

■■  /=5  +  F'  x  sin.  p"=5 .0708  +  3  x  sin.  5O>=5.0708  + 
3  x.  7660=7- 3688. 

Hence  tan.  «'^=||^=7904=ta^380.  19', 

i"=  \V'*+c"*=  1 1. 882. 

-  —— — —  —  *  .       1      -  -  —  - ■ — ■*— ■ 

Laatljr,4w*W+iy"x cos.  p"*z9. 3221  +2xco§.60°=9S33i 
+  2X.  5000=10.3321.  >; 

1"=  /+  P"  x  sin.  p'"=  7. 3688  +  2  x  sin.  60" = 7- 3688  +  2  X 
.8660=9.1008. 

Hence  tan.  a  =*C=^r^,  =  .8816=tan.  41*.  44', 
1     c      10.3221 

9=\T?i+?«=13.76l. 

To 

(b)  Here    c"    answers   to  c'<,-|>    in  equation  (I/)  Alt  6, 
page 320 5  for  (since  there  are  three  knots)  n— 1=2. 
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To  find  the  angles  at  the  several  knots  M',  M' 
M"\    we    have   LPM'M"=aM'p=l80P-7+p 

=  1 80"  -  34".  26v+30°  =  1 1 5°.  34' ;    L  M'M"*"  =  a ' 
—'=38°.  19' -34°. 26' =  3°. 53',     .'.    LM'M'M"' 

=  176°.7';   Z.M"3/"V=?-«>=4i0.44/-38o.l9/ 

-  3°.  25',  .-.  Z.  M"M"Q  =176°.  35'. 

1 

EXAM.  II. 

Suppose  a  perfectly  flexible  chain  PAQ,  of  a  given 
length  (/),  to  be  suspended  from  two  hooks  P,  Q  given 
in  position ;  it  is  required  to  contriiei' the  catenary. 

1.  Draw  PN  parallel  to  the  horizon,  and  QN  at 
right  angles  to  it;  p  z  n 
then,  as  the  points  P 
and  Q  are  given 
in  position,  PN  and 
QN  may  be  consi- 
dered as  given  quan- 
tities. Suppose  A 
to  be  the  lowest  point,  and  draw  AZ  parallel  to 
QN;  draw  also  Q M parallel  to  PN.  Let  PN=h> 
QNov  MZ**c,AZ  =  x,PZ=y;  then  will  NZ  or 
QM=PN-PZ=b-y,andAM=AZ-MZ=x-c. 

2.  Let  a=the  tension  at  the  lowest  point  A; 
then,    by  Art.  12,    PA  =  s/lax  +  x*f    and    ^Q 

=  v  2a. a:  —  c  +  jp^cf^;  hence 

P-rf 


(•)  For  since  A  is  the  feaiwf  pom/,  ^Z  is  the  orif  of  the 
«wrve,  and  the*  properties  of  the  curve  on  each  tide  of  the  ax  ii  are 
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,        f     ' a  +  x  +  \Z2ax  +  x* 
y  =  a  x  hyp.  log. ^ , 

and 

i_       i       a  +  x  —  c  +  >/2axx^c  +  xr~c?*) 

i-y  =  axhyp.  log. , 

a 

are  three  independent  equations,  from  which  the 

values  of  the  three  unknown  quantities  a,  x  and  y 

may  be  determined ;    when  these    equations   are 

solved,  the  length  and  position  of  the  axis  AZ  will 

be  known ;  and  as  we  shall  also  know  the  value  of  a9 

the  whole  curve  may  be   constructed    from   the 

general  equation  between  its  abscissa  and  ordinate 

d  .                  ,        ,       a  +  a?+  \/2ax  +  x*  , 

(viz.  y=«  x  hyp.  log.  — — ,  x  and  y 

being  no  longer  AZ  and  PZ,  but  any  abscissas  or 
ordinates  whatever.) 


3.  But  it  is  evident,  from  the  transcendental  nature 
of  these  equations,  that  the  values  of  a,  x  and  y  can 
only  be  obtained  by  a  very  tedious  process  of 
approximation ;  in  the  case  therefore  when  P  and 
Q  are  not  placed  in  the  same  horizontal  line,  the 
construction  of  the  catenary  becomes  a  problem  of 

very 

the  same,   .\  A Q=  V  2axAM+AM*  from  the  general  pro- 
perty, "  x=  V2ax+x\" 

(b)  This  equation  alio  follows  from  the  general  property,  "  that 

a    ~r     ,   Turn-   ~u      i     a+AM+yFlixAM+AM*:* 
the  ordinate  MQrsax  hyp.  log.  — 


<* 


i» 


* 


332  TBN3ION  OF  CORDS. 

very  difficult  solution ;  but  if  the  points  of  suspen- 
sion (P,  q)  be  in  the  same  horizontal  line,  then  the 
curve  may  be  constructed  without  much  difficulty. 
For  instance,  Let  the  distance  between  the  points  of 
suspension  (P  7=  10  feet,  the  length  of  the  chain 
Pj£Qq=10feetj  then  will  PZ  =  5feet,  and  PA 
s  lO  feet ;  the  equation  therefore  to  determine  the 

value  of  a  will  be  ly = a  x  by  p.  log. — \ 

PZ  =s  a  x  hyp.  log. — ,  or  5  =  a  x 


hyp.  log. — r— ;   .'.  -  =  2.3025°*x  log. 

10+^0*+ 100     -  *  •  ,  r       ^i 
— ;  from  which  a,  in  a  very  few  trials, 

is  found  to  be  equal  to  2, 3  feet(c\  Substitute  this 
value  of  a  in  die  equation  z*=2<zx  +  £*  (where  z  = 
PA,x=AZ),  then  **  +  4.6x=  100, from  which  we 
obtain  x  or  ./f  Z  =  7. 96  feet.  Having  thus  determined 
the  length  and  position  gf  the  axis  ./f  Z,  the  curve  may 
be  constructed  in  the  manner  described  in  Art.  2. 


(J  See  Ait.  12,  page  328. 

(*)  For  the  hyperbolic  logarithm  of  any  number =2. 302 .3 
x  cmhmr  logarithm  of  the  same  number. 

O  We  thus  obtain  the  tension  at  the  point  A  \nfeti;  but  we 
should  recollect  that  we  have  all  along  substituted  the  length  of 
the  chain  for  it*  weight ;  this  2, 3/<rrf  therefore  means  that  the 
!en».on  at  A  is  equal  to  the  weight  of  2,3  feet  of  the  chain. 
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Lecture  XI. 


ON  THE 

STRENGTH,  STRESS,  AND  PRESSURE  OF  BEAMS. 


In  estimating  the  strength  and  stress  of  beams, 
a  variety  of  circumstances  must  be  taken  into 
consideration.  Not  only  the  shape  and  position  of 
the  beam,  but  the  force  of  adhesion  of  the  particles 
of  which  it  is  composed,  must  be  brought  into  cal- 
culation. The  problem,  therefore,  when  taken 
in  its  fullest  extent,  is  one  of  considerable  diffi- 
culty ;  but  if  the  beams  are  of  regular  form  and 
uniform  texture,  it  then  becomes  capable  of  solution 
upon  mathematical  principles.  We  shall  begin 
with  the  case  of  prismatic  beams  supported  hori- 
zontally at  both  ends.  —* 

XLIIL 

On  the  stress  of  beams  placed  horizontally 
and  supported  at  both  ends. 

1.  Ij&ABCD  represent  a  longitudinal,  and  Ekrl 
a  lateral  section,  of  a  prismatic  beam  composed  of 
parallel  laminae  whose  lengths  are  ab,  cd,  &c.  breadths 
ghy  hi,  &c.  and  the  density  and  cohesion  of  whose 
particles  are  perfectly  uniform  throughout.  6uppose 
this  beam  to  be  supported  at  its  two  ends  by  the  props 
X,  M,  and  that  on  the  middle  of  it  there  is  placed 

the 
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the  weight  {W)  touching  it  in  the  point  E.     From 
the  point  E  draw  Er,  perpendicular  to  the  horizon, 
and  cutting  the  several  laminae  in  the  points  o,/>,  q 
&c. ;  it  is  evident  that  the  pressure  of  the  weight 
(JV)  will  have  a  tendency  to  produce  a  fracture  in 
the  beam,  begin- 
ning at  the  point 
r,  and  passing 
through  the  lami- 
nae in  succession 
till   it  arrives    at 
the  point  £(a).    It 
is  further  evident 
that  the  tendency 
of   the  beam    to 
resist  fracture  will  depend  partly  upon  the  adhesion 
of  its  component  particles,  and  partly  upon  the  dis- 
tance at  which  the  force  of  adhesion  acts  from   the 
point  E,  which  point  (as  the  fracture  proceeds) 
may  be  considered  as  the  center  of  motion  of  a  lever, 
at  the  extremities  of  whose  arms  Er,Eq,  Ep  &c. 
this  force  is  applied.    Let  0-  =  the  uniform  adhesive 
force  of  the  particles  of  the  beam,  then  the  adhesive 
force  of  the  particles  composing  the  line  gh  will  be 
measured  by  <rxgh9  and  the  distance  at  which  it  acts 
from  E  is  Eo,  /.  the  whole  force  of  the  line  of 

particles 

(*)  It  is  almost  impossible  to  represent  distinctly  a  longitudinal 
and  a  lateral  section  of  the  beam  in  the  same  Jigure;  tbe  reader 
therefore  must  conceive  that  the  plane  of  the  figure  Emrl  it 
placed  at  right  angles  to  the  plane  of  the  figure  A  BCD,  in  such 
manner  that  E  may  become  the  point  where  W  touches  ike  beam. 
and  thehne  Er  the  common  intersection  of  the  two  planes. 
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particles  (gh)  to  resist  fncture=rxghxEo;  for  the 
same  reason  the  force  of  the  panicles  in  the  Ymekl  — 
cxhlxEp;  and  in  theYme  mn=exmnx Eq ;  ice. &c. 
hence  the  whole  force  of  the  beam  to  resist  fracture 
=  <r x gkx  Eo  +  klx  £p  +  mnxEq  +  &c.  =  (if  G 
be  the  center  of  gravity  of  the  figure  Ekrl)  »  x 
gk  +  kl+mn  +  lsc.  x  EG=<rx  area  of  figure  Ekrl 
xEG. 

1.  If  ff  be  given  (i.e.  in  different  beams  of  the 
same  length  put  out  of  the  same  species  of  matter) 
this  tendency  to  resist  fracture  will  vary  as  the 
area  of  a  lateral  section  x  the  distance  of  its 
center  of  gravity  from  the  point  where  the  weight 
acts.  In  cylinders  and  square  prisms  (and  in  all 
cases  where  the  sections  of  the  prisms  are  similar 
figures)  this  resistance  therefore  will  vary  as  the 
cukes  of  their  depths  or  homologous  sides;  and 
in  beams  whose  sections  are  of  an  oblong  form,  it 
will  vary  as  the  breadth  x  square  of  the  depth.9* 
If   the    area   of  the  section  be   also  given,    then 

.ftoc 


(b)  For  let  Figs.  1 , 2,  3  represent  respectively  a  section  of  a 


EJrBxEOx. 
AB>  x  i  AB~         "«*  ^  **&  &  **  ■* 

A&t  in  Fig.2,ariM  ECrDxEGocC&xiCDxCD1 ;  aud  in 
Fi£.3,area  EFrKxE&xFKx  Erx%Erai;FKxEr'. 
1  X 
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RocEG  i  i.  e.  if  the  same  prismatic  beam  be  placed 
'  horizontally  with  its  sides  in  different  positions, 
then  its  tendency  to  resist  fracture  will  vary  as 
the  distance  of  the  center  of  gravity  of  a  lateral 
section  of  it  Jrom  the  point  where  the  weight  acts, 
and  will  be  greatest  when  it  'is  placed  with  the 
narrower  part  of  the  prism  uppermost    . 

3.  The  foregoing  expressions  apply  only  to  beams 
,  of  the  same  length  whose  own  weights  are  not  taken 
into  the  consideration.  Suppose  now  L,l  to  repre- 
sent the  lengths,  and  W,  w  the  weights  of  two 
prismatic  beams  supported  respectively  at  both 
ends;  then  W,w  may  be  considered  as  collected 
in  the  centers  of  gravity  of  the  beams,  and  acting 

at 

(*)  Let  ABCD  (Fig.  1.)  represent  a  section  of  an  oblong 
beam  j  then  in  tendency  to  resist  fracture  when  its  side  AC 
a  uppermost  (or  when  placed  edgeways)  :  the  tendency  when 


«PP"-         ^iff.    £  Xij.  2. 


AB  is 

most  (or  when  t 
placed  fiat- 
tvayt)  ::  EG 
i  Eg  -.:  \AB  . 
:\AC  ::AB, 
AC,  C  and; 
being  the  posi- 
tion of  the 
center  of  gra- 
vity when  the  Jgfy.  J-.  "jp^  ^ 
beam  is  placed  in  these  respective  positions.  In  Fig.  2,  where  tha 
section  is  a  triangle,  these  tendencies  to  resist  fracture  areas  (EG 
■  Eg.i)i  EC:\EC::2:l.  In  Fig.  3,  where  the  section  is  a 
Parabola. 
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at  the  distance  \L>\1  from  the  points  of  support; 
hence  the  stress  or  tendency  to  product  fracture 
in  each  beam  will  be  measured  by  \L  x  W  and 
§/x«/.  But  it  is  evident  that  the  whole  strength 
of  the  beams  will  be  directly  as  the  tendency 
to  resist  fracture,  and  inversely  as  the  tendency 
to  produce  fracture;  if  therefore  we  denote  their 
relative  strengths  by  S,s;  the  areas  of  their  sections  by 
A,  a;  and  the  depths  of  the  centers  of  gravity  of  the 
sections  by  G,g;  we  shall  have  (in  the  case  of  beams 

Ax  G 

supporting  only  their  own  weights)  S  :  s  : :  7-7 — 5=, 

ax g  ■     Ax  ix     ax  g  2 

"  £/xu/  "ix  IV  Ixw' 

4.  Let  D,d   represent    the    diameters    of   two 
cylindric  beams,  or  the  sides  of   two    beams    in 

the  form  of  square  prisms,  then  (by  Art.  2)  S  :  s  : ; 

D*         d9 

-z — =r> :  -. ;  and  if  they  at  the  same  time  be  similar 

JLxtv    Ixw 

On 


Parabola,  they  are  as  (EG  :  Eg  : :)  +EC  :  iEC  : :  3  :  2.  And 
in  Fig.  4,  where  the  section  is  an  Ellipse,  they  are  as  (EG  :  Eg  : :) 
EC  i  AB  : :  axis  major  :  axis  minor. 

By  a  similar  process,  when  the  section  of  the  prism  is  a 
square  or  an  oblong,  we  might  compare  its  strength  when  its 
angular  point  is  uppermost  with  its  strength  when  a  side  is  upper- 
most; thus,  suppose  a  square  prism  to  be  placed  first  with  its 
diagonal  and  afterwards  with  its  sides  in  a  vertical  position,  then 
its  strength  in  the  former  case  :  its  strength  in  the  latter  : :  the 
diagonal :  the  side  of  the  square  : :  V*2  :  1,  for  the  depth  of  the 
center  of  gravity  in  the  former  CMQ^half  the  diagonal,  and  in  the 
latter = half  the  side. 
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(in  which  case  L :  / : :  D  :  d,  and  W :  w  : :  Z>3  :  ds)  <*j 

c  D5    ds       11        1      1     „ 

75*  :  77* : :  n  :  ^  orT  :  7"    "ence  lfc  appears 

that  the  strength  of  similar  cylindric  or  (square)  pris- 
matic beams  varies  inversely  as  their  linear  dimensions; 
i.  e.  whilst  the  linear  dimensions  of  beams  of  this  form 
are  increased,  their  strength  (so  far  as  it  is  counter- 
acted by  the  increase  of  their  own  weight)  is  conti- 
nually diminished. 

*  5.  But  if,  besides  their  own  weights,  these 
beams  be  made  to  support  other  weights  W,w' 
placed  at  their  middle  points,  then  it  is  evident 
that  their  tendency  to  fracture  will  be  increased; 
and  that    in  such  a  manner  as  to  make  (in  the 

general  case),S  :  *  ::  JJp^jp> :  j^%>  afld  («» 

the  case  of  cylinders  and  square  prisms)  Sis:: 

Z>3  <f 

r    wrr     w*r>  '  ,  ;  for  since  these  weights  act  at 

L.W+IV    Isw  +  w*  6 

the  same  distance  from  the  points  of  support  with 
W,  w,  the  tendency  to  fracture  in  one  case  will  be 
measured  by  \L.IV+  W,  and  in  the  other  by 
%l.w  +  w'.  If  the  weights  of  the  beams  be  so  small, 
when  compared  with  the  weights  supported,  as  to 
make  it  unnecessary  to  take  them  into  the  conside- 
ration, 

(»)  For  the  weights  of  bodies  of  the  same  density  are  as  their 
solid  contents;  if  therefore  the  bodies  be  similar  solids,  their 
weights  will  be  as  the  cubes  of  their  linear  dimensions. 
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ration,  then  S  :  s  ::  ££  : -JL2^  0r  £^1 


/• 


Ixw 


6.  Hitherto  we  have  estimated  the  strength  of 
"beams  only  at  the  middle  points  between  the  two 
props.  In  order  to  ascertain  their  strength  at  any 
other  point,  we  must  find  how  the  stress  varies  at 
different  parts  of  the  same  beam.  Let  us  first  take 
the  case   of  a  weight  4  t     |  B 

(W}>  supported  at  the 
point  (C)9  by  the  beam 
AD,  whose  own  weight  is  not  taken  into  the  conside- 
ration.   Then  (see  Note  a,  page  232)  the  pressure 

W  x  CD 
upon  the  prop  A—  — -^ — ,  and  upon  the  prop  D 

WxAE 

— >  tV    l  •*•  the  stress  at  C,  as  estimated  from  the 

AD 

*  \  a      -it  u                a  u    WxCDx  AC         . 
prop  A,  will  be  measured  by  -jjr 1  and 

estimated  from  the  prop  D,  it  will  be ?-=? ; 

AD 

u         >u      u  ;    ,         **u       -  *n    iW'xACxCD, 
hence  the  whole  stress  at  the  point  (7= -rjz 

which 


(*)  For  the  stress  at  C,  as  estimated  from  the  prop  A,  may  be 

W  x  CD 
considered  as  produced  by  the  weight  — -j-rr — acting  at  the 

extremity  of  a  lever  whose  length  is  AC ;  and  the  same  for  the 
stress  as  estimated  from  the  prop  D. 
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which  varies  as  A  C  x  CD,  since      .  n    is  a  given 
quantity. 

7-  For  the  purpose  of  estimating  the  stress  of  a 
beam  at  any  point  C  arising  from  its  own  weight, 
let  A  BCD  represent  a  section  of  the  beam  cut 
through  the  axis  of  ^j^^^b£ 
the  prism,  and  let 
Ac=*x9  cd~i, 
fT=  weight  of  the  beam ;  then  the  weight  of  the 

Wxx 
indefinitely  small  part  cefd  of  the  prism  =  , 

and  its  pressure  upon  the  prop   F    (  =  its  weight 

x  -r-yr  J  =     vr%a  •     Hence  the  stress  at  c  (ari- 
ADJ       AD 

sing  from    the  weight  of  the    indefinitely  small 

rr    X  cX/  X  «PJF 

part  cefd)  estimated  from  />= "jfp »  but 

the  stress  at  c  :  stress  at  C  ::  cZ>  :  CD,  .\  the 

stress    at    C    arising   from    the    weight    of  cefd 

IVxCDxxi     ,          _        .    WxCDxx*       A 
= ^2j* ,  whose  fluent  is ^Jpi — >  and 

u              ^/>    •.   •      ^*  CDxAC*    AU .    , 
when    x=iAC,   it    is    i .^t ;  this  fatter 

quantity  therefore  expresses  the  stress  at  C  arising 
from  the  weight  of  the  part  AC  of  the  beam?\     For 

*      the 


(a)  For  the  stress  at  C  arising  from  the  part  AC  of  the  beam 

:CD 
AD* 
Lh 
AD* 


h  equal  to  the  sum  of  all  the  —  A]L         contained  between 
A  and  C,  l  c  to  th*  fluent  of  ^X  °A  °  x ■*  T  when  x=AC. 
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the  same  reason,  the  stress  at  C  arising  from  the 
weight  of  the  part   CD= lAh* ;    "ence 

4,     .  ,         L~  w*cd*ac+WxACxc& 

the  whole. stress  at  C= ■ n  jt\%   " 

FT*  AC  x  CD*  AC  +  CD     WxACxCD     ,.  . 

= ^D5 = 22S~- '  which 

t;arz^  as  -^C  x  CD  as  before.    Whether  therefore 

the  weight  of  the  beam  be  or  be  not  taken  into  the 

consideration,  the  stress  at  any  point  C  varies  a& 

ACxCD. 

8.  Since  ACx  CD  is  greatest  when  AC=  CD, 
the  stress  will  be  greatest  at  the  middle  point 
E;  and  the  stress  at  this  middle  point  will  be 
to  the  stress  at  any  other  point  C  : :  \AD  x  \AD 
{\AD)  :  AC*  CD.  But  the  strength  at  any  point 
of  a  prismatic  beam  will  be  inversely  as  the  stress0*, 
.\  strength  at'  the  middle  point  E  :  strength  at 
any  other  point  C  ::  AC*  CD  :  %AD*;  hence 
the  strength  of  the  beam  keeps  continually  in- 
creasing as  we  advance  from  the  middle  point 
towards  either  of  the  props ;  if  therefore  the 
greatest  weight  which  can  be  sustained  at  the 
middle  point  be  called  (w),  a  weight  which  is  greater 
than  (w)    in  the   ratio  of  £  AD* :  AC  x  CB  may 

be 


(b)  For  the  strength  varies  as  the  tendency  to  resist  fracture 
directly  and  stress  inversely  j  but  in  a  prismatic  beam  the  tendency 
to  resist  fracture  is  the  same  at  every  point,  /.  the  strength  varies 
inversely  as  the  stress. 
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be  sustained  at  C;   call   this  weight  (fV),    theA 
V:  .  ,:  \AU  :  AC*CD,<*  *-£%££. 

9.  As  the  stress  upon  a  prismatic  beam  is 
greatest  at  the  middle  point,  and  decreases  from 
the  middle  towards  the  ends,  it  is  evident  that  for 
a  beam  to  be  equally  strong  throughout  it  must 
be  of  a  tapering  form  w ;  and  if  the  sides  of  such 
a  beam  are  parallel  planes,  it  is  not  difficult 
to  shew  that  a  longitudinal  section  of  it  must  be  an 
ellipse.  For  let  the  curve  APDM  (whose  aocis  is 
AD)  represent  this  longitudinal  section,  and  let 
ass  the  thickness  or  breadth  of  the  beam;  then 
a  lateral  section  of  P^ 

the  beam  at  any 
point  C  will  be  an 
oblong  whose  breadth 
is  a,  depth  PM,  and  the  depth  of  its  center  of  gravity 

PC 


(•)  We  thus  determine  the  weight  which  might  be  sustained 
at  some  given  point  C -,  if  the  weight  were  given,  and  it  was 
required  to  determine  the  point  C  where  it  could  be  sustained, 
then  let  AC=x,AD=a,  and  .-.  CD=*a~- x;  substitute  these 
values  for  AC,  AD,  CD,  and  we  have  W  :  w  ::  \a%  :  ax-x*, 


a 


.:  Wxax—  x*=\a*w,  which   equation  solved  gives   *=-± 


, ,  where  x  has  two  values,  as  there  evidently  will  be 

two  points  equally  distant  from  the  middle  point  where  a  given 
weight  may  be  sustained. 

(b)  By  Art.  1,  the  tendency  to  resist  fracture  varies  as  area  of 
section  x  EG$  .'.  for  the  strength  to  be  the  same  throughout, 
area  of  section  xEG  must  decrease  as  the  stress  decreases. 


amd  nsmumm  or  beams. 


PC  or  ±PMi  bcmx  (by  Art.  2)  the  tendency  of 
the  beam  to  remt  fadae  at  any  point  C  h  as 
a  x  Pi/*;  bat  the  tfrar  at  C  *  as  AC*  CD; 


9    • 


strength,  at  C  k  s 


ix 


PIT 


PIT 


AOCD AC*CEf 

a  being  constant;  ban  if  PJTacACx  CD, the 
strength  wiD  he  the  mmt  at  ewrjr  point;  bat  in 
this  case  the  curie  APDM  is  an  tfEptt  whose  oru 
fji^or  is^fD,  and  w  mam  FK  ftfae  depth  of 
the  beam  at  the  mkkfle  point  jE)  *  . 


10*  Before  we  can  applj  the  foregoing  expresasons 
to  finding  the  aetata/  strength  of  bars  or  beams,  it  is 
neoesmrj  that  we  sfaonU  hare  some  tttmdmd  of 
strength  to  refer  them  to.  In  Emermms  Mecbanka, 
and  mother  worts  where  this  subject  is  treated 
more  at  large,  the  reader  will  find  tatk*  in  which 
the  relative  strength  of  a  variety  of  wihstatwrs  is 
expressed  in  numbers.  From  these  tables  we  *fhall 
select  only  two  intfancra.  which  will  he  quite 
sufficient  for  the  purpose  of  explaining  the  manner 
in  which  problems  of  this  kind  may  be  solved. 
The  Jbru  is,   "  That  a  small  beam  of  oak,  xfooi 

"long 


f)  A    beam  of  the  form  of  either  of  the  *»-«&pfc* 
APDC,  ACDM  «lf/»be  eajoaty  tfiong  tfcra*JmK;  fa 
the  depth  of  the  ctmUr  if  gratify  of  thelssenJ  section  is 
caaes  will  be  |PC  or  |Clf#  a*d    '.  the  ji/<**f4  vM 
PC*  or  Clf  •      u-. 
^CxCI>      ***** 

2  y 
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"  long  and  one  inch  square,  is  able  (when  supported 
"at  both  ends)  to  sustain  at  its  middle  point 
"  k  weight  of  600  pounds"  The  second,  "  that  a  bar 
€S  of  iron  of  the  same  dimensions  would  sustain  in 
"  the  same  manner  a  weight  of  2090  pounds."  It 
is  also  supposed  that  the  beam  of  oak  weighs  half  a. 
pound,  and  the  bar  of  iron  three  pounds. 

EXAM.  I. 

•  What  weight  might  be  sustained  at  the  middle  point 
of  a  prismatic  beam  of  oak,  whose  length  is  6  feet, 
and  its  end  4  inches  square. 

Let  5=  the  strength  of  the  beam  required,  $  = 
the  •  strength  of  a  beam  whose  length  is  one  foot, 
and  square  end  one  inch;  W=.  weight  of  the  larger 
beam,  w  =  half  a  pound;  Z>  =  6, /=*=1;  Z)e=4,<£=l; 
W=  weight  required,  w'=600lbs ;  then,  by  Art.  5y 

1 .  If  the  weight  of  the  beams  be  not  taken  into 

Z>3  ds  45 

the  consideration,  S  :  s  ::  -7 — =77, : >::^ — m> 

. .  Lxfr     Ixw     oxfr 

1 

:  - — faZ>  but  from  the  conditions  of  the  problem 

S=s{*,  .'.  *  *'     =  ,    lL^  or  fV'  =  QAO0lbs. 

Ox/T      1  xOOO 

2.  If  the  weight  of  the  beams  be  taken  into  the 

D>  d> 

consideration,  then  Sis::    r    WMr     wj„  •  .       ,     , 

L.1V+W      Lw  +  w 


(*)  Since  the  beams  are  supposed  to  be  just  capable  of  sus- 
taining the  weights  IV,  tr,  their  strength  as  compared  with  those 

weights  must  be  the  same. 
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45         ""  I3  64  1 

::  6.48+  W    '   i.i  +  6oo'  " '  6.48+  7r~6oo£ 

or  W  =  6357  \lbs. 

EXAM.  II. 

Supposing  its  own  weight  not  to  be  taken  into  the 
consideration,  what  must  be  the  depth  of  a  beam  of  an 
oblong  prismatic  form,  whose  breadth  is  2  inches  and 
length  6  feet,  to  support  a  weight  of  6400 lbs.? 

JjetBszbreadthof  the  beam  required,  and  #=breadth 
of  the  beam  whose  length  is  one  foot  and  square  end 
one  inch;  then  retaining  the  notation  of  the  preced- 
ing example,  and  referring  to  Note  (a),  p.  335,  and' 

Art,  5,   we  have  \  :  s  :  -? — ==?, :  - ;  : :  - — ^rrz 

s-  Lx  W     I  xw       8  x  6400 

:      1fi->    .\  (when  S=s)  2Z>*  =  85.3333,  orZ)±s? 
6.53  inchest. 

EXAM.  III. 

What  weight  might  be  supported  at  the  middle 
point  of  a  bar  of  iron  10  feet  long,  and  the  side  qf 

whose 

(b)  The  weights  of  the  two  beams  tire  to  each  other  as  their 
solid  contents;  .:  W  :  w  (£)  ::  LxV*  :  lxd%  ::  8xl6:  lXl 
;:<fi:  1,  or  lF=48lbs. 

(c)  The  length  of  this  beam  being  the  same  with  that  in  the 
preceding  example,  their  solid  contents  will  be  as  the  areas  of  their 
lateral  sections,  i.e.  the  beam  in  Exam.  1st :  that  in  Exam.  2d 
::  4V :  2x6.53  : :  l6  :  13.J06;  the  oblong  beam  therefore  placed 
edgeways  is  as  strong  as  the  square  one,  although  it  contains 

only  about  l^ths  of  its  substance. 
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whose  square  end  is  3  inches,  supposing  its  own  weight 
to  bo  taken  into  consideration  ? 

„       o  D'  *  3"  u 

HercSu::  ^ 


1.3+2190 

=.5651.  His. 


L.JV+  W'l.w+W      10.270+  W 
.  (when  S=.)  >T=l}S*pl  _27o 


of  the  cylinder, 

♦ 


EXAM.  IV. 
PSnd  /Ae  ireofcA  and  <feptA  of  the  strongest  oblong 
beam  which  can  be  cut  out  of  a  given  Cylinder. 
Let  ACBD  represent  a  section  of  the  cylinder, 
whose  diameter  AB=a;  and  sup- 
pose AC  to  be  the  breadth  of  the 
beam  required,  and  BC  its  depth ;  ufl 
let  AC=x,  then  BC=ABt-AC% 
=  a*— x*;  but  by  Art.2,the  strength 
of  this  beam  will  vary  as  AC x  BC*>xxx  a*  —  x*% 
hence    a*x  —  x'  =  max.;    .*.  a*x  —3x*x  =  0,    and 

—  JS-AC>   £C=V/<.--|'  =  «\/|i   the 

strongest  oblong  beam  therefore  which  can  be  cut 

out  of  a  given    cylinder  is    that  whose  breadth 

a  /a** 

=  —~-  and  depth"  a\f  -. 

______  Ex' 

(•>  Here  UT-.  w  (3)   ::  LxD*  :  /xrf'  :■  JOxfl  :  1X1, 

(k)  Hence  AB\  BC,  CA*  we  to  each  other  u  m\  — ",  — ,  or 
m  3,  a,  l ;  the  ttrongett  oblong  bt*m  therefore  which  can  be  cat 
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EXAM.  V. 

fVfutt  weight  will  a  beam  of  oak,  whose  length  is 
8  feet  and  side  of  its  square  end  3  inches,  sustain^ 
at  the  distance  of  3  feet  from  one  of  the  props  f 

By  a  calculation  similar  to  that  of  Case]* 
Exam.  1,  it  will  be  found  that  a  beam  of  these 
dimensions  would  sustain  a  weight  of  2025  lbs.  at 
its  middle  point ;  ."•  by  Art.  8,  the  weight  which  it 
would  sustain  at  the  distance  of  3  feet  from  the 

ilZ^S"  in  page339)  m  (/jci1CDm')' 

4x3x5 

EXAM.  VI. 

Find  the  distance  from  one  of  the  props,  at  which 
5  ions  weight  might  be  sustained  upon  a  bar  of  iron 
whose  length  is  10  feet,  and  the  side  of  whose  square 
end  is  3  inches. 

From  Exam.  3,  it  appears  that  this  bar  would 
Sustain  at  its  middle  point  565 1  .\lbs;     .*•   (see 

Note  (b)9  page  341)  the  distance  from  the  prop  A 
at  which  it  would  sustain  5  tons  (or  11 200  lbs) 

(a      aJW-w  _  \10     jOx/ 1 1200  -  5651 . 1 
2~     2y/Fr"~Jl 
=:5-3.52=s  1.48  feet. 

XLIV. 


out  of  a  given  cyUndric  one,  is  that  in  which  the  squares  of  the 
diameter  of  the  cylinder,  o(  the  depth  of  the  beam,  and  of  iti 
breadth,  are  to  each  other  at  the  numbers  3, 2, 1. 


SIS 
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XLIV. 

Om  the  strength  and  stress  of  beams  supported 

at  one  end. 

1.  het jfBEF,atef  represent  the  longitudinal 

sections  of  two  prismatic  beams  fixt  horizontally 

into  the  wall  HKLM;  then  the  tendency  of  these 

beams  to  resist  fracture  at  the  ends  EF>  ef  where 

thev  are  inserted  into  the  wall,  will  be  measured  in 

the  same  manner  as  in  the  preceding  cases  (viz.  by 

the  am  of  a  lateral  section  x  depth  of  its  center  of 

gravity),  except  that  in  this  case  the  fracture  will 

begin  at  the  upper  points  F,f,  and  end  at  the  lower 

points  E>e.  The  tendency 

to  produce   fracture   will 

be  the  weight  of  the  beams 

acting  at  the  distance  of 

their  centers  of  gravity 

from    the  ends  EFy  e  f. 

Retaining    therefore    the 

notations  of  articles  3,4,5. 

pp.  337,  338,  and  putting 

5  for  the  strength  of  the  team  ABEF,  and  * 
for  the  strength  of  the  team  atef,  we  have  S  :  *  : : 

\L*IF :  Th^tc  ;    *"    lf  *">*  ***&***  *"»  «•'  are 
.        placeu 


I*  Si*.  S  .  .  (,  £ 


.txG       ex 


o 


JxG 


*-,  ihese 


xlT   tLxsrS      LxW Uw, 
expressions  accord  with  those  of  An.  3,  pge338;   the  mat 
•occlusions   therefore  msj  be   drawn  with  raped  to  cyli*- 

iric 
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placed  at  the  other  ends  of  the  beams,  then  (since 
the  effects  of  these  weights  to  produce  fracture  will 
be  measured  by  W  xL  and  w'xl)  we  shall  have 

(as  in  Art.  5,  p.  338)  S  :  s  ::  -  r  -===J==r- 

V  V  .L.ifF+fr-'l.iw  +  w" 

moreover,  if  the  weights  W,w  of  the  beams  be  very 
small  when  compared  with  the  weights  W\  w\  then 

S  •  s  •  •  •//xG  .  g*g 

2.  Let  Wyw  represent  the  weights  of  the  parts 
ABDC,abdc  of  the  beapis,  then  the  tendency  of  those 
parts  to  produce  fracture  at  C,  c  will  be  pleasured  by 
\W  xAC  and  \wxac ;  and -the.  tendency  of  the 
weights  W\  w'  by  W  x  AC  and  w  x  ac ;  .\  if  5,  * 
represent  the  strength  of  the  beams  at  the  points 

Cyc; 


dric  and    similar   prismatic  beams,    as  in  Art.  4$    viz.   that 

D*         rf3  11 

^  ;  5  ::  y  ^  ig-»  ■; in  one  case,  and  as  7-:  7  in  the  other. 

L,XW   txw  LI 

Also,  since  in  the  same  beam  placed  with  its  sides  in  different 
positions,  S  :  s  : :  G  :  g,  the  aroze  comparison  may  be  made  as  *  to 
the  relative  strength  of  beams  placed  flatways  or  edgeways  as  was 
made  in  Note  (a),  page  336 ;  except  that  (sinee  in  this  case  the 
fracture  begins  at  the  upper  side  instead  of  the  lower,  and  since 
the  depths  of  the  center  of  gravity  are  measured /rom  the  points 
where  the  fracture  terminates)  in  beams  whose  lateral  sections 
are  triangular  or  parabolic,  the  ratio  ofG-.g  (and  consequently 
ofSzs)  will  be  that  of  CG  :  eg,  instead  of  EG  :  Eg.  From 
hence  it  appears,  that  when  beams  are  supported  only  at  one  end, 
such  as  are  of  triangular  or  parabolic  form  will  be  stronger  when 
their  broader  side,  that  when  their  narrower  side,  is  uppermost  j 
the  former  in  the  ratio  of  2  :  l,  the  latter  in  the  ratio  of  3  :  2. 
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350 
C,c,  then 


"  JC.£W+W     ac.\w  +  w 
H  Wtw  be  very  small  when  compared  with  W,  w', 
„ e  AxG        axg 


3.  Hence,  if  a  given  weight  W  be  supported  aft 
the  end  of  a  given  beam 
wboae  weight  b  so  small 
at  not  to  be  taken  into  J 
the  consideration,  the 
strength  of  that  beam  to 
support   the    weight    W 
at  any  point    C  between 
A  and    F    will    vary  as 
kG  \A*G 


Let    the    beam    be 

in    the   form    of    an    isosceles    wedge    whose    flat 

sides    are    parallel    to  the    horizon,    and    whose 

given    depth=d,  then  A=EDxdt  and   G  =  %  d, 

.:AxG=iEDx  d%<*ED<xEC  which  <*AC'-, 

AC 
hence  the  strength  cx--jtii  or  is  constant;  a  beam 

of   this    form    therefore    will    be    equally   strong 
throughout. 

(')  ED  ii  drawn  parallel  to  the  base  of  the  wedge,  and  AT 
perpendicular  to  it;  .-.AT:  AC  . 


(HKuAAZ  being 
-AC. 


~aT- 

mlMl) )  hence  EC  {=\ED)  th 
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throughout.  Or  if  the  sides  of  the  beams  be  pa* 
rallel  planes,  and  its  longitudinal  section  a  semi* 
parabola,  as  A'C'FD';  then  let  rf«the  given 
breadth,    and    we  have  A=d*  CLt,G  =  \C&, 

/.   AxG=±dxC£jr*ocC'&*;    hence  S«^£; 

but  since  A'U  is  a  parabola,  A'CocC'l?*;  a  beam 
therefore  of  this  form  will  also  be  equally  strong 
throughout.^ 

-  4.  Suppose  the  beams  iu  Art.  1.  to  be  cylinders 
or  square  prisms,  whose  diameters  or  sides  are  D,  d, 

then   S  :  s  : :   m  ■   wwt  : ==r ;    let  t/=  0* 

L.\W+W    l\w+x»'  .    * 

then^:,::^^^:^^,  in  which  case 

5  :  s  expresses  the  relative  strength  of  two  cylindric 
beams  whose  lengths  are  L,  I ;  diameters  D,  d ; 
weights  W9  w  ;  the  former  of  which  supports  the 
given  weight  W  at  the  end  of  it,  and  the  latter 
supports  only  its  qum  weight. 

1  i 

5.  Letd=D,  thenS  :s  ::  ■    -    .jl"  =^>;  — :: 

L.±W+W    £lxw  • 

TXT~  7(«)\  1  n   T 


case, 


—^ 


(b)  If  a  longitudinal  section  of  the  beam  be  a  whole  pttrabola, 
then  *ill  it  also  be  equally  strong  throughout ;  for  in  this  cast 
G=CU,  and  /.  Ax  GocQ'V^ 

(c)  Since  d=D,  the  weights  of  the  beams  must  be  a*  their 

lengths,  .\  u>  :  IP: :  It  L,  or  wzz  — 

2  Z 
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case,  therefore,  Sis  expresses  the  relative  strength 
of  two  cylindric  beams  of  the  same  diameter,  one  of 
which  supports  the  given  weight  W  at  its  end, 
and  the  other  supports  only  its  own  weight ;  and 
if  the  beam  whose  length  is  L  breaks  when  W 
is  placed  at  the  end  of  it,  the  beam  whose  length  is 
/  will  break  with  its  own  weight;  hence  let  5=  s,  or 


h  ^  m      m  Mm  mrmr       •••       w      mrWw 

L.ifr+fr'-TrTT"  thBn /t==    '  tf  •     ' apd 

/»Z#V  w — =  *Ae  length  of  the  beain  which 

tt/ou/c?  6reaA  £y  its  own  weight. 


t 


0.  Let  the  beams,be  similar  cylinders,  then  Ds :  rf5 

::  L*  :  /*,    .-.  S  :  «/.. — .u  L*        ,;  ~    !'     ^ 

\'  L.t/r+fT     ilxwj 

"pr+T^-'P"  (forM' Tr-JiTTTfP' 

:  -^r^;    and  when   5=,,  ^/yr+y„— -j>  .-. 

$Ar  +  #r  =  ,  or  /= 557^ ;    if  there- 

fore  a  cylindric  beam  whose  length  is  L  breaks 
with  the  given  weight  W  placed  at  the  end 
of  it,  a   similar    cylindric  beam  whose  length  is 

— - — jp will  break  with  its  own  weight. 

7.  From 


mmm 


{%)  The  weights  of  similar  cylinders  of  the  same  density  are 
as  the  cubes  of  their  diameters  or  lengths,  .'.  w  *  W\\  /*  :  L\  or 


fuss 

.J 
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7.  From  Art.  7,  page  340  (See  also  the  Figure 
in  that  page),  it  appears  that  if  a  beam  be  sup- 
ported at  both  ends,  then  the  stress  at  amf  point  C 

«= r—m ;  hence  the  stress  at  the  waddle 

point = — oytn — =o^x-«-0*  suppose  a  beam 

of  the  same  diameter  and  only  half  the  length  to  be 
supported  at  one  end,  then  the  stress  at  the  sup- 
ported end  =  (the  weight  of  the  beam  x  distance  of 
its  center  of  gravity  from  the  end  =  )  £  fPx  \AD 

=  l-WxAD;  the  stress  therefore  at  the  muddle 

8 

point  of  a  beam  supported  at  both  ends  -  is  equal  to 
the  stress  of  a  beam  of  the  same  diameter  and  of 
half  the  length  supported  only  at  one  end ;  and,  con- 
sequently, if  a  beam  of  any  length  would  break  by  its 
own  weight  when  supported  at  both  ends,  a  beam  of 
the  same  diameter  and  of  half  that  length  would 
break  by  its  own  weight  when  supported  only  at 
one  end.  The  expressions  deduced  in  Art.  5  and  6 
will  therefore  apply  to  beams  of  double  the  length 
when  supported  at  both  ends. 

EXAM.  I. 

What  must  be  the  length  of  a  beam  of  oak  one 
inch  square,  supported  at  both  ends,  which  is  just 
capable  of  bearing  Us  own  weight  f 

By  Art.  10,  page  343,  a  beam  of  oak  a  foot  long 

•and  one  inch  square,  whose  weight  is  fib.  will 

just 
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just  support  floolbs;  hence,  in  the  expression  /= 
IS/     £*ir   (Art.  5),    we   have  £  =  one  foot, 

a  49  feet.  # 

EXAM.  II. 

#%«*  mi«*  te  the  length  of  a  bar  qf  iron  one 
inch  square  supported  at  one  end,  which  would  break 
by  Us  own  weight? 

The  length  of  a  bar  «f  iron  of  this  thickness  (sup^ 
ported  at  both  ends)  which  would  break  by  if*  own 

height  (^h\^^^,  where  L  m  one  foot,  W 

-Sib,  IT**l^^\/*  +  W9m  JuBl  ^38.2 

feet ;  the  bar  therefore  which  would  just  break  by  its 
own  weight  when  supported  at  one  end  will  be  equal 
to  half  this  length,  or  19.]  feet.  (Art.  7,  page  353.) 

EXAM.  III. 
Since  a  bar  of  iron  an  inch  square  and  one  foot 

long  will  support  a  weight  of  ligolbs,  what  must  be 
the  dimensions  and  weight  qf  a  simitar  bar  which 
will  break  with  its  own  weight,  when  supported  at 
both  ends  ?  _______ 

i>     a_  *    ;    L.ftr+2fP    3+4380*    _*f  /  . 

By  Art.o,  /= jp? «- — - —  =1401  feet; 

and  D  (one  inch  or  -foot)  :  d  t:  L  (l)  :  /  (l46l), 
•Mfa3i2l.75;  the  dimensions  therefore  of  the  beam 

1  are 

,  C)  ForL=i,  fT=3Us,  JP'saigOtt*. 
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are  146 1  feet  long,  and  the  side  of  its  square 
121.75  feet;  with  respect  to  its  weight  (w),  we  have 

w  :  W  {$)  ::  V  :  L9  ::•  149i]5 ;  1;  consequently  its 
weight  is  immense. 

■ 

EXAM.  IV. 
What  must  be  the  length  of  an  oak  prism  6  inches 
square,  to  break  with  its  bwn  weight  when  supported 
at  both  ends? 

We  must  first  find  the  length  and  weight  of  a 
beam  six  inches  square  which  will  just  support  some 
given  weight.  Now  a  beam  of  a  foot  long  and  &n 
inch  square  just  supports  Goolbs;  if  therefore 
L = the  length  of  the  beam  six  inches  square  which 
would  just  support  Qoolbs,  and  D  its  side,  we 
should  have .  (if  the  weights  of  the  beams  be  not 

taken  into  consideration)  S  :  s  ::  7 — n^T^—'t 

Jj  X  rV       ,tXW 

D9     d9-     6*    l 
and  if  W = w' = 600,  5  :  a  :;  -y-  :  y  ::  y- :  - ; 

6s 
.•.  when  5= s,  -y  =  l,  or  L  =  2l6  feet  =  the  length 

of  a  beam  6  inches  square  which  would  just  support 
600 lbs.;  its  weight  {fV)  :  weight  of  beam  a  foot 
long  and  one  inch  square  (£A.)  ::  L*& :  Ixd*  ;: 
ai6x36  :  1x1,  .'.  /T=2l6xl82=3888#J.;  hence 
the  length  of  a  beam  six  inches  square  which  woold 

break  with  its  own  weights L\/  -  "V^rlfa  *=  fel6 


v^ 


3888  +  1200     „   -  rtJ  -    . 
—~r—rr-——  =  240.24  feet. 
3868 
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XLV. 

On  the  comparative  strength  of  solid  and 

hollow  beams. 
1.  XjdtABCD,abcd  represent  the  lateral  sec- 
tibns  of  two.  cylindric  beams  of  the  same  length 
and  the  same  mate- 
rials whose  weig  fits 
are  W,w,  one  of/ 
which  (ABCD)  is  ( 
hollow,  and  the 
other  (abed)  is 
solid;  and  suppose 
the  annulus  AEBFC  to  be  concentric  with  the 
outer  surface  ABC  of  the  cylinder,  in  which 
case  the  center  of  gravity  of  the  annulus  will  be 
in  the  center  of  the  section  (G).  Let  S,  s  repre- 
sent the  strength  of  the  hollow  and  solid  beams 
respectively,  then  (by  Art.  3,  page  337,  since  L=  I) 

_  annulus  AEBFC*  AG  area  abcxag 
o    i  s  ::  '  -      „, :  —     ■  v, 

and  if  the  annulus  be  equal  to  the  area  abc,  then 
S  :  t  ::  AG  :  agl>i  ::  ^B :  ab,  i.e.  the  relative 
strengths  of  two  cyKndric  beams  of  the  same 
length  and  containing  the  same  Quantity  of  matter, 
one  of  which  is  hollow  and  the  other  solid,  are  as 
the  diameters  of  their  respective  lateral  sections. 

».  From  hence  it  appears  that  the  strength  of  a 
cylindric 

(*)  For  since  the  lengths  of  the  beanu  an  the  «me,  when 
cmnAu  JEBF&sarm  abc,  then  W=v. 
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cylindric  beam  consisting  of  a  given  quantity  of 
matter  may  be  increased  ad*  libitum  by  spreading 
that  matter  into  the  form  of  an  annulus  whose 
thickness  (AD)  keeps  continually  decreasing ;  for 
as  AD  decreases,  the  diameter  (AB)  of  the  anniilus 
must  increase,  whilst  the  diameter  (ab)  of  the  solid 
beam  remains  the  same;  hence  the  ratio  ofSis 
would  keep  continually  increasing,  and  wfculd  only 
come  to  its  limit  when  the  apnulus  becomes  so  thin 
as  to  lose  its  rigidity. 

3.  The  area  ABC:  area  abc::  AB* :  ab\  and 
the  area  DEF  :  area  abc  ::  DE%  :  ab*,  /.area 
ABC -area  DEF  (or  the  annulus  AEBFC)  :  area 
abc ::  AB*-DE* :  ab%;  and  when  annulus  AEBFC 

=  arezabc,AB*-DE*=ab*orab  =  s/AB*-DE'i 
hence  the  diameter  of  a  solid  cylinder  which  shall  con- 
tain the  same  quantity  of  matter  (in  a  given  length), 
with  a  hollow  one  whose  exterior  diameter  is  AB 

and  interior  diameter  DE,  is  equal  to  s/A&—D£?i 
and  the  strength  of  the  hollow  beam  :  the  strength  of 
the  solid  one  ::  {AB  :  ab  ::)  AB  :  *JAB*-DE\ 

A.  If  the  hollow  part  of  the  beam  and  the  annu- 
.  lus  be.  not  concentric,  but  have  their  "diameters  in  the 
lame  straight  line  (AB),  then  the  center  of  gravity 
of  the  annulus  jvill  not  be  in  the  center  (G)  of 
die  circle  ABC,  but  in  some  point  (K)  in  the 
line  A  B,  towards  the  thicker  part  of  the.annulus; 
and  its  distance  A K  from  the  point  A  will  be  greatest 
when    the   two  circles  ABC,  DEF   touch  each 

other 
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other  m  the  point  '  A*\  consequently,  if  the 
fracture  terminates  at  that  point,  the  strength 
at  the  beam  will  be  the  greatest  when  the  thickness 
of  the  an- 
aulus-  at  A 
it  mads  as 
small  as  the  ' 
nature  of 
tfcfr  sub- 
stance will 
admit  ofw. 

Now  in  beams'  supported  at  both  ends,  the  fracture 
terminates  at  the  upper;  and  in  beams  sup- 
ported only  at  one  end,  at  the  lower  side  of  the  beam ; 
hence  when  the  beam  is  supported  at  both  ends,  it 

.will 

(•)  For  let  the  area  of  thegircncirde-#BC=«,<rfi>Jt/feft, 
than  the  area  of  the  .anwJw=a-6{  let  AG=r  (G  being  the 
center  of  the  circle  ABC),  Ag=x  (g  being  the  owner  of  the 
circle  DEP),  nndAK=yi  then,  by  the  property  of  the  center  of 
gravity,  the  area  of  the  circle  ABC  X  the  distant*  of  its  center 
of  gravity  from  the  paint  A,  mutt  he  equal  to  the  turn  of  Ike 
products  of  its  two  parts  (viz.  the  armulus  and  the  circle  DEF) 
multiplied  by  the  distance  of  their  centers  of  gravity  from  the  same 

point,  \.a.ar=abx+a—b.y,  .\ii+a— t.y™0,  or  r= — — r— *t 

and  at the  fluxions  of  x  and  y  have  different  signs,  x  mutt  decrease 
when  u  increases,  and  vice  versa  ;  hence  A  K  will  be  the  greatest 
when  Ag  ii  the  least,  L  e.  when  the  circles  touch  each  other  in  thar 
point  A.  .     . 

(b)  For  the  ttrengtb  of  the  beam  variea  a*  the  area  of  the 
annxlus  x  the  distance  of  its  center  of  gravity  from,  the  paint 
where  the  fracture  terminates  j  and  aa  the  area  Of  the  annulm  U 
gives.,  the  itrength  will  vary  aa  A  K. 
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will  be  strongest  when  the  thinner  part  of  Ihe  araiu- 
Au?  i*  upperiQQst ;  and  whe*  it  ip  supported  dwjy  # 
one  £1*4,  ty  will  be  strongest  when  the  thicker  part 
is  i$  thpt  position. 

EXAM.  I. 

What  weight  could  be  sustained  Qt  ife  middle  point 
of  a  cylindrical  iron  tube  8  feet  long,  whose  diameter 
is  \\  inches,  and  thickness  £  of  an  infih;  supposing 
the  tube  to  be  supported  at  both  ends? 

%  Art,  3,  the  djwpetgr  ^  a  wtoi  <ff  Knfer  of  Jtoe 
$me  fcngfk  »nd  weigh**?  (%/  A B> '**&£**  Fig,  W 

page356)  y  ~- 1  =  \/|=  l.u  inches;   and  the 

strength  of  this  cylinder  at  its  middle  point :  strength 
of  a  tar  pf  iroq  one  foot  long  and  one  inch  square 

(t^W/  •  r^/>  where  u/ts^JQQ,  the  weight  of 
Lx  Jr      Ixw  ■ 

the  tar*  themselves  not  being  taken  into  con- 
$lderatoQD)  ?_?/  :   ^_,    ,./T- 370.2/*,.-; 

but  by  Art.  1,  .the  strength  of  the  tube  :  strength  of 

the 


I         m         .1  .  ..^  ■■■l-.l,  Jll      ll  w* 


(1)  ^Ef=»r»a  of  .«  (Circle  wfeoie  duunater  it    l.ja^l.U)* 


3  A 


tkmnJfUmLT  :r  diaamttrof  the  tote  :  diameter  of  tkc 
a/Bmkr  7z±z  I  mIlzz  3  z1.22y    .\  the  tote  would 

..„       .  .  .^    r   3x370.2 

anstaxn  at  its  waddle  point  n  weight  t>l    —        — r 

or  about  502&*. 

EXAM.  n. 

Compare  the  lateral  strengths  of  two  qf&mkicm 
rat  te&w  o/"  the  same  length,  of  the  same  diameter 
(tc.  4  mrAe*!,  a»f  of  the  same  tore  (rez.  3  iuihtsi ; 
m  the  former  of  which  the  bore  is  tromght  tvufun 
±th  of  am  inch  of  the  upper  surface,  and  in  At  latter 
it  «  concentric  with  the  tube  its&lf;  taking  tie  mw? 
when  the  takes  are  supported  at  -both  ends. 

Since  the  lengths,  weights,  and  areas  of  the  aamui 
of  these  tubes  are  given,  their  lateral  strength*  will 
be  as  the  distance  of  the  centers  of  graiity  of  dus 
amnmli  from  the  upper  surface.  In  the  tide  wbctR* 
bore  is  concentric  with  the  tube  itself,  the  center  zc 
gravity  of  the  annul  us  will  be  in  the  axis  of  the  cyJix- 
der,  and  consequently  its  depth  will  be  two  inches : 
the  other  comes  under  the  case  of  Art.  4,  »Seti 
Fig.  in  page  358)  where  AB=4  inches,  B£T= 
3  inches,  AG  =  1  inches,  and  AE  =  ~th  of  an  inch. 
and  therefore  Ag=  1;  =  ^  inches.  Let  ^=.*S5-4. 
then  the  area  of  the  circle  ABC^pxAk^H^^  ; 
area  of  cirde  DEF=px3*=gp9  .\  area  of  tb< 
annulu4=i6p-Qp  =  jp;  substitute  these  vihxs 
for  a,b,  and  a  —  b  in  the  equation  ar=bx  +  a  —  £.* 
of  Note  a,   page  358,  and  we   have   16  pr=gpx 
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+  1py,ory{AK)=liQrSx=  ( fiirr-2,**  -^ 

139  -  7  V  6/ 

~j£ ;  hence  the  strength  of  the  former  tube  :  that 

of  the/latter  (::  AK :  AG)  ::  ^  :  2  ::  139  :  "2- 

XLVL 

On  the  strength  and  stress  of  beams  placed 

obliquely. 

* 

1 .  %  Art.  3,  page  274,  if  a  body  be  sustained  upon 
an  inclined  plane  by  a  force  acting  parallel  to  the 
pique,  the  weight :  the 
pressure  upon  the  plane 
::  length  of  the  plane 
:  base  of  the  plane ;  if 
therefore  a  weight  fV'be 
supported  at  the  middle 
point  of  a  rectangular^ 
beamy/ Z>,  in  the  manner 
represented  in  the  annexed  Figure,  then  W  :  stress 
upon  the  beam   ::  AD  :  AB  r:  radius  :  cosine  of 
Z.  BAD;  and  as  the  weight  of  the  beam  may  also 
be  considered  as  a  weight  acting  at  the  middle  point, 
the   stress  arising  from   this  cause   will  also    be 
diminished  in  the  same  ratio ;    i.  e.  if  W—  weight 
of  the  beamy  then  W :  stress  arising  from  its  owu 
weight.::  radius  :  cos.  Z.  BAD;  hence  W+  W :  whole 
stress  arising  from  W  +  W  ::  radius  :  cos.  BAD 
or  cosine  of  the  jL  of  elevation  of  the  beam  above 
the  horizon ;  let  L  of  elevation  =  «  and  radius  =  1 , 

then 
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abAt  W+  W  :   stress   upon   the  inclined    beam 
^tD  ::  1  :  cos.  a,  .\  the  stress  =  /r  +  /r'.cos.*. 

2.  Hence  in  btttahs  of  different  lengths  the  tfrew 
will  vary  as  X  x  W^W  x  cos. «.  But  when  a  rect- 
angular beam  is  inclined  to  the  horizon,  the  area 
of  a  vertical  section  is  htefreased  in  the  ratio  of 
rmeL  ?  oo&  «;  rfnd  the  &/><A  of  tht  center  of  gravity 
of  this  area  is  oho  increased  in  the  same  ratio ; 
V-  the  tendency  to  resist  fracture  is  increased  in 
tfce  ratio  tot  n3T*.  (l)'  t  cfis.Ji*;  let  thert  8,s 
rfeprestertt  the  strengths i  b,b  the  breadths;  D,d 
the  depths ;  fV,w  the  weight*;  U^^uf  the  weights 
supported  at  their  middle  points  j  L>  I  the  lengths ; 
and*,  a' the  angles  of  elevation ;  of  two  rectangular 

£x2>S=Lr- 
beatos,  and  we  shall  have  S  :  s  : :  — - ,  ,    ,  ?*'  *'■ 

cos. a  I  :: 


: •        ,','",     X- ^ +  #". coHs "  l.w  +  »'Mmt ; 

l.W  +  W  COS.il  '  ! 

and  the  strength  of  a  givm  team  to  support  a 
given  weight  will  vary  inversely  as  the  cube  of  the 
cosine  of  its  elevation. 

3.  This  expresses  the  relation  of  8  t  t  at  the 
middle  point  of  beams  inclined  to  the  horizon  in  the 
/.*«,/;  but  since  the  pressure  arising  from  the 
weight  is  diminished  in  the  same  ratio  at  every 
point  of  a  plane  ihclitied  to  the  horlirort  in  a  given 
angle  (When  the  weight  is  sustained  upon  the  plane 

by 
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by  a  power  acting  parallel  to  the  plane),  the  strength 
at  any  other  point  C  may  be  found  by  applying  the 
proportion  of  Art.  8,  page  34 \,  to  the  value  of  S 
thus  found,  viz.  S  (or  strength  at  the  middle  point  E 
of  the  teaffti)  :  strength  at  the  point  Cw  AC*  CD 
\\AD\ 

EXAM.  I. 

What  is  the  greatest  weight  which  may  be  rolled 
down  an  oak  plank  20  feet  long,  18  inches  broad) 
3  inches  thick,  and  inclined  to  the  horizon  in  an  L- 
of  60°,  without  breaking  it ;  the  weight  of  the  plank 
not  being  taken  into  the  consideration  ? 

To  find  the  weight  which  this  plank  would  sustain 
at  its  middle  point  when  placed  horiitdntattt/f   we 

BxD*     flxtf*^        18x0        ixi« 

.\  flP*z4&dolbsi  but  thestrengthof  a  plane  inclined 
to  the  horizon  in  an  Z.  of  60°  :  its  strength  when 
plated  horizontally  ::  racL]5 1  cos.  6cP}5,  .-.  the  inclined 
plank  would  sustain  8  W'at  38880/fo  *  about  1 7  £tons 
at  its  ttiidcBe  point ;  consequently  as  the  stress  at 
this  point  is  the  greatest,  a  weight  of  l7n  ton*  might 
be  rolled  down  without  breaking  it. 

EXAM.  II. 
Two  iron  bars,  one  of  tuhich  is  ten  feet  long  and 
3  inches  square,  the  other  4  feet  long  and  one  inch 
square,  are  supported  at  both  ends ;  the  former '  is 

inclined 

(*)  Here  b,d,l,&Q.  represent  the  same  quantities  as  2a 
Exam.  2.  page  345. 
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mdimed  to  the  horizon  in  an  L.  of  6(f,  and  sup- 
ports a  weight  of  dOOOlts ;  the  latter  is  inclined 
to  the  horizon  in  an  JL  of  30°,  and  supports  a 
weight  of  bOO  Its;    IVhich  is  most  likely  to  break  * 

Here  S :  s  ::  I  ■  •  3 : :  J 

\L.fr+JV.CO&jtf     l.W  +  w'.CQS.a'\        J 

27  *  1  <•> 

10.270  +  3000.cos.60°|5     *       4. 12  +  500. cos.  300!3 

::  -— - —  *    - s — T*  ::  8.77  :  l,    •*•  5  is  greater 
32700         768  V3  s 

than  j,  and  consequently  the  ten-foot  bar  is  least 

likely  to  break. 

XLVII. 

On  the  pressure  and  thrust  of  l>eams  placed 

obliquely. 

We  shall  conclude  this  Lecture  with  a  few  obser- 
vations upon  the  pressure  and  thrust  of  beams  placed 
obliquely. 

1.  In  Exam.  5,  page  281,  it  was  shewn  that  if  a 
body  be  supported  between  two  inclined  planes,  and 

2  lines  HF,  L  F  be    drawn    from  the   points   of 
contact  at  right  angles  to  the  plane  meeting  in  a 
point  (F),  and  from  that  point  another  line  (FG) 
be  drawn  at  right  angles  to  the  horizon,  then  the 

3  lines  FH,  FG,  FL  will  be  in  the  direction  of  the 
3  forces  which  keep  the  body  at  rest.  Now  since 
FG  represents  the  direction  in  which  the  weight  of 

the 

(a)  Since  the  weight  of  a  bar  of  iron  one  foot  long  and  an  inch 
square  is  3  lbs,  the  weight  of  one  four  feet  long  and  an  inch  square 
will  be  lllls,  .\ir=l2,  and  IF:  «•  (12)  ::  LxD*  :lxd\ 
::   lOxp:  4X1.   .'.  fr«=270ftf. 
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the  body  acts,  it  must. pass  through  its  center  of  gra- 
vity; the  point  F  might  therefore  be  determined  by 
drawing  L  F  at  right  angles  to  the  plane  A  C>  and 
another  line  GF  passing  through  the  center  of  gra- 
vity at  right  angles  to  the  horizon ;  and  if  FH  be 
joined,  and  DC  drawn  at  right  angles  to  FH,  it 
would  give  the  position  of  the  other  plane  (Fig,  . 
page  281)-. 

2.  Suppose .  now  the  beam  AD  laden  with 
the  weight  W  to  lean  obliquely  upon  the  wall 
EB;  let  the  weight 
be  so  placed  upon  the 
beam  that  its  center  of 
gravity  may  lie  in  the 
same  vertical  plane 
with  the  center  of  gra- 
vity of  the  beam,  and 
let  G  be  the  common 

center  of  gravity  of  the  weight  and  beam.  Draw 
DJP  at  right  angles  to  EB,  and  through  G  draw 
FH  at  right  angles  to  the  horizon ;  join  FA,  and 
draw  AC  at  right  angles  to  FA;  then  AC  will  be 
the  position  of  a  plane  which  will  just  prevent  the, 
beam  from  sliding,  and  consequently  keep  it  at  rest 
in  the  given  position  AD.  The  three  forces  there- 
fore which  keep  the  beam  at  rest,  are,  1 .  The  re- 
action qf  the  wall  in  direction  DF  or  HA;  2.  Its 
won  weight  and  that  of  W  in  direction  FH;  and 
3.  The  re-action  of  the  plane  AC  in  direction  AF; 
these  three  forces  may  consequently  be  represented 
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by  *he  three  sides  of  the  triangle  FAH;  and  in  est i- 
matingtheeflfectprodttcedbythepreesureof  the  beam, 
we  may  say  that  AH  represents  the  pressure  upon 
tie  wall  at  D;  and  jF-rf  the  preasure  or  thrust  at  ^/. 

3.  Suppose  the  beam  to  be  prismatic,  and  to  press 
only  with  its 
own  weight;  then 
draw  the  axis  a  c, 
and  bisect  it  in 
'C;  G  is  the  cen- 
ter of  gravity. 
Produce  ca  and 
BA  m  tbey 
meet  in  b;  then 
if  the  deptkot  the  beam  be  inconsiderable  when  com- 
pared with  its  length,  and  its  inclination  to  the  hori- 
zon be  not  less  than  about  30°,  the  sides  Ab9  baoi 
the  triangle  Abaw'&\  bear  a  very  small  natip  to  aG, 
AH,  and  may  therefore  be  neglected  in  the  following 
computation  without  producing  any  material  error (aJ. 

Let 

(')  Fprlet/M*  or  alAttZQP,  tfcen  AbmlAaz* depth  of 

d\l3 
the  beam  (4) ;  anda&s>4&xcos.  60*= — r~ .  Suppose  the  beam 


to  be  90  feet  long  .and  3  inches  deep,  then  A I =3  inches,  and 

3V3 

«#=—-=  2.59  inches;    aG  =  10  feet^  120  inches;    AH= 

(&».&)•  tp  radius  aG  *emrfy*s)  12SL?cb lOg .Ql inches  ;  /.  a£ 
:  aG  :;  2.59  :  130  or  ^=2^1i5?s5  about  jgth  aG i  and 

4*  :  jrfif ::  3  :  iO3.02,  ^^*-ff^?—  ***  «lh  W#.  As 

the 
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Let  Z=the  length  of  the  beam,  *=  its  angle  of 
inclination  to  the  horizon,  and  W=  weight  of  the 
beam  ;  then  AD  (L)  :  DB  or  i*77  : :  radius  (l )  : 
sin.*,  .\  FH=Lxsm.*;  also  6G  (  =  «G=p) 
:  hH  (or  ./*#)  ::  radius  (l)  :  cos.  «,  /.  AR= 
%L  x  cos,  a;    hence  ^F  =  ^YtPTlTiP  «= 

£  x  Vsin.*]*  +  £cos.^\     Now  the  pressure  at  D 
(P)  :  weight   (W)  ::  ^#  :  Ftf  ::  £  £  x  cos.  «  : 

Z,  x  sin.  a,    .\  P  =  — — =  — ;    and  the 

2  sin.  a        2  tan.  et 

*****  a*  ^  (T)  :    the  a/e^A*   (JV)  ::  2^*  :  i^:: 
£ .  V  sin-  *1*  +  4  cos.  a]  *  :   £  x  sin.  *>     .".  T  =* 


/F^/  sin,  a)*  -f  ^  cos,  of 


sin.  a 

/^ 

4.  Since  P=— ;  if  tan.*  =  £,  then  P  = 7T; 

2  tan. «  27 

if  «s=90°,  then  tan.  a  is  infinite,  and  P  =  0.  Now 
the  angle  whose  tangent  =  £  is  26°.  34';  hence, 
when  the  beam  is  inclined  to  the  wall  in  angle  of 
26°.  34',  the  pressure  against  the  wall:  is  equal  to  its 
weight;  and  whilst  the  angle  of  inclination  in- 
creases' from  26°.  34'  to  90°,  this  pressure  varies 
through  dl  degrees  of  magnitude  from  W  to  O. 

Again, 

the  angle  of  inclination  increases,  the  triangle  Aba  keeps  con- 
tinually diminishing,  therefore  the  error  arising  from  this  mode 
ot  computation  will  also  be  diminished  j  bat  as  the  inclination 
decreases,  tlie sides  Ah,  ha  of  the  triangle^ a  continually  in- 
crease, .*.  the  error  would  be  very  great  when  the  angle  of 
inclinatton  is  small. 

3  B 
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Again,  when  tan.a  =  £, — —  =£,  .".  cos.  a  =  2sin.«; 
°  a  cos.  *     2 


hence  T=  /^^V  sin!  «]'+ j  cos.  2\*  J\  Wsjl  sin.«V 


V  sin.  *  y       sin. * 

=  WspL\  let  a  =  90°,  then  sin.  «  =  1 ,  and  cos.  «  =  O, 
,\  T=  W.  Whilst  the  inclination  of  the  beam 
therefore  increases  from  26°.  34'  to  90°,  the  thrust 
at  A  varies  through  all  degrees  of  magnitude  from 

fTy/2  to  W.» 

5.    This  theorem   would  evidently  apply  to  a 

beam  laden  with  a  given' tveight  (JV)  at  its  middle 

point ;  for  in  this  case  FH  would  pass  through  the 

center  of  gravity  both  of  the  weight  and  beam, 

and  consequently  might  represent  the  whole  weight 

W+  W  \  the  pressure  against  the  wall  (P)  of  a  beam 

IV+  W 

thus  laden  would  therefore  be  equal  to—— ,  and 

2/  can.  ot 

the  thrust  at  the  bottom  (T)  to  y+ lV>  aA^'+^T 

sin.  a 

"  Suppose,  for  instance,  a  ladder  of  uniform  thick - 
"  ness,  whose  weight  is  50  pounds,  to  be  placed 
"  against  a  wall  at  an  inclination  of  60°  to  the 
"  horizon;  that  a  person  weighing  12  stone  ascends 

"  up 

(*)  We  have  here  applied  our  calculation  to  an  angle  somewhat 
less  than  30°  j  the  error  therefore  arising  from  it  will  be  some- 
what greater  than  what  is  estimated  in  the  preceding  Note ; 
but  at  the  same  time  it  may  be  observed,  that  if  they  be  very  long 
and  very  thin,  this  mode  of  computation  will  approximate  very 
nearly  to  the  truth  for  beams  inclined  at  much  smaller  angles. 
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(t  up  it  with  a  burden  of  lQOlbs;  and  that  it  is  re- 
"  quired  to  ascertain  the  pressure  against  the  wall 
"  and  the  thrust  at  the  bottom,  when  he  arrives  at 
"  the  middle  stave ;  in  this  case  W=  50,  W  =  268, 

318 

"a  =  6o°,    .'.  P  =  —-== about  go  lbs.;  and   T= 

2V3 


" ^7= =  about  330lbs. 


rt 


Some  very  excellent  practical  reflections  upon 
the  subject  of  several  parts  of  this  Lecture  will  be 
found  in  Section  12,  13,  14,  15,  16,  of  Chap.  3, 
Book  II,  of  Maclaurin's  Account  of  Sir  Isaac  New- 
twis  Philosophical  Discoveries. 


END  OF  PART  II, 
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Lecture  XII. 

ON  THE  MOTION  OF  BODIES  UPON  INCLINED  PLANES. 

In  the  Second  Lecture,  we  investigated  the  relation 
which  takes  place  between  the  space  described,  the 
velocity  acquired,  and  the  time  of  its  motion,  when 
a  body  ascends  or  descends  perpendicularly  near 
the  Earth's  surface.  The  object  of  this  Lecture  is, 
to  ascertain  that  relation  when  the  bodies  ascend  or 
descend  upon  planes  inclined  to  the  horizon, 

vol.  ii.  b  XLVHI. 
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XLVIII. 

On  the  mode  of  ascertaining  the  space  described, 
the  velocity  acquired,  and  the  time  of  its  motion, 
when  a  body  ascends  or  descends  upon  an  inclined 
plane. 

x  I.  In  Lecture  9,  Sect,  xxxvi,  it  was  shewn,  that  if 
a  weight  (IV)  be  sustained  upon  an  inclined  plane 
AC  by  another  weight  (PV)  acting  upon  it  in  a 
direction  parallel  to  the  plane,  then 
W'\1V\\  AB  :  AC.  Suppose 
now  the  string  WA  W  to  be  cut 
in  two,  then  it  is  evident  that  the 
weight  W  would  descend  down 

the  plane  with  a  force  which  bears    <f" ^ 

to  its  own  weight  the  ratio  of  AB  :  AC ;  and  since 
(by  Art.  8.  page  276,  Part  I.)  this  force  is  constant 
through  everypartof  theplane,  the  body  thus  descend- 
ing may  be  considered  as  acted  upon  in  every  point  of 
its  descent  by  a  constant  force,  which  bears  to  the 
force  of  gravity  (see  page  21,  Part  I.)  the  given  ratio 
of  the  height  of  the  plane  (H)  to  the  length  of  the 
plane  (L);  call  this  force  F,  and  let  the  force  of  gra- 
vity be  represented  by  unity,  then  F :  1  : :  H :  L,  and 

JP=  — w ;    "  i.  e.  the    force  which  accelerates   the 


cc 


motion 


(a)   Since  F:  1  ::  AB  :  AC  ::  sin.  of    L.ACB  :  rad.    .-.  F 

sin.  of  Z.  ACB  .**<*.*         1    .  .     .\      a 

= ~ oc  sin.  /LACB  (for  rad.  is  constant) ;    the 

rad.  v 

force  which  accelerates  a  body  down  an  inclined  plane,  therefore, 

varies  Is  the  sine  of  the  angle  of  the  plane's  elevation. 
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motion  of  a  body  down  an  inclined  plane  is  such 
a  part  of  the  force  of  gravity,  as  may  be  repre- 

"  sented  by  the  fraction  -y ;  this  force  therefore  dif- 

"  fers  not  from  the  force  of  gravity  in  hind,  but  in 
"  degree ;  the  effects  produced  by  it  must  conse- 
quently be  analogous  to  the  effects  produced  by 
"  gravity.3* 

2.  In  order  to  estimate  these  effects,  we  have  only 
to  consider,  that  if  a  body  be  acted  upon  by  different 
constant  forces  for  the  same  time,  the  velocity  gene- 
rated will  evidently  be  proportional  to  the  intensity 
of  those  forces  ;  and  that  if  it  be  acted  upon  by  4the 
same  force  for  different  times,  the  velocity  will  be 
proportional  to  the  time  for  which  the  forces  act ; 
from  which  it  follows,  that  if  a  body  be  acted  upon 
by  different  constant  forces  for  different  times,  the 
whole  velocity  generated  will  be  as  the  force  and 
time  conjointly.  Suppose  now  that  the  force  of 
gravity" is  represented  by  unity,  that  f?»=l6~  feet, 
and  that  V^  the  velocity  acquired  in  the  time  T 
whilst  a  body  describes  the  space  S  acted  upon  by 
some  other  constant  force  F,  then,  from  what  has 
just  been  shewn,  V\  the  velocity  acquired  by  gravity 
inl"(2m*)  ::FxT:  1  x  I,  /.  F=2mFT,  and 

T=  -^L.    Again,   since  FocFx  TfTxV  must 

2mJf 

vary 


(b)  Art.  1,  page  33,  Art  I. 
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vary  as  FxT«;  but  SocTx  F*m),  .\9ocFxT*; 
hence  S  :  the  space  described  by  gravity  in  l"  (m) 

::  Fx?  :  1  x  I4,  .-.  S=mFT*,  and  T=\/ -4,'. 

Lastly,  since  f<x  F  xT,P  must  vary  asfxTxF, 
or  as  Fx  S,  .".  ^*  :  square  of  the  velocity  acquired 
by  gravity  in  l"  (4m*)  : :  Fx  S  :  1  x  space  described 
by  gravity  in  l"  ::  Fx  S:\xm;  hence  F*=:4mFS, 

3.  Let  us  now  apply  these  expressions  to  the  case 
before  us,  i.  e.  let  a  body  descend  down  an  inclined 
plane  whose  height  is  (H)  and  length  (L) ;  then 
FssS,;  and  if  the  body  descends  from  rest, 


Space  (S)  described  in  the  time  T=TxmT%,  and  7=  \  /  — ^7. 

rdbri<y  (H  acquired  in  time  7=^x2 mT7,  and  T=^*~? 

L*  2  fit-  rz 


F*  acquired  thro* space  (S)=  2\  / ~ x«S,    and 5=  ^ ~. 

4.  Since 


(*)  The  space  described  by  a  body  acted  upon  by  a  constant 
force  (i.  e.  by  a  force  which  generates  equal  increments  of  velocity 
in  equal  times)  will  always  be  represented  by  a  right-angled,  tri- 
angle, one  of  whose  sides  represents  the  time,  the  other  the 
velocity  acquired;  consequently  the  space  will  always  be  propor- 
tional to  the  time  and  velocity  conjointly. 
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4.  Since  S=j-xfn 71*,  and  HyL>m  are  given,  the 

space  described  varies  as  the  square  of  the  time  when 
a  body  falls  from  rest  down  an  inclined  plane,  as  well 
as  when  it  descends  freely  by  the  force  of  gravity  ; 
the  spaces  described  from  rest  in  equal  successive 
portions  of  time  will  therefore  be  as  the  odd  numbers 
1, 3,  5,  7, fcc. ;  and  if  the  body  be  projected  upwards- 
with  the  velocity  acquired  in  falling  through  any 
space  upon  the  plane,  it  will  ascend  to  the  point 
from  which  it  fell,  the  spaces  described  in  equal 
successive  portions  of  time  being  as  the  numbers 
l>  <* >  5,  7 9  &c.  taken  in  the  inverted  order.  If,  more- 
over, at  any  point  of  its  descent,  it  moves  forward 
with  the  Telocity  acquired  continued  uniformly,  it 
will  describe  twice  the  space  in  the  same  time  as 
that  in  which  it  has  fallen  to  acquire  the  velocity  ; 
and  if  it  be  projected  downwards  or  upwards 
with  velocity  (F),  and  moves  for  the  time  (T), 
the  space  described  in  that  time  will  be  equal  to 

T  x  r±*  x  m7\    All  this  follows  from  the  law  of. 

acceleration  and  retardation  of  bodies  moving  upon 
inclined  planes  being  the  same  as  that  which  regulates 
the  motion  of  bodies  descending  or  ascending  freely 
by  the  force  of  gravity .  (See  Art.7  •  •  1 1  >  pages  27 . .  32, 
Parti. 


5.  The  expressions  contained  in  Art.  3.  apply  to 

the  case  of  a  body  descending  from  rest  through 

any  part  of  an  inclined  plane  whose  height  is  (&) 

and 


• 


6  THE  MOTION  OF  BODIES 

and  length  (L).  If  the  body  falls  through  the 
whole  length,  then  £=£,  .".  the  velocity  acquired 
in  falling  down  the  whole  length  of   the    plane 


f  =  2\/j  xmSJ 


Part  I.)   the   velocity  acquired   by  descending  freely 

L 


!) 


byt  the  time  of  falling  freely  down  H=\  — ,  .'.the 

time  of  describing  the  whole  length  of  the  plane  :  the 

L 

time  of  falling  freely  down   its   height  : :  — r.   . 

sf  mH 

2  V  — : :  X  :  jff : :  length  of  the  plane  :  height  of 
the  plane. 


6.  Since  T«=     , — =,    V '  =  UmH,  and   m   is 

V  mJd 

a  given  quantity  T  varies  as  — m,  and  V  as  J~H ; 

i.e.  the  time  of  describing  any  inclined  plane  varies 

as  its  length  directly,  and  the  square  root   of  its 

height  inversely  ;  and  the  velocity  acquired  varies  as 

the  square  root  of  the  height,  whatever  be  the  length 

of  the  plane (a). 

Ex. 

■    ■■  ■    ■■Mil    — — i— — — m** — — — ^— — ■—  r      i  ...  i         n     ■■■!    i  ■  .    .       ,  . — . 

(a)  The  expressions  deduced  in  this  Section  are  only  true  when 
the  body  slides  down  a  perfectly  smooth  plane ;  for  in  this  case 
it  is  evident  that  every  particle  of  the  body  is  equally  accelerated, 
and  therefore  whatever  is  proved  of  any  one  point  of  it  will  apply 

equally 
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EXAM.  I. 

How  far  will  a  body  descend  from  rest  in  A",  upon  an 
inclined  plane  whose  length  is  400  feet  and  height  300 
feet? 

HereZ  =  400-}    .    Q    H  300       -  ,      %a 

400  12 


£  =  400"}         c     # 
T=4"    J      =193  feet. 


EXAM..  II. 

How  long  would  a  body  be  in  falling  down  100 
feet  of  a  plane,  whose  length  is  1 50  feet  and  height 
Qo  feet? 

Here  £,=  l5o)  .  /TTxS _     /TEdx  100 

#=6o     V  •••T-V    m#      V  l6jLx6o 

5=  100  J       =3.9  seconds. 

EXAM.  III.  . 

The  length  of  an  inclined  plane  is  6ofeet,  and  its 
elevation  30° ;  What  velocity  would  a  body  acquire  in 
falling  from  rest  down  it  for  2". 

Here 

H  =  sin.  30°  to  rad.  L  =  30  V  ^ 

T=li  J  x32jx2  =  32ifefetinl". 

Ex. 


equally  to  all ;  but  if  the  body  in  its  fall  has  a  rotatory  motion 
communicated  to  it,  then  it  is  evident  that  all  the  points  of  it 
will  not  be  equally  accelerated,  and  the  force  of  acceleration  of 
its  center  of  gravity  must  be  estimated  according  to  the  principles 
hereafter  to  be  explained  in  the.  14th  Lecture. 
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EXAM.  IV. 
:    The  height  of  plane  :  length  of  a  plane  ::  7  :  15  ; 
how  long  would  a  body  be  in  falling  down  it,  to  acquire 
a  velocity  of  2Q  feet  per  second? 

EXAM.  V. 
Hi  L  ::  5  :  U ;    What  space  must  a  body  fall 
through,  to  acquire  a  velocity  of  10  feet  per  second  f 

„      H     5  o    LxF*     14x100     A  o/.   A 

L     \\  AmH      04fx5 

EXAM.  VI. 

H :  L  : :  25  :  90  ;  What  velocity  would  a  body  ac- 
quire in  falling  down  70  feet  f 

v    ./HxAmS    A  725x64^x70     ttc  or    ..      ., 

r=v  — j —  =  V a)"       3  feet  ml  • 

EXAM.  VII. 

7%e  length  of  an  inclined  plane  is  1 00  feet,  and  its 
elevation  60° ;  how  long  would  a  body  be  in  filling 
down  ft,  and  what  velocity  would  it  acquire  at  the  end 
of  its  fall? 


Here/,  (100)  :  H  ::  rad.  :  sin.  60°  . 


.       >/3 

•  •     1       •       ^ 


.'.  ga  i.°y  3  -,  50^/3  .    by  Art.  5,   T= 


L 


lOO 


1 
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100  

/    „  .  ,-  =  2.6 seconds ;  also  V=  IsJmH— 

yM6^x50V3  ^ 

=  2V/J6i3x50v^=  74  4 fe6t  in  l/" 

EXAM.  VIII. 

A  body  is  projected  up  an  inclined  plane,  whose 
length  is  10  times  its  height,  with  a  velocity  of  30  feet       £ 
in  l"  ;'  in  what  time  will  its  velocity  be  destroyed?  ™ 

The  time  in  which  a  body  would  fall  down  an 
inclined  plane  of  this  elevation  to  acquire  a  velocity 

30  feet  per  second=(  - — r-=  1— = — :=9.3". 
r  \2mH  /ZQ^xl 


EXAM.  IX. 

A  body  is  projected  up  an  inclined  plane,  whose  height 
is  \th  of  its  length,  with  a  velocity  of  50ft.  per  second; 
Find  its  place,  and  velocity  after  6"  are  elapsed. 

This  is  a  case  of  Art.  4,  where  V=  50,  T=  6, 
Y^h    •*•  the  space  described  in  6"  (=Tx  V— 

203  £  feet  from  the  bottom  of  the  plane. 

The  velocity  generated  or  destroyed  upon  a  plane 

of  this  elevation  in  6"  (  =— x2roTJ=gx3fcy 

x6  =  32|feet  in  l";    hence  the  velocity  of  the 
vol.  ii.  c  body 
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body  after  it  has  ascended  up  the  plane  for  6"  will 
be  50'- 32}  or  17|  feet  in  \\ 

EXAM.  X. 

Two  bodies,  projected  along  two  planes  inclined  to 
the  horizon  in  LJ  of  45?  and  30P,  describe  spaces  re- 
spectively as  */?.  t  >/£  before  all  their  velocity  is 
A       destroyed ;  Required  the  ratio  of  the  velocities  with 
which  the  bodies  were  projected  up  the  planes. 

Let  S>s  represent  the  spaces  described  by  the 
bodies  on  the  planes ;  P]  v  the  velocities  with  which 
they  are  projected  up  the  planes;  F^f  the  accelerative 
forces  down  the  two  planes.  Now  the  velocities  with 
which  the  bodies  are  projected  upwards  will  evi- 
dently be  such  as  they  would  respectively  acquire 
in  falling  down  spaces  which  are  to  each  other  as 

V*  :  \/3  with  the  accelerative  forces  down  planes 
whose  elevations  are  45°  and  30° ;  and  by  Art.  2, 
F*ocFxS; 

Now  by  Note  a,  page  2, 

F :/::  sin. 45°  :  sin.  30°  ::  — —  :     * ; 

By  the  hypothesis, 

Sis:: ::  */£  :  Js] 


«*«*i 


.\  FxS-.fxs-.il^t/si:     2  :  N/5; 

Hence  P* :  v%    .     .  •  .    ::      2  :  */s, 

and  Vw    .    .     .     ::^/aT:^9. 


Ex. 
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EXAM.  XI. 

A  body  falls  fromtest  down  the  inclined  plane  AC; 
Compare  t/ie  times  of  describing  the  first  and  last 
halves  of  it. 

Bisect  AC  in  Z),  and  draw  DE  parallel  to  CB ; 
by  Art.  6,  the  time  down  A  C  :  the 

.„       4C       AD 

^edownAI):::j=::j— 

,,       •       a  «\      AC        AD 
,  (by  sun.  A.)    j^:-^ 

::  t/AC  :  y/AD^  ::  x/T :  1;  hence  the  time 
down  AC—  the  time  down  AD  (i.  e.  Me  rime  down 

DC)  :  the  rime  down  AD  :z  */%-  1:1. 

EXAM.  XII. 

To  mark  out  upon  the  plane  AC  a  part  ED  which 
shall  be  equal  to  the  height  AB,  and  which  a  body 
(falling  down  AC)  would  describe  in  the  same  time 
one  falling  freely  through  AB. 

By    Note   to  last   Exam.(w 
Let  AC=a       J  Tf  :  TAE  ::  J  AD   :  A 

ABoxED=b      I  JTjfE^Jl^xis/^y^r 
AE  =  x, 
then  AD=b  +  a?\ 


«£ 


therefore 


(a)  From  this  it  appears  that  the  times  down  different  parts  of 
the  same  inclined  plane  (when  the  body  falls  from  rest  from  the 
top  of  the  plane)  are  to  each  other  as  the  square  roots  of- the  lengths 
if  those  parts. 

(b)  TAD  means  the  time  down  AD,  and  so  of  the  rest. 
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/#  j>AD-TAE  (i.e.  TDE)  :  TAS  ::  Vl+lr— VT:  <x, 
but  (Note  to  last  Exam.)  TJE  :  TAC  ::  V22  :  \^C::  V?:  Va, 

and  by  Art.5,  7*c  :  T4*  ::  a  :  b  : :  Va  :  Jj=  f 


% b 

.\  ex  aequo,  TDE  :  7"-**  ::  V*+ar—  VF:  "^F- 

But  H>*=TAB,  .'.  VTf*-- Vx=-^j 

7TF1«  AC-AB 


t 


which  equation  solved  gives  '=""7 —  OT  ^^5= — TTTt" 

XLIX. 
QUESTIONS  fo*  PRACTICE. 

1 .  The  length  of  an  inclined  plane  is  400  feet, 
and  the  height  250 ;  a  body  falls  from  rest  from  the 
top  of  the  plane ;  What  space  (S)  will  it*  have  fallen 
through  in  4";  what  time  (T)  will  it  be  in  falling 
through  200  feet ;  and  what  velocity  (V)  *will  it 
have  acquired,  when  it  has  arrived  within  40  feet  of 
the  bottom  of  the  plane  ? 

Answer,       S  =  160.8  feet ;    T=4.4  seconds  ; 
^=60.1  feet  in  1". 

2.  A  body  has  been  falling  for  5"  down  an  inclined 
plane  whose  length  is  3  times  its  height;  What  velo- 
locity  (V)  will  it  have  acquired  at  the  end  of  its  fall  ? 

Ans.     V=  53^  feet  in  l". 

3.  The  elevation  of  a  plane  is  30° ;  *  body  in 
felling  from  the  top  to  the  bottom  of  it,  acquires  a 
velocity  of  500  feet  in  1";  What  is  the  length  (L)  of 
the  plane?' 

Ans.    ias  7776  feet.  4.  Two 
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4.  Two  inclined  planes  have  a  common  height  of 
50  feet ;  the  elevation  of  one  of  them  is  6o°,  of  the 
other  30°;  With  what  velocity  (V)  mast  a  body  be 
projected  from  the  bottom  of  the  former,  that  it  may 
just  rise  to  the  top  of  the  latter?  and  what  will  be 
the  whole  time  (T)  of  its  ascending  and  descending 
through  the  two  planes  ?(a) 

Ans.     ^=56.6  feet  in  l"  ;  T=  5. 15  seconds. 

5.  How  long  will  a  body  be  in  falling  down  the 
last  half  of  a  plane,  whose  height  is  30  feet,  and  ele- 
vation 45°?  Ans.     .563  seconds. 

6.  The  length  of  a  plane  is  1 50  feet,  and  elevation 
30° ;  mark  out  upon  it  a  part  equal  to  the  height 
which  a  body  in  falling  down  it  describes,  whilst 
another  body  would  descend  freely  through  the 
height. 

Ans.      It  begins  to  describe  this  part,  when  it  has 
fallen  through  9.37  feet  from  the  top  of  the  plane. 

L. 

On  the  motion  of  bodies  down  different 
systems  of  Inclined  Planes. 

•  It  has  already  been  shewn,  that  when  a  body 
descends  down  an  inclined  plane  whose  length  is  L 

and  height  H9  the  velocity  acquired  varies  as  sJ~H> 

and 

(•)  The  planes  are  placed  as  in  Fig.  p.  280,  Part  II.  j  a  body 
is  projected  from  D  with  a  velocity  just  sufficient  to  carry  it  t« 
Ay  and  then  falls  from  rest  down  the  plajie  A  C. 
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and  the  time  of  description  as   —7=5;    let  us  now 

apply   these  expressions   to    finding   the    relation 
,  between   the  time  and  velocity  of  bodies  falling 
down  different  systems  of  inclined  planes. 

1 .  Let  AC9  AD9  AE9  &c.  be  a  system  of  inclined 
planes  having  the  same  height  A  B;  then  since  the  ve- 
locities acquired  by  bodies 
falling  down   these  planes 

are  as  \J  AB9  and  the  times 

AC 

of  description  as       9 

AD        AE       \f  <A& 

jA*>  TT/p  &c'  (L  e'  as  4C9'AD9  AE,  &c), 

it  is  evident  that  bodies  falling  down  a  system  of 
planes  of  this  kind  w.ould  acquire  at  the  end*  of 
their  fall  the  same  velocity  ^\  and  that  the  times  of 
description  would  be  as  their  respective  lengths. 

2.  Let  the  diameter  AB  of  the  circle  ACB  be 
perpendicular  to  the  horizon  ;  draw  the  chords  AC, 
AD,  AE,  &c. ;  CB9  DB9 
EB9  &c. ;  draw  also  Cc9  Dd, 
Ee9  &c.  parallel  to  the  hori-  c 
zon;  then  the  velocities  ac-  Dj 
quired  by  bodies  falling  down 
the  former  system  of  chords    E1 

are  as  J  Ac,  ^/a7,  *J  Ae, 
&c.  and  down  the  latter  as 


(*)  And  by  Art.  5.  page  5,  this  velocity  is  equal  to  the  velocity 
which  a  body  would  acquire  by  falling  freely  through  the  height 
(AB)  of  the  plane. 
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sJTB,  JIB,  a/^bJ  &c.  but  Ac  =  -Jb    5  Ad= 

4D*  m  .    D     CB*    ,D    DB*   t         . 

— TiTi&c.;  and  cx>*=— ttt, a/>  =  ~r^,  &c.  ;  nence 

s/Ac,  */Ad,  x 


6,  ^el*,  &c.  vary  as  CB,  DB,  EB, 
&c.  {AB  being  constant)  ;  the  velocities  therefore 
acquired  by  bodies  falling  down  these  two  different 
systems  of  chords  are  respectively  as  the  lengths  of 
the  chords  in  each  system  <c>. 

3.  The  times  of  describing  A C,  A D,  A E,  &c. 
and  CB,  DB,  EB,  &c.  are  as  -—=,  -^L,  -—, 

Sir  ~A         CB  DB  EB  Sir  U     «■  U  f 

occ. ;  and  — 7=-,  ■  -,-a-u  .  — ; —  ,  &c. ;  but  each  of 
*/7B'  JdB   v^S 

these   quantities  is  equal  to  */AB(d);   the  /tW^ 

therefore 


(b)  For  (Euc.  8.  6.)  Ac  :  AC  : :  ^C  :  ^B,   or  Ac—^Tg\ 

and  so  of  the  rest. 

* 

(c)  Hence  the  velocity  acquired  in  falling  down  any  one  of 
these  chords  (AC  for  instance)  :  velocity  acquired  in  falling  down 
the  diameter  ::AC  -  AB.  To  find  therefore  the  length  of  a  chord 
(AC)  down  which  a  body  ought  to  fall  to  acquire  £th  part  of  the 
velocity  which  it  would  acquire  in  falling  down  the  diameter,  We 
have  only  to  take  AC=~AB ;  thus  if  it  be  required  to  find  the 
chord  down  which  a  body  must  fall  to  acquire  half  the  velocity 
down  AB,  then  A  <7=£^-B=radius=  chord  60°  j  &c.  &c.  &c. 

AC%  AC 

(")  For  since  Ac:  AC::  AC  %  AB,  ~~^=.AB,  V.  4— 
=  VaB  f  and  so  of  the  rett  -  • 
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therefore  of  falling  down  the  chords  of  a  circle  whose 
diameter  is  placed  perpendicular  to  the  horizon  are  all 
equal  to  each  other  and  to  the  time  of  falling  down 
the  diameter. 

-  4.  Suppose  now  that  a  body  falls  down  a  system 
of  planes  AB,  B  C,  CD,  &c.  inclined  to  each  other9 
and  that  no  velocity  is  lost  £—1 — -^ r 

in  falling  from  one  plane 
to  the  other.  Draw  AF 
parallel  to  the  horizon,  and 
produce  D  C,  CB  to  meet 
it  in  F,  E ;  through  BC 
draw  Bb,  Cc  parallel  to  AF,  and  let  fall  FG  at 
right  angles  to  the  horizon.  By  Art.  1,  the  velo- 
city down  AB  =  velocity  down  £2?=  velocity  down 
Fb  i  .*.  the  velocity  down  AB  +  B  C=  velocity  down 
EB+BC  (or  EO)= velocity  down  FC=  velocity  down 
Fc;  and  reasoning  in  the  same  manner,  the  velocity 
down  A B  +  BC+  CD = velocity  down  FD = velo- 
city down  FG;  "  i.  e.  the  whole  velocity  acquired 

by  a  body  falling  down  a  system  of  planes  of  this 

kind  (supposing   no  velocity  lost  at  the  points 
"  By  C,  &c.)  is  equal  to  the  velocity  which  a  body 

would  acquire  in  falling  freely  through  time  joint 


"  height  FG." 


5.  By  Art.  1,  page  I89,  Vol.  I.  the  velocity  lost 
in  passing  from  the  plane  AB  to  the  plane  BC :  velocity 
acquired  in  falling  down  AB  ::  versed  sine  of 
L.ABE  :  radius;  if  therefore  the  angle  ABE=>0 

(and 
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• 

(and  consequently  its  versed sine=0)i  then  the  velocity 
lost  in  passing  from  one  plane  to  the  other  will  also  be 
equal  to  nothing.  Suppose,  now  the  number  of  the 
planes  AB,  BC,  CD,  &c.  to  be  increased  and  their 
lengths  and  inclinations  to  each  other  to  be  dimi- 
nished ad  infinitum,  then  any  two  planes  AB,  BC 
will  become  two  contiguous  points  in  a  curve,  tod 
consequently  may  be  considered  as  coinciding  ivith 
a  tangent  to.  that  part  :  of  the  curve ;  .  the  angles 
ABE,  ECF,  &c.  will  therefore  become  equal  to  Q, 
and  the  velocities  lost  at  the 
points  By  C,  '&c.  will  alsp  be 
€qual  toX)^ ;  hence,  "  if  a  Body 
"  falls  down  a  perfectly  smooth 
"  curvilinear  plane  AD,  the 
"  velocity  acquired  will  be  equal 

to  the  velocity  acquired  in  falling  down  its  perpenr 

dicular  height  AG." 


(€ 


U 


6.  Let  AC,ac  be  two  planes  similarly  inclined 
to  the  horizon,  then  AC  :  ac  ::  AB  :  ab,  and 
y/JiC:  *Jac::  ^J  AB  :  *J~ab. 
Now  the  time  down  AC  :  the 

,     _  AC         ac 

time  dowrt  ac  ::  — 3==~  :  ■  s — a. 

y/AB    sfab 
AC         ac  » ■  • ,■         /■"— 


(*)  To  this  it  may  possibly  be  objected,  that  although  the 
angles  ABC,  ECF,kc.   (and  consequently   their  versed  sines) 


VOL.  IX. 


I> 


become 


18  THE  MOTIOK  OP  BODfBS 

or  *f  AB  '  s/at ;  and  the  velocity 

(ailing  down  ^/C :  the  velocity  down  ac  ::  %/AB 

-  ^<i£  or  sj  AC :  ^ac ;  hence  the  rime*  and 
velocities  of  bodies  felling  down  planes  similarly 
imUntdto  the  horizon  are  to  each  other  both  as  the 
square  roots  of  the  lengths  and  as  the  square  roots 
of  the  heights  o(  the  planes. 

7-  Let  there  be  two  systems  of  planes  AB,BC, 
CD,  &c.  a  J,  be,  cd,  tic.  similar,  and  similarly  «rtr- 
Oferf  wlA  respect  to 
the  horizon,  and 
complete  the  figures 
as  in  Art.  4, 
page  16;  then, 
supposing 
no  velocity! 

to  be  lost  in  passing  from  one  plane  to  the  other, 
and  using  the  notation  of  Exam.  12,  page  11,  we 
have,  by  Art.  6,  y  •** 


T** 


become  equal  to  nothing,  jet  since  the  radii  with  which  they 
are  compared  become  also  equal  to  nothing,  the  ratio  of  their 
versed  sines  to  their  radii  (and  therefore  of  the  velocity  lost  to 
the  velocity  down  the  planes)  will  remain  finite ;  but  it  should 
be  recollected  that  the  versed  sine  of  an  arc  :  its  chord  : :  chord 
i  diameter,  and,  in  very  small  angles,  the  versed  sine  of  an  arc 
:  arc  : :  arc  :  diameter ;   if  therefore  the  arc  vanishes  with  respect 
to  the  diameter  or  radius,  the  versed  sine  vanishes  with  respect  to 
the  arc  i  hence,  in  very  small  angles,  the  versed  sine  will  vauish 
with  respect  to  the  radius,  although  the  radius  itself  be  indefinitely 
small  j  consequently  the  velocity  lost  will  vanish  with  respect  te 
the  velocity  down  the  planes. 
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Tda  i  T"  :i  +/2B  :  */Zb  {X), 

T*c  :  V ::  *fEC  :  V^s  *fjB  \  •J&b*'* 

T** '.  7"» ::  v/£5 :  Jib '.:  s/liE i  tjobi 

Hence,  ■■  ;, 

y*c_  yw  /or  y*<\ .  y*-  jv»  (or  y*) .  ,%tJjB:  *fab{Y)- 

In  the  game  manner  it  may  be  shewn,  that 

From  the  proportions  marked  (X),  (Y),  (2),  there- 
fore we  have  # 

.:+/AB+BC+dD:  Jab+bc+cd 
"  i.e.  the  times  of  descent  down  similar  systems  of 
"  inclined  planes  are   as  the  square  roots  of  tht 
"  lengths  of  the  planes  >*" 

8.  If  the  number  of  the  planes  AB,  B  C,  CD,  &c. 
ab,bc,  cd,  &c.  be  increased  and  their  lengths  and 
inclinations  to  each  other  be  diminished  ad  infinitum, 
then  the  polygons  AB  CD,  abed,  becorrtti  similar 

curim, 

(»)  For  by  sim,A%  EB  :  eb  ::  ^2?  :  a£;  and  from  similar 
planes,  BC:  hcixABi  ab;  .\  EB+ BC  (ox  EC)  :  eb+bc  (ec) 
::  AB  :  ab :  and  V"£(5  :  V7c  ::  VJTB  :  Vo#.  In  the  same 
manner  it  may  be  shewn  that  FD  :  fd  ::  AB  :  ab,  or  V/i/ 

(b)  For  since  ^S  :  ab  ::  BC  :  tc  :<  Cb.cd,  AB+HtS 
+  CD  :  ab+trc+cd  ::  AB  :  ab  $  or  VTi  :  V£J  :: 
VAB+BC+CD  :  >/ab  +  bc^k. 

(c)  The  velocity  down  AB+BC+CD  :  t/etocity  down  «*+ 
*C+g<*    ::     VJ&    :     Vj£::  V#5  :    V/J  ::    }/Jb  :    Vat  :: 

VAB+BC+CD  :  Vat+bc+cd;  the  vebctim  as  weftas  tie 
*im»  are  therefore  as  the  square  roots  of  ike  lengths  oftkepUtnH. 
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curves,  in  falling  down  which  no  velocity  is  lost ; 
hence  the  times  of  descending  through  similar  carres 
similarly  situated  with  respect  to  the  horizon  are 
as  the  square  roots  of  Hue  lengths  of  those  curvesl*K 

LI.  . 

A  few  Questions   relating  to  the  Descent  of 
Bodies  upon  Inclined  Planes,  demonstrated 

GEOMETRICALLY. 

We  shall  conclude  this  Lecture  with  the  solution 
of  a  few  problems  relating  to  the  times  of  descent  of 
bodies  upon  inclined  planes  bearing  certain  given  re- 
lations to  each  other;  they  are  matters  o(  curiosity 
rather  than  of  practical  utility,  but  may  serve  to 
shew  the  manner  in  which  the  principles  of  Geometry 
can  be  applied  to  this  branch  of  our  subject. 

1.  Let  AC  be  an  inclined  plane  whose  length  is 
AC  and  perpendicular  height  AB;  draw  CE  at 
right  angles  to  AC,  and  produce 
AB  to  meet  it  in  E ;  upon  AB,  AE 
describe  the  semicircles  ADB,  ACE, 
and  join  DB,  CE.  By  Art.  3,  page  1 5, 
the  times  of  falling  down  the  chords 
AD,  AC  are  equal  to  the  times  of 
falling  down  the  diameters  AB,  AE 
respectively ;  hence  the  intersection 
(D)  of  the  semicircle  ADB  with  the 

(•)  Suppose  the  curves  to  be  circular  arcs ;  then,  since  similar 
circular  arcs  are  to  each  other  at  the  radii  of  the  circles  to  which 
they  belong,  the  times  of  descending  through  these  arcs  will  be 
to  each  other  ai  the  square  roots  of  tke^r  radii. 
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plane  AC,  determines  the,  part  {AD)  tfhich  a  body 
describes  whilst  another  body  would  fall  freely  through 
the  height  AB(h) ;  and  the  intersection  (E)  of  the 
perpendicular  CE  with  AB  produced,  determines 
the  space  {AE)  through  which  a  body  would  falK 
freely  whilst  another  body  describes  the  whole  length 
of fhe  plane  AC  J. 

2.  If  it  were  required  to  determine  the  point  D, 
6i  so  that  the  time  of  falling  from  a  given  point  P 
"  to  the  plane  shall  be  equal  to  the 
"  time  of  falling  through  the  height 
"  AB ;"  then  through  P  draw  PE 
parallel  and  equal  to  AB9  upon  PE 
describe  a  semicircle  cutting  AC  in 
D,  and  join  PD;  PD  will  be  the  line  required. 
For  the  time  down  the  chord  PD  =  time  down  the 
diameter  PJE  =  time  down  AB  (for  PE  is  equal 
to  AB). 

3.  To  find  the  point  P,  such  that  "  the  time 
"  of  falling  from   it  to  the   given  point  B  shall 

"  be 


-Ufc. 


(b)  Since  the  time  dawn  DB~ the  time  down  AB,  the  inter* 
section  of  the  semicircle  ADB  with  the  plane  redetermines  also 
that  point  of  the  plane  from  which  a  body  must  fall  to  the  given 
point  £  in  the  same  time  as  a  body  would  fall  freely  through  the 
height  of  the  plane. 

(c)  Since   ADB,  ACE  are   right   angles,  (by  Euc.6.8.) 

AlT%       AB*  A     AV       AC*  AT*         A»  A*%       4C*  ADB 

"&=>--££,  and  AEzs.  -—  j  /.  AD  :  AE::  —r*?  :  -j^  : :  AB9 
:  AC1 : :  cube  of  the  height :  cube  of  the  length. 


•  A  ~R  ■ '  A  - 

A    /    I  h*    •  •  /        > 
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"  be  equal  to  the  time  of  falling  down  AC  the 
CT  length  of  the  plane,"  draw  CD  at 
right  angles  to  B  C,  and  AD  at  right 
angles  to  CA  *  let  them  meet  in ,  Z>, 
and  upon  CD  describe  a  semicircle 
which  will  pass  through  A;  through 
D  draw  DE  parallel  to  CB,  and  pro- 
duce BA  to  meet  it  in  E;  upon  BE 
describe  a  semicircle  cutting  AC  in  P ; 
P  is  the  point  required.  For  the  time  C 
down  Pi?  =  the  time  down  £ZJ  =  the  time  down 
DC w  c  the  time  dawn  A  C. 

4.  To  determine  the  point  F  upon  the  plane  AC, 
so  "  that  the  time  of  falling 
"  from  a  given  jbowf  P  to  it 
"  shall  be  equal  to  the  time 
"  through  AC"  describe  the 
semicircle  DAC  as  in  the 
preceding  article,  and  join 
DP;  complete  the  paralle- 
logram DCPE,  and  upon  Pi? 
describe  a  semicircle  cutting 
AC  in  F;  F  is  the  point 
required.      For    the    time 
down  PP=the  time  down 
PE=  the  time  down  DC  (since  PE  is  equal  to  DC) 

=»  the  time  down  ^/C. 

5.  AC, 


(?)  DCBEisaparalMogram;  .-.  DC=EB,  and  consequent^ 
the  /irae  down  £ £=tbe  4*tc  down  DC. 
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5.  AC,  AD  are  two  inclined  planes  having  the 
common  altitude  AB;  draw  CE  at  right  angles  to 
CB,  zxvAAE  at  right  angles 
to  CA ;  let  them  meet  in  E, 
and  describe  a  circle  (whose 
diameter  is  CE)  cutting  AD 
in  P;  then  P  is  the  point  of 
the  plane  AD  from  which  a 
body  will  fell  to  the  given  jj^ 
point  C  in  the  same  time  that  another  body  Jails  down 
the  plane  AC.  For  join  PC,  then  the  time  down 
PC=  th«.time  down  EC-  the  time  down  AC. 

6\  Let  it  be  required  to  determine  upon  the  plane 
ACa  point  P,  such  that  the  time  of 
falling  from  P  to  B  shall  be  equal 
to  some  given  time  T. .  Draw  BD 
at  right  angles  to  BC  and  equal  to 
mT*  (  —  space,  described  by  gra- 
vity in  the  time  T) ;  upon  BD 
describe  a  semicircle  cutting  AC* 
in  Pi  P  is  the  point  required.  For  the  time  down 
PBr  time  down  DB=T. 

7.  AB,  CD  are  two  lineB  at  right  angles  to  the 
horizon  placed  at  a  gi- 
ven distance  (BD)  from  4 
each  other ;  join  AC,  and 
let  BD,AC,  when  pro- 
duced, meet  in  the  point 
E:  then  if  F  be  taken,     b        f         d  e 

such  a  point  that  EF*=AExrEC,  and  AFtCF 

be 
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be  joined,  the  time  damn  AF  shall  be  equal  to  the 
time  damn  CF.  For  since  EF*=AExEC9  a 
circle  may  be  described  which  shall  pass  through  the 
points  A,C,  and  touch  BD  inF(Euc  3,37);  draw 
FG  at  right  angles  to  BD,  and  it  will  be  the  dia- 
meter; and  the  time  down  AF=\he  time  down 
GF=  the  time  down  CF. 

8.  A  body  fans  down  AB9  and  then  describes 
BD  (  =  1AB)  in  the  same  time  with  the  velocity 
acquired  continued  uniformly ;  it 
is  required  to  find  a  point  E  in  the 
line  BD,  such  that  the  time  dewn  d 
the  plane  AE  shall  be  equal  to  the 
whole  time  of  the  body's  motion 
from  A  through  B  to  D.  Produce 
AB  to  C,  making  BC=3AB; 
upon  AC  describe  a  semicircle 
cutting  BD  in  E ;  E  is  the  point 
required.  For  join  AE,  then  the 
time  down  AE  =  the  time  down  ^/C  =  the  time 
down  4  A B~  twice  the  time  down  AB^the  time  of 
descending  through  ^/*  +  the  time  of  describing 
2AB  (or  £D)  with  the  velocity  in  B  continued 
uniformly (a). 

9.  HD  is  a  quadranlal  arc,  whose  center  is  C,  and 
CH  perpendicular  to  the  horizon ;  AC  is  a  plane 

given 

>  ■ .     .     .■ 

(•)  AE*=ABxAC=ABx4AB=4AQ*,    ..  AE=2AB, 
or  AE  :  AB(.:  rad. :  sio.  /..  AEB)  : :  2  :  1;  hence  £  AEB=3(f. 
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given  in  position;    through    H  draw  HF   parallel 

'  to  CD,  and  through  E  draw  EF  parallel  to  CH; 

with  radius  EF  describe  the  circular  arc  FG ;  then 

if  a  body  falls  th  rough  HC,  H  v * ^  A 

and  is  projected  along  the 

plane.  CA  with  the  velo- 

.  n 

city  acquired,   it  will  de- 
scribe upon   the  plane  a 
space  (CG)  equal  to  HC+ 
EF,  in  the  same  time  that    c 
it  has  been  falling  freely  through  HC.     Upon  HC 
describe  a  semicircle  cutting  AC  in  M;  join  HM9 
and  complete  the  parallelogram  HFEN;  then  EM 
^NH^^EF^EG;  .-.  CG  «  (CE  +  EG  =  ) 
CjE  +  £  M.     Now  AfC  is  the  space  through  which 
a  body  would  fall  down  the  plane  whilst  another  body 
descends  freely  through  HC ;  land  2HCor2CE  is 
the  space  which  a  body  would  describe  upon  the 
plane  in  the  same  time  with  the  velocity  acquired 
(in  falling  through  HC)  continued  uniformly ;  a  body 
therefore  projected  up  the  plane  with  the  velocity 
acquired   through  HC  would   have  a  progressive 
tendency,  which  is  measured  by  2CE,  and  a  retro- 
grade  one,  which  is  measured  by  MC ;  hence  the 
whole  space  which  it  would  describe  upon  the  plane 
would  be  2CE-MC  or  CE  +  EM*)=CG  = 

HC+EF. 

10.  Sup- 


(b)  EM=NH,  for  they  are  versed  sines  of  the  same >' arc  TIE*     % 

(c)  2CE-MC=CE+CM+ME-MC=CE+EM. 
VOL.  II.  E 
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.  10.  Suppose  the  base  BC  of  an  inclined  plane  to 
be  given,  and  it  was  required  to  determine  the  height, 
to  that  the  time  down  the  plane  should  be  the  least 
possible.  Draw  BF  at  right  angles 
to  CB,  and  take  BA=  BC;  com- 
plete the  square  A BCD,  and© 
with  center  D  describe  the  circle 
HBE,  which  will  evidently  touch 
BF,BC  in  the  points  A,  C; 
join  AC,  and  draw  any  other 
chords  CE,  CEf,  which  produce  c 
to  meet  BF"  in  F, F*.  The  time  down  EC=  time 
down  AC**  time  down  EC,  .\  the  time  down  F"C 
or  FC  (being  greater  than  the  time  down  E'C 
or  EC)  is  greater  than  the  time  dpwn  AC;  hence 
AC  is  the  plane  of  qvichett  descent  from  BF  to  Cw. 

11.  If  it  be  required  to  find  the  line  of  quickest 
descent  from  the  plane  AC  to 
B,  take  CD=CB,  and  join 
DB-.  then  DB  mil  be  the 
line  required.  For  draw  DE 
at  right  angles  to  DB,  and 
upon  EB  describe  the  semi- 
circle EDB,  which  will  touch 


^••^ 


(*)  Since  AB—Jfc,  it  appears  that  when  the  base  of  a  plane 
is  given,  its  height  must  be  equal  to  the  base  for  the  time  down 
the  plane  to  be  a  minimum.    This  may  also  be  shewn  Jluxionally, 

thus;  Let  BCzna,  AR=x,  then^C=Va*+ x*-,  but  Toc-fo 
/.  5Tsoc— oc-—  .   hence  — - —  or  — hxssifiro.,  and ;- 

XX  A.  D  X  t  X 

•frsO;  from  which  xssa. 


Vt>ON  INCLINED  PLANES. 


27 


BC9CA  iri  B9D™;  then  since  no  other  line  but 
BD  can  be  drawn  from  B  to  the  plane  ACy  which 
does  not  cut  the  circle  EDB,  DB  will  be  the  line 
of  quickest  descent  from  ^dfC  to  B. 

1 2.  To  find  the  line  of  quickest  descent  from  a 
given  point  P  to  the  plane  A  C,  draw  PG  parallel 
to  CB9  and  PH  parallel  p,  -^ 

to  AB\  take  GD=GP, 
and  join  PZ);  PZ)  is  - 
the  line  required.  For 
draw  DE  at  right  angles 
to  PD,  and  upon  PD 
describe  the  semicircle 
PDE,  which  (for  the£ 
same  reason  as  in  the  preceding  article)  will  touch 
AC9PG  in  D9P;  and  as  no  other  line  but 
PD  can  be  drawn  from  P  to  the  plane  A  C9  which 
does  not  cut  the  circle,  PD  will  be  the  line  of 
quickest  descent  from  P  to  AC. 

13-  Let  it  next  be  required  to  find  the  line  of 
quickest  descent  from  a  given  point  P  to  the  circle 
A  CB.  Take  0  the  center  of  the  circle  A  CB,  draw 
the  diameter  AB  perpendicular  to  the  horizon, 

and 


(b)  CB  touches  the  circle  in  B,  because  BA  is  at  right  angles 
to  BC,  and  CD  is  equal  to  CB;  but  if  two  equal  lines  be  drawn 
from  a  given  point  to  meet  a  given  circle,  and  one  of  them  tench 
the  circle,  it  may  easily  be  proved  that  the  other  touches  it  also. 
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and  PE  parallel  to  AB\  join  PB,  and  let  it  cut 
the  circle  in  C ;  join  OC,  and  produce  it  till  it  cute 
PE  in  Q ;  then  the  triangles  v^ 
PQC,  COB  will  be  similar, 
and  since  0C~  0£,QCwillbe 
equal  to  QP;  a  circle  (PCX)  u- 
therefore  described  with  cen- 
ter Q  and  radim  QC  will 
■pass  through  P,  and  Bince  K~ 
OQ  joins  the  centers  of  the 
two  circles  ACB,  P  CAT,  it 
will  pass  through  the  point  of  contact  i  hence,  as  the 
circle  PC  AT  touches  the  circle  ACB  in  the  point 
C,  it  can  touch  it  in  no  other  point ',  and  since  no 
other  line  but  PC  can-  be  drawn  from  P  to  the 
circle  ACB,  which  does  not  cut  the  circle  PCK, 
PC  will  be  the  line  of  quickest  descent  from  P  to 
the  circle  ACB. 

14.  Lastly,  suppose  two  sides  of  a  triangle  (one 
of  which  is  parallel  to  the  ftortzon)  were  given,  and 
it  was  required  to  determine  the  third  side,  so  that 
the  time  of  falling  , 
down  it  should  be  a 
minimum.  Let  BC  re- 
present the  longer  of 
the  two  given  sides, 
and  take  BG  equal  to 
the  shorter  of  them; 
with  center  B  and  radius  BG  describe  the  semicircle 
GHO  j  draw  BH  at  right  angles  to  CB,  and  join 

CH, 
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C  H\  the  point  A  where  CH  cuts  the  semicircle 
GHO  determines  the  position  of  the  sliorter  side 
AB,  so  that  the  time  down  the  third  side  AC  shall  be 
a  minimum.  For  draw  CE  at  right  angles  to  CB, 
and  produce  BA  to  meet  it  in  2);  then  (as  in  the  pre- 
ceding article)  it  may  be  shewn  that  if  with  center 
D  and  radius  DC  a  circle  (CAE)  be  described,  it 
will  touch  the  semicircle  GHO  in  the  point  A ;  and 
and  as  no  other  line  but  CA  can  be  drawn  from 
C  to  the  semicircle  GHO,  which  does  not  cut  the 
circle  CAE,  the  time  down  AC  will  *be  the  least 
when  the  shorter  of  the  two  given  sides  is  in  the 
position  AB.  In  this  ca6e  the  length  of  the  side 
AC  is  also  very  easily  determined  ;  for  by  the  pro- 
perty of  the  Circle  CAx  CH=CO  x  CG ;  now  CH 
=  s/  CB*  +  BH*=  J CB*  +  BA*;  CO^CB  +  BO 
=  CB+BA,mdCG=CB-BG=CB-BA;  hence 
CAx  J C£*  +  BA%  =CB+  BAx  CB-BA  = 

n  pa p  ./« 

CB%-BA\  .:  CA= 


JCB'  +  BJ*' 
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lecture  XIII. 

ON  THE  ASCENT  AND  DESCENT  OF  BODIES  CON. 
NETTED  TOGETHER  BY  A  CORD  GOING  OVER 
A  FIXED  PULLEY. 


X  he  subject  of  this  Lecture  may  be  divided  into 
two  parts.  I.  When  the  bodies  thus  connected 
ascend  or  descend  in  a  direction  perpendicular  to  the 
iarrzom-  II.  When  one  or  both  of  the  •  bodies 
ascend  or  descend  upon  inclined  planes. 

LIL 

On  the  perpendicular  ascent  or  descent  of 

bodies  over  a  fixed  Pulley. 

1.  It  has  already  been  observed,  in  the  First 
Lecture,  that  the  momentum  of  a  body  is  proportional 
to  its  velocity  and  quantity  of  matter ;  the  velocity 
therefore  varies  as  the  momentum  directly  and 
the  quantity  of  matter  inversely.  Now  the  force 
which  generates  momentum  in  a  body  is  called  the 
moving  force,  and  the  force  which  generates  velo- 
city is  called  the  accelerative  force x  ;  if  there- 
fore, 


(a)  The  accelerative  force  of  a  body  will  therefore  be  measured 
by  the  velocity  generated  in  a  giren  time. 
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fore,  for  the  momentum  and  velocity  of  a  body  in 
motion,  we  substitute  the  causes  which  produce  them, 
it  may  be  said,  that  the  accelerative  force  is  as  the 
moving  force  directly,  and  the  quantity  of  matter 
moved  inversely;  or  in  general,  if  M=  moving 
force  of  a  body,  Q  =  its  quantity  of  matter,  and 
F=*  the  accelerative  force,    then  M  oc  F  x  Q,    and 

Q' 

2.  Let  us  apply  these  expressions  to  the  case 

of  two  weights  W,  W  (of  which  W  is  the  greater), 

acting  upon  each   other  by  means  of  a  perfectly 

flexible  cord  (WA1V)  passing  over  a  small     JL 

fixed  pulley  (A) ;  supposing  the  weight  of     ™ 

the  cord  to  be  inconsiderable  with  respect 

to  fV,  W>  and  that  the  pulley  moves  quite 

freely  round  its  axis.     It  is  evident,  that 

the  motion  will  take  place  in  the  direction 

of  the   greater  body   (IV),  and  that  the 

moving  force  is  proportional  to  the  difference     I 

of  tlie  weights  (W-W)\  the  quantity  of  * 

matter  moved  is  /F+  W ;    hence  the  accelerative 

M 
force  of  W  (which  varies  as  77  by  Art.  1 .)  will  be 

proportional  to  jp — jpj ;  i.  e.  the  accelerative  force 

of  W,  when  it  moves  in  connection  with  W  :  its  ac- 

jfr-jjr' 
celerative  force  when  it  moves  freely  : :  -jp — jp? 


w 
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:  -j^    ::     fy  +  fV'1     ;    ^PP0811*  therefore  *™t 

the  force  of  gravity  is  represented  by  unify,  the  force 
which  accelerates  /Fwill  be  measured  by  the  fraction 

TfT      ftp 

™ — ™, ;  and  since  W^W  are  constant  quantities, 

this  force  will  be  a  constant  force,  producing  similar 
effects  to  those  which  the  force  of  gravity  pro- 
duces*5. 

3.  Having 


(a)  When  Wmaee* freely,  the  moving  force  is  iii  pant  weight; 

the  quantity  of  matter  moved  is  mtso  its  own  weight ;  .".  the 

W 
aceeteratwe  force  will  be  measured  by  77^ or  icni/y. 

(b)  Indeed,  by  means  of  two  weights  connected  together  in  this 
manner  by  a  cord  going  over  a  fixed  pulley,  ve  might  make  the 
law  of  acceleration  of  the  force  of  gravity  visible  to  an  observer. 

For  instance,  let  W=Ao%.  &'=3—oz.-,  then  ^L  „,,=_«-■ 

49  /^+^     44-sl*"" 

ip5 100       3  *^a4» 

1^K>>190=STo5";    the  force  wnicn  accelerates  IF  is  therefore 
3 
-j^-gd  part  of  the  force-of gravity ;  and  as  a  body  in  the  first  second 

of  its  fall  describes  16^  feet,  or  193  inches,  by  the  force  of  gravity, 
Win  the  first  second  of  its  descent  will  describe  a  space  equal  to 
(lQ3  x  l9&»  or)  3  inches t  j  for  the  same  reason,  in  six  seconds  it 


•  We  atguroe  i^=53fi«.  for  the  purpose  of  getting  *r-IT' 
a  fraction  as  «U]]  pve  tue  ^^  described  by  JT  in  l"  a  rfgfcWfe  JttfflOtr 

f  For  ^  Art-  *>  I*ge  4,  £  =  mF:r=  (since  m=l93  inches,  #fel' 
«nd  r=  1)  193  x  £  X  1  =£*  laches.  ,,,, 
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3.  Having  thus  calculated  the  acceleratke  force 

with 


ft 


/$ 


v 


#w'=32<w. 


3    x  103  x  36  or  108  inches  =  9  feet  j  and  in  the  successive 
103 
seconds,  beginning  from  the  fin&  it  would  describe  (spaces  which 

are  as  the  odd  numbers  1/3,  5,  7,  9*  **>  <*)  3,  9. 15,  21,  27,  33 
inches.  Suppose  now  a  white  rod  BC 
to  be  marked  in  the  points  a,  b,  c,  d,  e,  ( 
in  such  manner  that  Ba,ab,  bc,cd, 
de,  eC,  are  respectively  3, 9yl5, 21, 
27,33  inches;  and-let  it  be  "so  placed 
with  respect  to  the  weights  going 
over  the  pulleys,  that  the  eye  of  the 
observer  may  command  both   the 
weight  and  the  rod  whilst  W  de- 
scends from  rest  through  9  feet,  be- 
ginning at  the  fixed  pulley  A.    At 
the  end  of  the  Jirst  second  he  would 
observe  it  pass  the  point  a ;  at  the 
end  of  the  second,  the  point  b ;  and  { 
so  on,  until  it  arrived  at  the  point  C 
at  the  end  of  the  sixth   second; 
thus  describing  spaces  which  are  as 
the  squares  of  the  times,  and  de- 
scending  in  a  manner   altogether 
analogous  to  that  of  a  body  falling 
freely  by  the  force  of  gravity. 

We  have  said  thus  much  just  for 
the  purpose  of  explaining  the  prin- 
ciple upon  which  the  law  of  ac- 
celeration of  the  force  of  gravity 
may  be  made  evident  to  an  observer; 
but  for  a  full  description  of  the 
apparatus  necessary  tor  exhibiting 
all  the  phenomena  attending  it,  and 
for  a  variety  of  luminous  experiments  upon  the  subject,  the  reader 
k  referred  to  the  7th  Section  of  Mr.  'AtwoooVs  Treatise  on  the 
Rectilinear  and  Rotatory  Motion  of  Bodies. 

VOL.  IX.  F 
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vkfa  which  the  weight  IF  descends;  the  space  de- 
scribed by  it  in  a  given  time,  the  velocity  acquired  at 
any  point  of  its  descent,  and  the  tiwe  of  descending 
from  any  given  altitude,  may  be  ascertained  from 
the  principles  laid  down  in  ArL  2.  page  3  ;  of 
which  the  following  are 


.  I. 


A  weight  of  Alts  is  attached  to  a  weight  of  erne  It. 
by  means  of  a  cord  going  over  a  Juced  pulley  \  Hot 
far  will  the  heavier  weight  descend  in  Z"  ? 

W-W      4-1      s 

Here/F=4]  •  ~'r  ~  IT+ Jr""4  +  T""55 

page  3. 

FT")  =^xi6^x9=86.76ft 

EXAM.  II. 

Two  weights  of  one  pound  each  are  suspended  ty 
a  cord  going  over  a  fired  pulley  ;  an  ounce  weight  is 
added  to  one  of  them ;  How  long  will  it  te  in  descend- 
ing through  1 2  feet  ?  and  what  velocity  will  it  have 
acquired  at  the  end  of  its  descent  f 


1701.)  •'•''-3; 

16  l=v/= 


lz__  =4.96  seconds; 
F=2mFT=32{  x~x 4.96=4. 83 feet  in  1". 
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EXAM.III. 

From  the  top  of  a  tower  50  feet  high,  a  stone 
weighing  2  lbs  is  let  fall  from  rest ;  at  the  same 
instant  a  weight  of  6  &Sj  hiving  another  weight  of 
5  lbs  attached  to  it  by  a  cord  going  enter  a  fixed  pulley, 
is  let  fall  from  the  same  point ;  Compare  the  times 
of  descent  of  the  stone  and  the  weight,  and  the  mo- 
menta with  which  they  respectively  strike  the  earth. 

By  Art.  2,  page  3,  S=mFT*,   .-.  T*=  —oci 

and  if  S  be  given,  then  T*oc--,  and  Toe  ~~ ;  now  if 
the  force  of  gravity  =  1 ,  then  the  accelerative  fbrce 
of  the  weight  =  -2=—;    hence  the  time  of 

descent  of  the  weight  :  time  of  descent  of  the  stpne 

: :  force  of  gravity  :  accelerative  force  of  the  wfeight 

J  i    " 

1   •     "  /  •  -    l  l  v/  23  *•  1  • 

23       v 


Again,  V=  2«/  mFS,  and  when  S  is  given  PX$J7?; 
.'.  velocity  acquired  by  the  weight  :  velocity  acquired 

by  the  stone  ;:  m-j==  :  i  ::  i  .     7^3  ;  hence  (since 

X/23  ^ 

the  momentum  ocQ  x  V<xfVx  V)  the  momentum  of 
the  weight  :  momentum  of  the  stone  : :  6  x  1  :  2  x 

V23  : :  3  :  >/23. 


EXAM.  IV. 

Two  equal  weights  are  connected  together  as  in  the 
preceding  examples ;  what  weight  must  he  added  to 

one 
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erne  rfthem,  to  make  k  acquire*  im  falling  for  6"%  a 
mebdig  *f  48  feel  per  seamd ;  and  through  what 
spmct  will  it  haze  fatten  im  that  time  ? 

Let  JF=r  either  of  the  eqoal  weights,  and  x= the 
weight  required;  then  tbe  accelerative  Jbrce  a£  fP  +  x 

(_W+x-fV\  x 

~  W+x+Wj-lW+x 

V 
Now    r=2mFT,    .'.  F=—=x    in    the   pre- 


sent   instance,   F=48,   T=6,    and  F=^^ ; 

hence -tt=—-  = =— ,   from  which  »x=8/F 

Since  therefore  the  weight  to  be  added  to  JFis 
TTT^  the  force  which  accelerates  the  greater  weight 

x-^jj  x  36=  117.6 feet  for  the  space  descended 

through  in  six  seconds  by  a  body  falling  under  these 
circumstances. 

EXAM.  V. 

If  the  weight  IV9  instead  of  descending  from  rest, 
has  a  velocity  of  {a)  feet  in  a  second  communicated  to 
it  at  the  beginning  of  its  fall,  it  is  required  to  ascertain 
the  velocity  ^V)  which  it  will  have  acquired  after  T" 
are  elapsed. 

Since 
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Since  a  velocity  of  (a)  feet  in  l"  is  communicated 
to  W,  its  momentum  (for  MocQx  F)  will  be 
increased  by  Wa;  but  this   momentum  or  moving 

force  is  applied  to  the  mass  W+~  W,  the  velocity 

(A/\ 
for  fr°cQj 

Wa 

will  be  jp    w,.    Now  the  velocity  generated  by  the 

accelerative  forms  in  the    time    T    (  =  2  «i  F  T) 

fP-W'.2mT     ,  .     .        A         ■ 

=  — y^     y^; — ;    hence  the    velocity  after   Tr% 

when  the  weight  W  is  impelled  downwards  with  a 
velocity  of  (a)  feet  in  1  ,.is jp — -^ . 

Cor.  The  space  described  under  the  same  cir- 
cumstances is  also  readily  ascertained;  for  the  space 

Wa 
described  in  T"  with  the  uniform  velocity  -=p — — ,  is 

JVaT  fr  +  vr 

jp — j=?,\  and  the  space  described  in  T"with   the 

.  W-W  iwT* 

velocity  of  acceleration  (  =  m  FT9)  =  ~Tm — JE? — • 

.  *u      ju/    *      a        ^     WaT+W^W'.mT* 

.  .  the  whole  space  described  = w     w/ • 


MIL 

On  the  motion  of  two  bodies  over  a  Pulley,  when 

one,  or  both,  of  them  descends  or  ascends  upon 

an  inclined  plane. 

l.  If 


58        ASCENT  AND  DESCENT  OF  BODIES 


1.  If.  two  bodies  (W,  ff)  are  connected  together 
by  a  cord  going  over  a  fixt  pulley 
(A),  and  one  of  them  (fV)  de- 
scends upon  an  inclined  plant 
(AC),  then  the  moving  force  of  W 
descending^Jw/y  down  the  plane= 

- — j (H  being  the  height,  and  ^  ^ 

L  the  length  of  the  plane) ;  hence  the  moving  force 
of  W  when  connected  with  W** — j fV*=. 

ft.  If  JV'  draws  fVup  the  plane,  the  moving  force 
with  which  W  descends  =  W j-  =  ■ 

and  the  accelerative  force «=  ■ 

then  the  accelerative  force  of  W  = 


L 


Wy 


2L 


3.  Let  both  bodies  move  upon  inclined  planes, 
having  the  common  a 

height  AD(H),  and 
let  fVbe  the  descend-      w> 
ing  body;    let  AB 
=  L,AC=L';  then  f 
the  moving  force  of  JV,  descending  freely  down  the 

plane 

— — ~^ — — 

{•)  For  by  Art.  1,  page  2,  the  accelerative  farce  of  IV  down 

the  plane  AC^s-r  5  and  by  Art.  1  of  this  Section,  MocFx  Q, 

Wx  H 

.\  the  moving  force  of  W&owvl  the  plane=  — j — . 
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plane  AB=—£-\   and  the  moving  force  of  W 
descending/ree/y  down  the  plane  AC=    L>    ;  hence 

the  moving  force  of  fV>  when  connected  with  W 

WH    JV'H    WL'-W'L.H 
=  —j jrr-  = j  r>  ;   .*.  the  accelera- 

tive  force  of  W down  the  plane  AB  = ,      ■       l  / . 

v  LL/7W+W 

YrZTf  ti°* 
KW=W,  then  this  forces      flxl//  ' 

EXAM.  I. 

A  weight  oflQlbs  (W),  placed  upon  an  inclined 
plane  whose  height  is  \d  of  its  lengthy  is  connected 
with  another  weight  ( W)  of  3  lbs,  hanging  perpen- 
dicularly (as  in  Fig.  Art.  l);  How  far  will  W descend 
in  8"? 

Here 


I.  ■  I, 


(b)  Let  JLABD=*>  L>ACD={i;    then  L:  H::  rad.  (l) 

H  H 

:  sin. a,  and  Z/ ':  H  ::  rad.  (l)  :  sin./},    ,\  —=sin. a,  and  77 

=sin./J)  hence  the  moving  farce  oiW  down  the  plane  -^  B=  W 
X  sin. a,  and  the  moving  force  of  W.  down  the  plane  AC=>W 
X  sin.  (3;  consequently  the  accelerative  force  of  W  (when  con- 

.    j        V.      tz/tn    *  ,  1  >r»       /PX  »1«.  «— V*X  SU1./I 

nected  with  W)  down  the  plane  ^B=- iv^lV • 

K 

and  if  ^TssIP;  then  this  force=Sina"781        >  but  the.expres- 

sions  in  the  text  are  by  far  the  most  convenient  for  estimating  the 
motion  of  bodies  thus  connected  together  upon  inclined  planet,  if 
their  heights  and  lengths  be  given  in  whole  numbers. 


'  v  ■'   ■  -■ 


j 
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.0 


n      ixr     ,  ~^  .  * .  by  Art.  1 ,  the  accelerati ve  force  of  W 
Here  W =  10/  ^    /,,_,      '    _^ 

^H-ff^L\     10X1-3X3       l 

L.W+W )~    3.10  +  3     ~39; 

X  =  3|    hence  S  (=mFT*)=  l6&x^x64 

-J      =26-38  feet.        ..   .--'- 

EXAM.  H. 
•    in  tcAol  time  wi//  a  weight  hanging  perpendicularly, 
draw  an  equal  weight  up  an  inclined  plane  whose 
length  is  12  feet,  and  height  10  feet?     (See  Fig.  in 
Art.l.) 

This  is  a  case  of  Art.  2,  where  W'=  W\  /.  the 
accelerative  force  of  the  weight  hanging  perpen- 

dieularfy  (=~^)  -^^Jp-HT*  hence  T=s 

"" jf"  V^  Tfi1 — r^^-Q  seconds=the  time   in 
nr  10^  x  j-2 

which  W  would  draw  ^  up  the  whole  length  of 
the  plane. 

EXAM.  HI. 
A  weight  of  5  lbs  draws  a  weight  of  6  lbs  up  an 
inclined  plane  whose  elevation  is  30°;  what  velocity 
will  the  descending  body  have  acquired,  after  it  has 
been  falling  for  6"?     (Fig.  in  Art.  1.) 


Here  JT=  6lh.i 


) 


5Z»  —  3Z#         1  Vx-'«'r   tfr 

H-iio.30»=i&  I      JlZ    =tt;  hence  r=(2mFT=:) 

32  fr  x  ^-  x  6  =  35  -Jr  feet  in  l" «  velocity  of  JT  after 

it  has  descended  for  6". 

Exam. 


^^^ ..--  j     r  ■      •  rv*.  -  7.".    ■»' — * n--7T- 
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EXAM.  IV. 

Given  the  height  qf  an  inclined  plane,  to  Jind  its 
length,  so  that  a  given  weight  descending  vertically 
shall  draw  another  given  weight  up  it  in  the  least  time 
possible. 

Let  // =  the  height,  x=  length  of  the  plane;  then, 
by  Art.  2,  the  accelerative  force  of  W  (Fig.  in 

Art.  1 .)    =  — ==,    which   varies  as   - — j . 

s     s 

Now    T^ssjj^oc^    .-.  T*   through   the  space  x^ 

X  X"* 

Q*Fxir'x-fVH>  which  is  to  be  a  minimum ;  hence 
Wx-wn      fv    wh  c         ,.  , 

_- or  —  — ^7  as  maximum ;  from  which  we 

,  W*     ilVHx  %WH     f        -     ^   . 

have—  JT~+  — jf~ =0,  or  j?=s-^p  ^length  of  the 

plane. 

Cor.  Hence  the  length  of  such  a  plane :  its  height 
::  2JT:  /F'.  If  /F*=  /F,  then  the  /en^/A  ;.  Ae^A* 
::  2  :  1 ;  from  which  it  follows  that  the  elevation  of 
a  plane,  up  which  a  given  weight  would  draw  an 
equal  weight  in  the  least  time  possible,  is  30°. 

EXAM.  V. 
In  the  Fig.  of  Art.  3,  page  38,  the  common  height 
(AD)   of  the  two  planes  is  20  feet;  AB^ZQfeets 
AC=  40 feet;  supposing  the  weights  to  be  equal,  fwtv 
long  will  JVbe  in  descending  down  the  plane  AB. 

This 


(*>)  It  is  evident  that  the  weight  W  must  descend  through  a 
space  equal  X.0AC  (or  x)  whilst  it  draws  the  weight  JETnp  the  whole 
length  of  the  plane. 

vol.  ir.  <* 


«»  ■       »m 
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This  is  a  case  of  Art.  3,  where   W=W\     .*. 
the  aocelerative  force  of  W  down  the  plane  AB 

(  j  tt.X\  ^n=Ba.*>:,     hence  Tmt 

\        y*lLL'    J       2x30x40       '*' 


w 


S        .   /      30 


i*F         .16-;  x -^=4.7  seconds ss  the  whole  time 
of  descent  of  Wdown  the  plane  AB. 

EXAM.  VI. 

* 

In  the  Figure  just  now  adverted  to,  suppose  the 
weights  W,  W  to  be  equal  to  each  other,  and  that  the 
inclination  of  the  plane  A  Bis  <k)°,  and  of  the  plane 
AC  50° ;  what  proportion  does  the  force  which  ac- 
celerates W  down  the  plane  AB  tear  to  the  force  of 
gravity  f 

By  Note  (b),  p.  39,  this foree=  f  sin'  * ~ sin: **=\ 
sin.  6o°  —  sin.  50°      .8660  —  .7660       .1000 

=  -55  th  part  of  the  force  of  gravity. 


.05 


EXAM.  VII. 
In  the  Fig.  of  Art.  3,  page  38,  given  the  height 
and  length  of  the  plane  AB,  to  find  the  length  of 
the  plane  AC,  so  that^  a  given  weight  {W)  may  dratv 
another  given  weight  {IV)  up  the  plane  AC,  in  the 
least  time  possible. 

I*tAD=H,AB=L}AC=x;  then,  by  Art.  3, 
the  accelerative  force  of  fV  down  the  plane  AB 
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=  V  ll'.tv+w  ~ )  Lx.ff+rr  '  whlch 

varies  as  .     Now  T*ocj-,    .♦.   T*  of- 

X  J. 

describing  the  space  x  in  direction  of  the  plane  AB 
(for  it  is  evident  that  W  must  descend  through  a 
space  equal  to  AC  whilst  it  draws  W  up  that  plane) 


x* 


cc  W  —  Wi  '    which    is-  to    be    a    minimum; 

Wx-WL       W    WL  Wx 

.'.   = or r-  =  a  maximum*  or c— 

or  xx*  #  jt 

2/F'Z,i  r  ..  ,  2/F'L 

+    — = — =0;  from  which  x  = — -r¥F~. 
x3  W 

Cor.  Hence  AC  (x)  :  AB  (L)  .:  2W' :  JP*>. 
If  W=Wy  then  ^C  :  ^B  ::  2  :  1 ;  .\  for  the 
weight  Wto  draw  an  equal  weight  up  the  plane  AC 
in  the  least  time  possible,  the  length  ofACmvgA. 
be  double  the  length  oiAB. 

LIV. 
QUESTIONS  for  PRACTICE. 
1.  A  weight  (W)  of  7  lbs  is  attached  to  another 
weight  (W^  of  5§lbs,  by  means  of  a  cord  going  over 
a  fixed  pulley ;  How  far  will  W  descend  from  rest 
in  5";  and  what  velocity  will  it  have  acquired  at  the 
end  of  its  fall  ? 

Answer,  £=  48$  feet ;   V-  19*  feet  in  l". 

2.  An 

—    ,  m  i   _  .   i  -       —  — — — 

(•)  Since  sin.  B  :  sin.  C  : :  AC  :  AB  (: :  %W  :  #0,  sin.  C  = 
W\^  ^  '  If  ^=^  ^n  sin.  C=isin.£.  If  B=90>,  then 
sin.  C=$  sin.  90°=:$  radius=sin.  30°,  which  coincides  with  what 
was  said  in  the  corollary  to  Exam.  4. 
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1,  An  empty  bucket  (weighing  6  lbs),  and  ft  full 
one  (weighing  2*  lbs),  are  connected  together  by 
a  cord  going  over  a  pulley  fixed  at  the  top  of  a  well 
166  feet  deep;  the  length  of  the  cord  is  so  adjusted, 
that  when  the  Jkll  bucket  begins  to  descend  from 
the  top,  the  empty  one  begins  fo  ascend  from  the 
bottom;  How  long  will  the  full  bucket  be  in 
drawing  up  the  empty  one  to  the  top  of  the  well  ? 

Answ.  4 .  l  seconds. 

3.  Two  equal  weights  (tV)  ate  suspended  over 
a  fixed  pulley ;  what  weight  must  be  added  to  One 
of  them,  that  it  may  be  made  to  descend  through 
50  feet  in  6*?  lfto 

4.  A  Weight  bf  5  lbs  draws  up  onfc  of  4  lbs,  over 
a  fixed  pulley ;  at  the  instant  of  letting  go  the 
weight  of  5  lbs,  a  velocity  of  3  feet  in  l"  is  communi- 
cated to  it ;  How  far  will  it  descend  in  5" ;  and 
what  velocity  will  it  have  acquired  at  the  end  of 
that  time  ?    See  Exam.  5,  page  36,  and  Corollary. 

Answ.     5=  534 feet;  f«  19*  feet  in  l". 

5.  A  weight  {W')  of  10 lbs,  hanging  perpendi- 
cularly, draws  a  weight  (tV)  of  15 lbs  up  an  inclined 
plane  whose  elevation  is  30°;  How  far  will  W 
descend  in  5";  and  what  velocity  will  it  have  ac- 
quired at  {he  end  of  its  fall  ? 

Answ.     5=40£  feet ;  V=  l6£  feet,  in  \". 

6.  There 
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6.  There  are  two  planes  having  a  common  height 
(as  in  Fig.  Art.  3,  page  38) ;  the  length  of  one 
plane  is  three  times,  and  of  the  other  twice  the 
height ;  How  long  will  a  weight  of  4  lbs  (descend- 
ing down  the  shorter  plane)  be  in  drawing  a  weight 
of  5  lbs  twenty  feet  up  the  longer  plane  ? 

Anew.     5.7  seconds. 

7.  In  the  Fig.  of  Art.  3,  page  38,  the  elevation 
of  the  plane  AB  is  30°;  What  must  be  the  elevation 
of  the  plane  AC,  that  a  weight  of  7  lbs,  moving 
down  AB,  may  draw  a  weight  of  8  lbs  up  the  plane 
AC 'in  the  least  time  possible?  See  Note  (a),  page  43. 

Answ.     12*.  38'. 

8.  A  weight  of  1  lbs  (IV),  descending  upon  a 
plane  whose  elevation  is  45°,  draws  another  weight 
(W)  of  one  lb.  up  a  plane  whose  elevation  is  30V 
What  proportion  doesthe  force  which  accelerates  W 

bear  to  the  force  of  gravity  ?    Answ.     2y/2—  i  :  6. 


/  / 


i 
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Lecture  XIV. 


ON  THE  ROTATORY  MOTION  OF  BODIES 
ABOUT  A  FIXED  AXIS. 


,  Jl  rom  the  manner  in  which  the  two  bodies  ^ 

j  •  supposed  to  act  upon  each  other  in  the  precei 

,  Lecture,  it  appears  that  their  motions  were 

I  formed  -in  the  direction  of  a  straight  line  pas 

through  their  centers  of  gravity;  in  which  case 

i  evident,  that  eacti  particle  of  the  whole  mass,  thus 

|  in  motion,  was  equally  accelerated^.  The  express 

there  adopted  for  the  acceleralive  force  of  the 

1  ,.       ,     ,      {  .  the  moving  force        \ 

,  scendmg  body  I  viz. : *       * ,  1 

°         J    \         quantity  of  matter  moved  J 

only  true  when  each  particle  of  the  mass  moves  \ 


(*)  By  attentively  considering  the  manner  in  which  two  bo 
connected  together  by  a  cord  going  over  a  fixed  pulley,  per 
their  motions  ;  it  is  evident,  not  only  that  the  two  todies,  but 
each  particle  of  the  two  bodies,  move  with  the  same  velocity, 
the  velocity  with  which  their  respective  centers  of  gravity  mot 
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the  same  velocity lb) ;  if  therefore  one  of  the  bodies  be 
impelled  by  some  force  which  shall  produce  a  rotatory 
motion  about  a  fixed  axis  (in  which  case  each  particle 
of  that  body  will  move  with  a  velocity  proportional  to 
its  distance  from  the  arww),  this  expression  for  the 
accelerative  force  cannot  be  applied,  till  it  has 
undergone  an  alteration,  the  nature  of  which  we 
now  proceed  to  explain. 

LV. 

On  the  method  of  estimating  the  Accelerative 
Force  with  which  a  body  descends  perpen- 
dicularly, when  resisted  by  the  inertia 
arising  from  the  Rotatory  Motion  of  a  body, 
or  system  of  bodies,  about  a  fixed  axis. 

1.  In  the  annexed  Figure,  A  represents  a  pulley 
or  small  wheel  who^e  plane  is  perpendicular  to  the 
horizontal  axis  BC;  pyp\  p"  >  //",  are  small  equal 

particles 


(b)  This  expression  is  derived  from  the  general  principle, 
that  "  the  quantity  of  motion  in  a  body  varies  as  the  quantity  of 
matter  into  its  velocity,"  which  is  evidently  founded  upon  the 
supposition  that  each  particle  of  that  quantity  of  matter  is  endued 
with  the  same  velocity. 

(c)  For  each  particle  will  describe  the  circumference  of  a  circle 
whose  radius  is  the  distance  of  that  particle  from  the  axis ;  and  at 
the  angular  velocity  of  all  the  particles  is  the  same,  their'  linear 
velocity  will  be  as  the  circumferences  (i.e.  as  the  radii)  of  the 
circles  which  they  respectively  describe. 
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particles  of  matter  Wing  in  a  plane  pmrmBel  fa 
^/oar  *f  the  wheel,  and  connfrtffri  with  each  c 
awl  with  the  axis  br  the  infrriHr  rods  pp~, 
void  of  gravity j    the  rfatjncfs 
Sp,  S>',  Vt  Sp~  fiwn  the  axis 
being  all  equal  to  each  other  and 
to    the  radios  of  the  wheel  A. 
Suppose    now    thit    a    rotatory 
|    r  motion  be  communicated  to  the 

t    -  particles  />,  />',  />",  />*"  by  the  descent  of  the  veig 

j  ^  attached  to  a  cord  going  round  the  wheel  A*  ; 

since  the  weight  of  the  particles  p9  p"  placed  al 
extremities  of  the  rod  pp"9  and  of  the  particles  p 
placed  at  the  extremities  of  the  rod  p'p"*y  cow 
act**  each  other,  the  weights  of  the  particles 


(*)  It  is  proper  to  state  here,  that,  throughout  this  Lecturt 
weight  of  the  wheel  A  and  of  the  oord  AP,  and  the  ft 
of  the  a&i*  upon  the  points  of  support  at  B,  C,  are  suppos 
be  vi  f>mall  as  to  render  it  unnecessary  tor  them  to  be  taken 
consideration, 

(*)  It  is  evident  that  the  weight  of  any  particle  (p), 
'  descends  in  tfye  course  of  its  rotation,  will  tend  to  increai 
moving  force  of  P,  and  that  the  weight  of  the  of 
particle  {p")  as  it  ascends  will  tend  to  diminish  it  in  the 
degree;  the  same  may  be  said  of  the  particles  p'fP*"  'f  ii 
we  shall,  in  every  instance,  suppose  the  rotatory  matter  \ 
to  disposed,  that  equal  quantities  of  it  may  lie  at  equal 
opposite  distances  from  the  axis  of  motion.  If  this  be  n 
case,  the  moving  force  of  P  will  not  be  constant,  but  tub) 
continual  variations,  from  the  irregular  action  of  the  diffierenl 
of  the  revolving  system. 
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not  at  all  affect  the  moving  force  of  P,  and  the  only 
effect  produced  by  them  will  be  to  increase  the 
inertia^  of  the  system.  Moreover,  since  these 
particles  are  all  placed  at  a  distance  from  the  axis 
equal  to  the  radius  of  the  wheel,  they  must  all  move 
with  the  same  velocity  as  any  point  ^  in  the  circum- 
ference of  the  wheel,  i.  e.  with  the  velocity  of  P(d) ; 
here  then  is  a  case  of  rotatory  motion  combined 
with  the  descent  of  P,  in  which  each  particle  of  the 
whole  mass  moved  is  equally  accelerated;  the  accele- 
rative  force  of  P  therefore  may  be  estimated,  as  in 
former  instances,  "  by  dividing  the  moving  force  by 
the  quantity  of  matter ;"  now  the  moving  force  is  P, 
and  the  quantity  of  matter  moved  P+p  +  p'  +p"  +/>'"; 

let  p+p' +p" +p'"  =  u,  then  the  force  which  acctfe- 

p 
rates  P  in  its  descent  =  yr^  %    the    force  of  gravity 

being  represented  by  unity. 

» 

(c)  The  inertia  of  a  body  or  system  of  bodies,  as  distinguished 
from  their  gravity,  has  been  defined  to  be  "  that  property  which 
°  all  bodies  possess  of  resisting  the  action  of  any  force  applied 
•'  to  move  them,  whatever  be  the  direction  in  which  that  force 
"  acts)"  and  it  is  found,  by  experience,  to  be  proportional  to 
the  quantity  of  matter  contained  in  the  bodies.  (See  Note  III. 
Vol.  I.)  In  the  present  instance,  the  gravity  of  the  particles 
p,  p',  p",  p'"  is  counteracted  by  their  position  with  respect  to 
each  other  in  the  revolving  system  j  but  their  inertia,  or  "fcw- 
position  to  resist  the  force  of  P  as  it  descends  over  the  wheel  A,*' 
still  remains. 

(d)  Since  every  point  of  the  cord  AP  comes  successively  in 
contact  with  the  wheel  as  P  descends,  it  is  evident  that  the 
velocity  of  P  must  be  the  same  as  the  velocity  of  the  wheel. 

VOL.  II.  H 
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2.  Let  the  equal  particles  P>p'>P",p'"i  0,0 ',  o",o'"; 
q,  q',  q",  q";  &c,  &c.;  (placed  in  planes  respectively 
parallel  to  the  plane  of  the  wheel  A)  be  connected 
with  each  other  and  with  the  axis  BC,  in  the  same 
manner  as  the  particles  p,p',p",pf"  in  the  preceding 
Figure ;  but  let  the 
distances  Sp,  So,  Sq, 
See.  at  which  they  are 
placed  from  the  axis,  be  r~ 
not  equal  to  the  radius 
of  the  wheel  A;  then  «f 
it  is  evident  that  the 
velocities  of  these  par-  #p 

tides  will  not  be  equal  .to  the  velocity  of  P,  and, 
consequently,  that  their  inertia  (as  opposed  to  the 
descent  of  P)  cannot  be  measured  by  the  quantities 
of  matter  contained  in  them.  Before  we  can  ascer- 
tain what  their  inertia  is  with  respect  to  P,  we  must 
find  what  quantity  of  matter,  placed  at  the  distance 
of  the  radius  of  the  wheel  (A)  from  the  axis  of 
motion,  will  have  the  same  inertia  as  the  particles 
P>  P'>  P">  P">  °>  °>  °">  °" i  ?>  ?')  ?">  ?"'•  8ec-  &c. 
placed  at  the  distances  Sp,  So,  Sq,  &c.  Let 
P+p'+p"+p'" mU ;  o+o'+o"+o'"=u;  q+q'+q"+q'" 
=  «",  &c.;  and  let  the  radius  of  the  wheeler,  then 
it  will  be  found  that  a  quantity  of  the  matter  equal 

to  — j-*-,  placed  at  the  distance  (r)  from  the  axis, 

will  have  the  same  inertia  as  (u)  placed  at  the 

distance 
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u  x  So* 


distance  Sp  ** ;  that  -^—3 — ,  placed  at  the  distance 

(r),  will  have  the  same  inertia  as  {u')  placed  at  the 
distance  So;  &c,  &c.  so  that  the  ram  of  the  inertia  of 

all 

(a)  Let  «M=the  momentum  or  moving  force  of  a  body,  Q=s 
its  quantity  of  matter,  and  V  the  velocity  with 'which  it  moves, 

M 
then  AfocQx  V,  and  Qp^-p;  suppose  there- 
fore that  a  particle  of  matter  (/>),  placed  at 
the  distance  Sp  from  the  axis  passing  at  right 
angles  through  S,  be  put  in  motion  round  S 
by  the  given  weight  P,  and  that  the  effect  of  #<p 

P  acting  at  A=M,  atp=m;  then  the  quantity  of  matter  which 
could  be  put  in  motion  by  P  acting  at  A  (x)  :  quantity   of 
matter  which  could  be  put  in  motion  by  P  acting  at  p  (p)  : : 

iK — t~a  :  tz — ri »  »ow,  by  the  property  of  the  lever  M :  m 
V*.  at  A    V*.  at  p '  J  r    r     J 

: :  Sp  :  SA  : :  -r-j  :  -^-5  and  from  the  nature  of  angular  motion, 
VelyatA  :  Vebr-atp::  SA  :  Sp-,  hence  x  :  p  '--q-rt :  ^~j>  and 

i=>s-jf-  j  i.  e.  the  effect  is  the  same  with  respect  to  the  moving 
force  of  P  acting  at  A,  whether  the  particle  (p)  revolve  at  the 

distance  Sp,  or  a  particle  of  matter  equal  to  £?    (  be  placed  at 

A,  and  acted  upon  by  the  same  force.    By  applying  this  theorem 

to  the  case  before  us,  it  appears  that  the  retarding  force  arising 

from  the  inertia  of  the  particles  p+/>'+p"+p'"  («) .  0+o'+o"+o'" 

(u)j  &c,  &c.   is  the  same  with  respect   to  the  descent  of  P, 

whether  u,  u',  u",    &c.    be  placed  at  their  original  distances 

u  v  /?i>* 
Sp,  So,  Sq,  &c,  or  a  quantity  of  matter  equal  to   — r--+ 

u'xSo*     u"xSq* 

— j3 ^  "     tJ — l-&c.  be  placed  at  the  distance  (r)  from  the 

axis,  and  acted  upon  by  the  same  given  force. 
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all  these  particles  of  matter  may  be  represented  by 

u  x  Sb*     u  x  So*     u"  x  So*     „  .        ,  ,,      ,. 

' 7-*--  + t —  +  ~i-  +  &c.  acting  at  the  di- 

r*  r*  rs 

Stance  (r) ;  in  this  case  therefore  the  accelerative  force 


o/'Pwill  be  measured  by  — vxspl 


P+- 


Pr'+uxSpt+u-x.Str+u'xSq'+Stc. 

3.  Suppose  now  the  number  of  these  particles 
P,  p',  p",  p'" ;  O,  O,  o",  o"';  q,  q'y  q"t  q'"\  '  &c.  &C. 
to  be  increased  ad  infinitum,  so  as  to  form  a  solid 
DEF  of  uniform  density,  generated  by  the  revo- 
lution of  an  algebraic  curve  DEF  about  its  axis, 
the  axis  of  the 
curve  coinciding 
with  the  axis  of  i 
rotation ;  then  if  u 
the  abscissa  of  this 
curve  =x,  its  cor- 
responding ordi- 
nate =  y,  and  its 
greatest  ordinate  =  f ,  the  sum  of  all  the  u  x  Sp*  +  «' 
x5o,  +  u"x5^  +  &c.  contained  in  this  solid,  will 
be  equal  to  the  fluent  of  £w#*xw  (where  *=3.UI&c.) 

when 

{")  Let  DEF  represent  the  solid,  EH  its  axis  (which  coincides 
with  the  arii  of  rotation);  let  it/  be  a  circular  section  of  it 
parallel  to  the  base  DKF;  draw  the  ordinate  dh,  and  let  Ehm, 
dh=y  ,-  with  center  A  describe  two  concentric  circles  mos,  not, 
indefinitely  near  to  each  other,  and  let  the  radius  Ani=r;  then 

the 
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when  y  =  pi  hence  the  force  which  accelerates  the 
descent  of  P  (acting  upon  the  wheel  whose  radius 


the  circumference  of   the   circle  nqt  =  2ri,  and  the  annul  us 

m'osnqt=2w*i;  hence  "  the  sum  arising  from  multiplying  each 

"  particle  of  this  unnu- 

"  his  into   the  square 

"  of  its  distance  from 

"  the  axis"  is  equal  to 

2tv»  X  »*  =  2Ti]i, 

and    the    moment    of 

inertia  for  the  circular 

plane  nqt= f.2-w^i 

=  irr>;  let  *=y, 
then  for  the  circular 
plane  dkf  it  will  be 
equal  to  i»j*.  For  a 
small  cylinder  whose 
thickness  is  x  it  will  be 
£  ry4  x,  and  consequent- 
ly for  the  part  def  of  the  solid  it  will  be  f-  *\ry*x;  and  when 
estimated  for  the  whole  solid  DBF,  it  will  be  the  fluent  of  £ry*x 
when  y~DH—p.  This  expression  is  very  readily  applied  to 
rinding  the  moment  of  inertia  of  any  algebraic  solid  revolving 
round  its  axis,  but  our  present  purpose  will  be  answered  by  ap- 
plying it  to  the  cylinder  and  the  sphere. 

I.  In  the  cylinder  y  —  p;  'f*\Ty*x  for  a  cylinder  whose 
length  is  /,  is^  $wp*x  when  r=/,  or  \wlp*i  but  the  solid  content 
of  the  cylinder=W,o'}  \c\.t  I  pt^=w=u>eight  of  the  cylinder,  then 
*\*lp*  x  p*,  or  i\wp%,  expresses  the  moment  of  inertia. 

II.  In  the  sphere  y*=2pz— x*,  ;.f'.\xy*x=f.\-wxx'lrx—3?\t 
=  f.2Tp*z'x—,l-rpcix  +  \TX*x=ywp'tx'—\<wpx,+  \pxi==(voeti 
r=2p)  — ~  for   the  whole  sphere;  but  the  solid  content  or 

weight  (w)  of  the  sphere  =  — -~ ,  .'.  the 
2     4i-o"       ,     2      ,  3 

-X-^X^tV. 


of  inertia* 


54  ROTATION  OF  BODIES 

is  (r),  whilst  it  communicates  a  rotatory  motion  to 
the  solid  DEF  about  the  axis  BC)  is  equal   to 

>'*+/,i^wheny=/  ^  quantity  designated  by 
f\\*}fx  is  called  the  moment  of  inertia,  because  it 
expresses  the  whole  inertia  of  the  revolving  solid  as 
opposed  to  a  force  acting  at  a  given  distance  from 
the  axis  of  rotation. 

EXAM.  I. 

A  cylinder  which  weighs  100  lbs  (w),  is  put  in 
motion  by  a  weight  of  15  lbs,  attached  to  a  string 
wound  round  it  in  the  manner  represented  in  the 
annexed  Figure ;  It  is  required  to  find  how  Jar  the 
weight  (P)  will  descend  from  rest  in  3". 

0 

Since,  for  the  cylinder  ft.£*y4£s=£wf>\  the  force 
which  accelerates  P 
(F)  =  (by  Art.  3) 

/V+|«7>'5    but   in    i" 

the  present  instance 

,=r,  r.F=-* 
15    _£./M"*M' 

15  +  50      13 5    COn" 

sequently  the  space 

described  by  P  in  3"  =  (mFT*= (a))  i6i  x £  x  9  = 
33.39  feet. 

Cor. 

■  r  , 

*  '    "  ~~ 1 _    _  ^ — ^^ 

(?)  For  all  quantities  which  may  hereafter  occur,  expressive 
of  the  relation  between  S,  F,  V,  T,.m,  the  reader  is  referred  to 
Art.  2,  page  3,  of  this  volume. 
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P         o 

Cor.  Let  P=w,  then  F  =_-_=?  .    when   a 

P+$P     3 ' 

cylinder  therefore  is  put  in  motion  by  a  weight 
which  is  just  equal  to  its  own  weight,  then  this 
latter  weight  descends  with  a  force  equivalent  to 
-ds  of  its  natural  gravity \ 

EXAM.  II. 

Suppose  the  weight  (P)  in  the  preceding  Example 
to  be  30  lbs  >  and  that  it  descends  through  48  feet 
in  2" ;  What  is  the  weight  of  the  cylinder  f 

Let  x=s  weight  of  the  cylinder,  then,  by  Exam.  1, 

P  30 

the  accelerative  force  of  P  (F)=  p+lg^b.i.i^  now 
T*=~p,    /.  (since  T=2,  5=48)  we  have  4=: 

48       30  +  itf         ...       .  .  „     r 

tjtt  x  — —*-- ,    which  gives  x  =  20  £  lbs  for  the 

weight  of  the  cylinder. 

Cor.  If  the  weight  of  the  cylinder  (w)  be  given, 
and  it  be  required  to  find  what  weight  will  put 
it  in  motion,  and  at  the  same  time  descend 
through   (S)  feet  in  T";  then  let  a?  =  the  weight 

x 

required,   and  we  have  F  =  ~ — —  ;    hence  T* 

x  +  %w 


EXAM.  III. 

^  sphere  D,  whose  radius  is  3  feet,  and  weight  500lbs, 
is  put  in  motion  by  a  weight  of  20  lbs,  acting  by  means 

if 
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of  a  string  going  over  a  wheel  whose  radius  is  §  inches; 
'How  long  will  the  weight  (P)  be  in  descending  through 
50  feet,  -and  what  velocity  will  it  have  acquired  at  the 
end  of  its  descent  ? 


in  the  sphere  f'^ry*x= j  wp\    .'.  Fc 
2Qx$ 


/V+f«7>*' 


the  time  in  which 
P  will  descend 
through     50  feet 

WF=  ) 


20*£  +  f  xSOOxQ.     3ul* 


\/ 


50  x  3ti  I 


16^        ~ 

33.5  seconds;  and 

the  velocity  which 

it    will  have  acquired  at  the  end  of  that  time  = 

(Q.mFT  =  )  32j  x  ~-x  33.5  =  2.98  feet  in  l". 


-  Cor.  1 .  Let  ; 


then  F= 


p+\ 


if  therefore 


the  string  be  wound  round  a  great  circle  of  the 
sphere,  in  the  same  manner  as  it  is  wound  round 
the  cylinder  in  the  preceding  example,  the  force 
which  will  accelerate  P  in  its  descent  will  be 
P  20  , 

*p  +  lw  or  20  +  200  =  TTth  ofthe  force  of  gravity. 

Cor.  2. 
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Cob.  1.  If  P=u>,  then  F=p^rp=*-Pi  if  there- 
fore the  descending  sphere  in  Cor,  l.be  equal  to 
the  revolving  sphere,  the  former  will  be  acted  upon 
by  a  force  equivalent  to  -  th  of  its  natural  gravity |l 


We 


(')  From  the  corollaries  to  Examples  1  and  3,  two  inferences 
of  considerable  importance  may  be  drawn ;  one  of  which  re- 
spects the  rectilinear  descent  of  spheres  and  cylinders  ty  Ike 
unwinding  of  a  string;  the  other  has  reference  to  their  rolling  or 
sliding  down  inclined  planes.  We  shall  consider  each  case 
separately. 

I.  Let  ^represent  the  section  of  3  cylinder  or  sphere  descending 
by  its  own  weight,  and  receiving  at  the  same  lime  a  rotatory 
motion  round  its  axis  (or  diameter)  by  ihe  unwinding  of  the 
string  BA  fastened  to  a  hook  at  B.  Compare  tbe 
circumstances  under  which  this  cylinder  or  sphere 
descends,  with  those  of  "  the  cylinder  and  sphere  de- 
"  scending  by  the  string  A  P  (and  at  the  same  time 
"  communicating  a  rotatory  motion  to  an  equal  cylinder 
"  or  sphere  round  the  axis  B  C)  in  Cor.  to  Exam.  1 ,  and 
"  Cor.2,  to  Exam.3."  Themouingybrceineachcaseislhe 
same,  viz.  "  the  weight  of  the  given  cylinder  or  sphcri 
the  quantity  of  matter  moved  is  the  same,  for  in  e; 
case  it  is  "  the  given  cylinder  or  sphere  +  the  moment  of 
inertia  arising  from  its  rotatory  motion  j "  consequently  the 
accelerative  force  must  be  ihe  same.  When  a  cylinder  or  sphere, 
therefdre,  thus  descends  by  the  unwinding  of  a  string  wrapt  round 
it  and  fastened  at  B,  the  center  of  gravity  of  the  cylinder  will 
descend  with  an  accelerative  force  equal  to  two  thirds,  and  that 
of  the  sphere  with  an  accelerative  force  equal  tafve  sevenths,  of 
the  force  of  gravity.     Let  Lathe  length  of  the  string,  then  for 

the  cylinder,  the  time  of  its  mwindiilg=( W  ~,=  \  \/  — 

V mr     / 'im 

seconds;    and  the  velocity  acquired  =(V4ibFj=) yf\m~L  feet 

in  1".     For   the  sphere,  T=*J7—-   V=*J?®mL 
5m'  7     "' 

vol.  ii.  I  ii.  Suppose 
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We  have  thus  shewn  the  method  of  ascertaining 
the  accelerative  force  of  the  descending  body  (P)  hy 
.calculating  the  "  moment  qfmertia"  of  the  revolving 
body  ;  let  us  next  shew  how  this  force  may  be  esti- 
mated by  means  of  its  center  of  gyration. 

II.  Suppose  now  [he  sphere  or  cylinder  (A)  lo  descend  (by  the 
unwinding  of  the  stringas  before)  down  an  inclined  plane,  then  its 
moving  force  will  be  diminished  in  the  ratio  of  the  height  of  the 
plane  {H ) :  length  of  the  plane  (Z.),  whilst  the  quantity  of  matter 
moved  remains  the  same  j  the  accelerative  font  therefore  will  be 
diminished  in  the  ratio  of  H  :  L. 
'Hence  the  force  which  accelerates 
Ihe    cylinder     down    the     inclined 

plane    is   -xj,   and   that   which 
accelerates  the  sphere  is  -x-v- ,  of 

■I  natural  gravity.  Let  the  string  be  removed)  then,  if  the  eleva- 
tion of  the  plane,  and  the  adhesive  force  or  friction  between  it 
and  ihe  body,  be  such  as  to  create  a  force  just  equal  to  the  force 
exerted  by  tlie  itring  in  producing  the  rotatory  motion  of  A. 
it  is  evident  that  the  body  A  would  roll  down  the  plane 
under  precisely  the  same  circumstances  as  when  it  descends 
down  it  by  the  unwinding  of  the  tiring  BA.  -Now  the  force 
with  which  it  slides  down  the  plane  is  —  of  its  gravity ;  hence 
the  accelerative  force  with  which  a  cylinder  rolls  down  an 
inclined  plane  :  the  force  with  which  it  slides  ::  yX-j- :  ■=- 
: :  2  :  3.  For  the  same  reason,  in  the  sphere,  the  rolling  force 
:  sliding  fonx-.-.^x":  £::S:7. 

This  theorem  for  comparing  the  forces  which  accelerate 
cylinders  or  spheres  according  a*  they  roll  or  slide  down  inclined 
planes,  is  only  true  on  the  condition  that  they  have  precisely  the 
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-      LVI. 

On  the  mode  of  ascertaining  the  accekrative 
force  of  the  descending  body,  when  the  in- 
ertia of  the  revolving  body  is  estimated  upon 
the  principle  of  the  center  of  gyration. 

1.  In  the  system  of  bodies  />,"/>',  />",  />'"; 
?>  ?'>  q">  q'" »  &c.  &c.  (see  Figure  in  page  50)  the 
moment  of  inertia  is  ux  Sp*+u'xSo*  +  u   x  Sq* |  +  &c. 

draw 

same  Quantity  of  rotatory  mdtUm  as  when  they  descend  by 
the  unwinding  of  a  string.  To  effect  this,  the  elevation  of  *the 
plane  must  be  such  as  to  give  them  a  tendency  to  this  degree  of 
rotatory  motion  at  their  first  setting  off;  and  the  adhesion  or 
friction  between  them  and  the  planes  must  be  such  as  to  preserve 
this  tendency  throughout  their  progress  down  the  planes.  Unless 
the  elevation  of  the  planes  be  thus  nicely  adjusted,  the  bodies  will 
partly  roll  and  partly  slide  down  them ;  and  if  it  were  possible 
to  render  both  the  bodies  and  the  planes  perfectly  smooth  (so  as 
to  abolish  the  friction  altogether),  then  would  they  slide  down 
the  planes  under  all  circumstances  of  elevation ;  having  in  this 
case  no  tendency  whatever  to  rotatory  motion. 

In  considering  the  rectilinear  descent  of  these  bodies  by  the 
unwinding  of  the  string,  we  supposed  the -string  to  be  fastened 
to  a  hook  at  2?#  but  if  it  were  required  to  find  what  weight  W, 
attached  to  the  string  and  passing  over  a  pulley, 
would  be  just  sufficient  to  keep  it  motionless  at 
B  during  the  period  of  its  unwinding,  we  have 
only  to  refer  to  the  expressions  for  the  accelerative 
force  in  Cor.  to  Exam.  1,  and  Cor.  2.  Exam.  3> 

P  N       P 

viz.  ■      u-for  the  cylinder, and  p     .p  for  the 

sphere ;  the  denominators  of  these  fractions  re- 
present the  inertia  generated  during  the  descent 
of  the  bodies,  and,  consequently,  a  weight  {IV)  equal  to  P+iP 

or 


■ 
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draw  GR  at  right  angles  to  the  axis  of  rotation, 
and  conceive  the  whole  quantity  of  matter  in  the 
system  to  be  concentrated  in  the  point  R;  in  that 
case  the  moment  of  inertia  is  u  +  u  +u"  +  u"  +  8tc. 
GR3 i  hence,  if  we  put  u+u'  +  u"  +  Scc.  GR*=. 
«x  Spv+u'x  Sd*  +  u"  x  Sq*+  &c.  (in  which  case 
GR=  \A  »  y  +  »'  »  ,■»-■  +  ""  »  Vtfc);  Wll: 

r  W  +  «    +  U      +  &C  J 

be  such  a  point,  that,   if  the  whole  quantity  of 

matter  u  +  u'  +  u"  +  Scc.  were  collected  in  it,    "the 

"  moment  of  inertia   would  be  the  same  as  if  that 

"  matter 

or  iP  for  the  cylinder,  and  P  +  jP  or  £  />  for  the  sphere,  suspended 
from  B,  will  be  just  sufficient  to  counteract  this  inertia. 

Since  ihe  tendency  of  A  to  descend  down  an  inclined  plane  ti 
diminished  in  ihe  ratio  ol  H  :  L,  the  weight  (ll')r  necessary  to 
keep  the  siring  A  BIl*  steady  whilst 
(A)  rolls  down  the  plane,    will  a 
be  diminished    in    that    ratio,    v 
—  X  —  lor  the  cylinder,  and  ^X  -r- 

for  lite  iphere.  To  find  therefore  ihe 
relation  between  the  length  of  the 
plane  and  ihe  height  of  the  plane,  so  that  a  given  weight  (W) 
suspended  over  the  pulley  (B)  shall  jusi  keep  the  string  motion- 
less at  .B,  whilst  a  given  body  (A)  whose  weight  is  (JV)  rolls  down 
the  plane ;  we  have  W=^~  .  or  L  :  H  -. :  3P  :  2  W  for  the 
cy/in<fcr;  and  W=  7J¥L,  or  Z,  :  H  :;  Jp  ,  5lV  for  the  sphere. 
Thn»,  i!  lt'=P,  then  L:H<:3:2  for  the  cylinder,  and 
L:  if  i;  7  4  5  for  the  sphere;  and  if  Wssi  J>,L:// ::  3  ;  | ; : 
)5  :  1  forthecy/iw/tr,  and  £  :  j? ::  7  :  g, ::  14  :  1  for  the  iptfrf. 


weight  {*FJ,  necessary  K 
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"  matter  were  spread  through  the  system"  This 
point  ft  is  called  the  center  of  gyration,  and  its 
distance  (GR)  from  the  axis  of  rotation  may  be 
easily  calculated  for  any  algebraic  solid  revolving 
round  its  own  axis(a).  ' 

2.  Having 


(*)  It  has  already  been  shewn^  that,  in  any  algebraic  solid, 
u  x  Sp*+u'x  So*+u"x  S?a+&c.*=/Vy4^  andtt+K'+a"+&c. 
= content  of  the  solid ;  hence 
GR/    fu  x  Sp*  +  u  x  So*  +  u"x  Sq*+  sTc.\     /  Jljry^ 

\V  tt  +  tt'+n"+&C.  /  V  ConuntofSotld' 

We  shall  apply  (his  expression  to  finding  the  center  of  gyration 
of  a  few  of  these  solids. 

I.  In  the  cylinder  whose  radius  is  (p)  and  length  (0,J)  of  i*y4x 
when  y  =  p,  is  \vlpA  '•   content  of  cylinders v I p\  .'.  GjR= 

II.  In  the  sphere  whose  radius  is  (p),  f\  of\vy*x,  when 
x—2p,  is  ^^(  see  Note  in  page  53)  ;  the  content  of  the  sphere 

III.  In  the  cone,  y=ax,  :.f*.  \r^x^J*.  %Ta4x*x  =  ^ra^sr 
^vxy4^  (if  the  height  of  the  cone=A,  and  radius  of  Us  l>ase=zo) 

7*irhp4;  the  content  of  the  cone  =±Thp*-,  .*.  GR~/i« — L.=s 


JO 


IV.  In  the  paraboloid,  y*=ax,  :.  f.  fry**  =f.i* *****= 
±ira*x*=iTxy*=(when  x=h,  y=p)  jrhp4  5  the  content  of  the 

parat>oloid=ivhp*;.'.GR=    A*  ft /*=/»/£ 

V  +*hp* 
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1.  Having  found  the  value  of  GR  in  a  solid  of 
this  kind,  let  it  be  put=d;  and  let  w=u+u'+M"+tto. 
=  toeigkt  of  the  solicit  then,  from  Art.  I,iod*  = 
ax  5/>4+«'x  5o*+«"x  Sqt+  &c;  substitute  this 
value  for  u  x  5jb*  +  «'  x  So*.+  u"  x  5y*  +  &c.  in 
the  expression  of  Art.  2,  page  52,  then  the  accele- 

rative  Jbrce  of  P=  -p- 1— — j-fw.  This  expression  for 

the  accelerative  force  of  P  is  more   adapted   to 
general  purposes  than  that  we  have  hitherto  made 

3.  For  instance,  let  any  number  of  these  regular 


solids,  Q,  /J,  5,  &c.  be  put  in  motion  by  the  weight 
(P),  suspended  by  a  string  going  over  the  wheel  {A)> 

whose 


(•)  In  the  cylinder  d=pV%, .-.  <f =$,o%hence/'=  „  ,     ■       ,. 
and  in  the   sphere    d=pV\,    .*.  d*=Sy»\    consequently    F  = 
■  — -  i  the  expression  for  the  accelerative  force  of  P  there- 

fore, thus  investigated,  is  the  Mine  as  that  in  Exam.  1  and  3  of 
Section  LV. 
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whose  radius  is  (r)  ;  and  let  their  weights  be  re- 
spectively denoted  by  w,  w\  w'\  &c.  and  the  distances 
of  their  centers  of  gyration  from  the  axis  of  rotation 
by  d,  cT,  d">  &c. ;  then  .the  whole  moment  of  inertia 
arising  from  these  revolving -bodies  will  be  measured 
byw<P  +  w'd?  +  w"&"*  -f  &c.  and  consequently  the  ac- 
celerate force  ofP  will  be  pr% +wdiJh  w^w^+  &(; 

4.  But  supposing  the  matter  of  the  bodies 
Q,  R,  S%  &c.  to  be  collected  in  their  respective 
centers  of  gyration,  then,  by  Art.  1,  the  distance  of 
their  common  center  of  gyration  from  the  axis  will  be 

wdi  +  w'd'9  +  w"(r9  +  &c.     ,  ^,.     ,.  .  ^ 

— ■ t 77 — r ;  let  this  distance  =  Z>. 

w  +  iv  + «;   +  &c.  ' 


v/ 


and  let  w  +  w  +  w"  +  &c.  =*  /f,  then  jD= 


n/ 


w<P  +  w'd'*  -f  w"(E'*  +  &c.  ,  ^. 
^ ,    and,    consequently, 

«,d«  -f  umT  +  ip V*  +  &c.  =  fVD* ;    substitute    this 
value  for  wd*  +  a/d'9  +  tt/'d"9  +  &c.  in  the  preceding 

article,  then  the  accelerative  force  ofP=p  . »  a^y 

We  are  come  therefore  to  this  general  conclusion, 
viz.  "  That,  if  a  rotatory  motion  be  conrmuni- 
"  cated  to  a  body  or  system  of  bodies  (whose  weight 
"  is  tV)9  by  the  rectilinear  descent  of  a  weight  (P) 
acting  at  the  distance  (r)  from  the  axis  of  rotation 
passing  through  the  respective  centers  of  gravity 
of  the  body  or  system ;  and,  if  D  be  the  distance 
of  the  center  of  gyration  of  the  body  or  system 
"  from  that  axis ;  then  the  force  which  accelerates 
"  the  weight  (P)  thus  descending,  is  that  part  of  the. 

"  force 


u 

(( 
a 
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"  force  of  gravity  which  is  expressed  by  the  fraction 


5.  Before  the  weight  begins  to  descend,  iht 
pressure  on  the  axis  BC  is  measured  by  P+ff, 
being  the  whole  weight  with  which  it  is  loaded,  in- 
dependent of  the  weight  of  the  wheel  (A)  and  string 
CAP),  which  are  supposed  to  be  too  small  to  be 
taken  into  the  consideration,  After  it  begins  to 
'descend,  the  axis  will  evidently  be  relieved  from  that 

part  of  the  weight  of  i*  which  is  employed  in  its  ac- 
celeration. If  therefore  the  accelerative  force  of /'in 
the  preceding  article  be  called  F,  then  the  part  of  its 
weight,  of  which  the  axis  is  relieved,  will  be  expressed 
by  FP ;  so  that  the  pressure  upon  the  axis  B  C 
during  the  descent  of  P  \v]\\  be  measured  by  P  +  If 
-FP. 

6.  We  have  hitherto  considered  the  body  or 
system  of  bodies  as,  revolving  round  an  horizontal 
axis ;  but  it  may  easily  be  shewn,  that  the  foregoing 
expression  for  the  accelerative  force  of  P  is  ap- 
plicable to  the  case  when  the  bodies  are  made  to 
revolve  round  a  vertical  one.  Let  DE,  FH  be  two 
beams  fixed  parallel  to  the  horizon,  into  which  the 
moveable  axis  B  C  is  inserted  in  a  vertical  direction ; 
let  the  relative  position  of  the  bodies  Q,  R,  St  fcc. 
and  the  wheel  (A)  be  the  same  as  before;  but 
suppose  a  small  pulley  fixed  at  M,  whose  upper 
edge  just  coincides  with  the  plane  of  the  wheel; 

then, 
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then,  if  the  weight  P  descends  by  means  of  the  string 
AMP   going 
over  the  pul- 
ley at  My  it  is 
evident     that 
the      moving 
force,  as  well 
as  the  inertia 
of    the    mass 
moved      ( the* 
inertia  of  the 
pulley  M  not 
being     taken 
into   conside- 
ration), is  the 
same    as    be- 
fore ;    conse- 
quently,   the 
accelerative 
force  ofP  will 
be  the  same; 
retaining 
therefore  the 
notation  of  Art.  4,  we  may  say  that  in  this  case  also 

this  force  is  measured  by  Pf%^  my?** 

7.  If 


(*)  Supposing  the  beam  FH  and  the  pulley  Jlf  to  be  fixed  to 
the  same  frame,  then  it  is  evident,  that  before  P  begins  to  de- 
scend, the  pressure  upon  this  frame  is  measured  by  P-f  W,  and 
that  during  its  descent  it  is  measured  by  P+  W—FP,  according 
to  the  principles  laid  down  in  Art.  5. 
VOL.  II.  K 
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7.  If  the  system  be  put  in  motion  by  a  ^  power  (P) 
acting  over  the  pulley  N  (or  by  the  same  power  acting 
immediately  upon  the  wheel  A  when  the  axis  is  hori- 
zontal) instead  of  the  weight  (P),  then  the  inertia 

Pr% 
of  P  is  equal  to  nothing,  .'•  F=  -jy-ji-     The  value 

of  F  may  also  b$  calculated  thus ;  the  moving  force 
is  (P) ;  the  quantity  of  matter  moved  is  such  "  as, 
"  when  placed  at  the  distance  (r)  from  the  axis  of 
**  rotation,  shall  produce  the  same  effect,  with  re- 
"  spect  to  P,  as  W  placed  in  the  center  of  gyration  ;n 
now,  by  Art.  2,  page  50,  that  quantity  of  matter  is 

WD*  r* 

"pr-;  hence  the  accelerative  force  of  (P)  is  Pxjpjji 


8.  With  respect  to  the  velocity  of  the  revolving 
system ;  since  every  point  of  the  wheel  (A)  moves 
with  the  same  velocity  as  the  weight  or  poiver  P, 
and  since  the  velocity  of  P  is  uniformly  accele- 
rated (for  this  velocity  is  generated  by  the  action 
of  a  constant  force),  the  velocity  of  the  wheel  (A), 
and,  consequently,  that  of  the  whole  revolving  system, 
will  be  uniformly  accelerated.  In  estimating  the 
velocity  therefpre  of  any  point  in  the  revolving  body 
or  system  of  bodies,  after  P  has  descended  for  any 

time 


C)  Whenever  a  body  or  system  of  bodies  is  said  to  be  put  in 
motion  by  a  power  as  distinguished  from  a  weight,  we  mean  by 
it  to  express  the  action  of  force  without  inertia;  such' as  the 
exertion  of  animat  strength,  &c.  &c. 
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lime  (t),  we  in  course  mean  the  velocity  with  which 
the  hody  or  system  would  continue  to  revolve 
uniformly,  were  the  action  of  P  to  cease  as  soon 
as  it  had  descended  for  that  time.  We  shall  first 
find  the  linear  velocity  of  any  point  in  the  revolving 
system,  and  then  shew  the  method  of  ascertaining 
its  angular  velocity. 

9.  Let  jF=  the  accelerative  force  of  P,  and  m  =2 
1 6  Sfeet ;  then  the  velocity  acquired  by  P  after  the 
time  (t)  is  elapsed  =  2  m  Ft.     But  this  is  the  linear 
velocity  with   which  any  point  of  the  wheel  (A) 
revolves  at  the  end  of  that  time ;  and  it  is  evidently 
the  linear  velocity  with  which  any  point  of  the  body 
or  system  situated  at  jhe  distance  (r)  from  the  axis 
revolves tb>.      Now    the  velocity    at    the    distance 
r  (2  m  Ft)  :  the  velocity  at  any  other  distance  (x) 
.:  r :  x;  hence  the  linear  velocity  of  any  point  of- 
the  revolving  system  situated  at  the  distance  (x) 

from  the  axis  of  rotation  = ;  thus  the  linear 

velocity  of  the  center  of  gyration  at  the  end  of  the 

time  (t)  =3- .    If  it  were  required  to  find  the 

linear  velocity  of  any  point  situated  at  the  distance 
(x)  from  the  axis,  after  P  had  descended  through  any 
space  (s)9  then  the  velocity  of  P  (i.e.  the  velocity  at 

the 

1  ■  1         ■  ■        1  ,  hi  — — mm  •        — — ^^ 

(b)  For  since  the  linear  velocities  in  different  circles  described 
in  the  same  time  vary  as  the  circumferences  (i.e.  as  the  radii) 
of  the  circles,  the  linear  velocities  of  such  points  of  the  system 
as  are  at  equal  distances  from  the  axis  of  rotation  will  of  course 
be  equal. 
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the  distance  r  from  the  axis)  =  */ 4  mFs  or  2a/  m  F*9 
and  this  velocity  2*JmFs  (V)  :  velocity  at  the 

distance  (x)  ::  r  :  x9   .\  V= — ^ ;.  thus  the 

,     .       ..  i                  ^                   2D+JmPs 
velocity  of  the  center  of  gyration  = # 

10.  Let x=  3. 141,  &c.  then»2«rs.the  circum- 
ference  of  a  circle  whose  radius  is  r ;  and  since  each 
point  of  this  circumference  revolves  with  a  velocity 
of  2mFt  feet  in  l",  we  shall  have  2mFt :  2*r :: 
the  arc  or  angle  described  in  l"  (A)  :  36o°,  .\  A = 

— ;  i.e.  the  angle  which  .would  be  de- 


■■  •  <  p 


*r 

scribed  in  l"**,  by  the  body  or  system  revolving 
uniformly  with  the  velocity  acquired  whilst  P  (te- 
rn Ft 
Mcends  for  the.  time  (t),  is  equal  to x  36o°,  or 

m.  Ft  ** 

at  the  rate  of revolutions  in  1  "•     In  the  same 

*r 

manner  it  may  be  shewn  that  the  body  or  system 

would  perform  — revolutions  in  l",  when  it 

wr 

moves  uniformly  with  the  velocity  acquired  by  P 

whilst  it  descends  through  the  space  (s). 

11.  Since 

«— — — ——■■——— ^— — ■  i  ■■  i      i  —————— ^ 

(*)  This  angle  is  the  measure  of  the  angular  velocity  of  the 
body  or  system  of  bodies ;  and  since  3G0P,  m,  and  #,  are  given 

Ft  F 

quantities,  it  varies  as  — .    If  t  be  also  given,  then  it  varies  as  — . 

i.  e.  "  the  angular  velocity  generated  in  a  given  tkne  in  a  body 
"  or  system  of  bodies  revolving  round  a  fixed  axis,  varies  directly 
"  as  the  force  which  generates  it,  and  inversely  as  the  distance  at 
"  which  that  force  acts  from  the  axis.** 
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11.  Since  the  force  which  accelerates  any  point 
of  the  system  is  proportional  to  the  velocity™  of 
that  point,  and  since  the  velocity  varies  as  the . 
distance  from  the  axis  of  rotation,  having  given  the 
accelerative  force  at  any  one  point  we  can  find  it 
at  any  other  point  of  the  system ;  thus,  the  force 
which  accelerates  any  point  at  the  distance  (r)  from 

(Pr*       \ 
•7J-; — wr*  I  :  *at  which   accelerates 

a  point  at  the  distance  (x)  ::  r  :  x,  .\  the  force  at 

Prx 

the  distance   (x)  =  p  %     nfrp  *    ^or   i**stence>   the 

force  which  accelerates  the  center  of  gyration  *= 

PrD 
-p-i — utt\*>  anc*  so  ^or  any  other  point  in  the 

system. 

\ 

1 2.  By  Art.  9.  the  velocity  with  which  any  point  at 

the  distance  (x)  from  the  axis  revolves  is  — — , 

r  » 

the  square  of  this  velocity,  therefore,  is - ; 

hence  the  squares  of  the  velocity  with  which  the 

constituent  particles   of  the   body  or   system    (viz. 

P>p\p",  &c.)  revolve  at  the  distances  Sp,  Sp\  Sp",  &c* 

.„  ,                       lt     Sb*x4mFs    Sp'*x4mFs 
will  be  represented  by  . ,  -*- — -5 f 

-^ — Zm—~9  &c'*  anc^  the  expression  for  the  sum  of 

each 

(b)  For  FocFx  T;  and  if  T  be  given,  PacF,  and  &*V . 
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each  particle  multiplied  into  the  square  of  its  velo\ 

.vrj]\hcpxSp''  +  P'xSp't  +  P"xSp"'  +  l*CX4mFst 
r"  * 

but  by  Art.  4,  px  Sp'+p'  x  Sp'*  +  p"  x  Sp"*  +  , 

„_,          -     WIT  x  4mFs      „ 
sJra,    ..  5= : — | .    Now  suppose 

system  to  be  put  in  motion  by  the  power  P,  t] 
„      Pr*       .    ,,     W&xims      JV  _ 

■    fVD"  '  r*         XJf7>*    ^x-4"1 

P  x  the  square  of  the  velocity  which  it  would  actn 
by  moving  freely  through  t/te  space  (s)  ;  hence  " 
"  sum  of  the  products  arisiog  from  multiplying  e 
"particle  of  the  revolving  system  into  the  sou 
"  of  the  velocity  generated  whilst  P  descends  throi 
"  the  space  (s),  is  equal  to  the  product  arising  ft 
"  multiplying  P  into  the  square  of  the  velo< 
"  which  would  be  generated  in  it  by  moving  f« 
"  through  the.  space  (s)  under  the  influence  of 
"  force  of  gravity  w ." 

EXAM.  I. 
A  paraboloid  (DEF),  whose  weight  {W)  £,  200 
is  put  in  motion  by  a  weight  (P)  of  1 5  lbs  acting  ul 
the  wheel  A  whose  radius  (r)  6  inches;  the  radius 


(*)  It  should  be  observed  here,  that  this  theorem  is  true  a 
when  the  system  is  put  in  motion  by  some  power,  i.  e.  by  weii 
without  inertia ;  for  suppose  it  to  be  put  in  notion  by  a  weight 

pirir 

01  Pr'+lVD**Amt'   and   "°"°pX4m*-     See  the  Note  uj 
this  subject  at  the  end  of  this  Folame. 


[ 
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of  the  base  of  the  paraboloid  is  20  inches;  after  the 
weight  P  has  descended  for  10",  it  is  taken  off,  and 
the  paraboloid  is  left  to  revolve  uniformly  with  the 
velocity  acquired  at  that  period ;  With  what  velocity 
does  its  center  of  gyration  revolve,  and  how  many 
revolutions  does  the  paraboloid  itself  perform  in  a 
minute  t 

By  Note  a,  page6l,  the  distance  (D)  of  the  center 
of  gyration  of  the  paraboloid  from  the  0x15  =  ^-^/3  = 
20,/f;  .'.  theoc- 
celerative  force  of 

P=\Prt+)VD*=J 


15x36  +  200x^X-100 

=  3oL3=-F-  No« 
by    Art.  Q,     the 

ImFtD 

velocity    of  the    center    of  gyralton  =  = 

32i  x  10  x  aO^A      .„,*■*■     ,"         jl     *t,A 

= -— '  =  12. 1  feet  in  1  ;  and  by  Art.  10, 

6  x  50.3         •  J  •     *  ■ 

the    number   -of  revolutions    which    the  paraboloid 

.        .    ,„     mFt  l6»x  10 

performs  in  1    = — %\= s 1 2 ;;=2.03  = 

r   J  wr*'     3.14&C.  x£x50.3 

about  121  revolutions  in  a  minute. 

EXAM.  II. 

The  cone  (DEF),  whose  weight  is  lOOlbs,  is  put  in 
motion  round  a  vertical  axis  (BC)  by  means  of  a 

power 

(k)  Here  r=t>  inclut=i  afoot. 
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power  (P)  oflblbs  acting  upon  the  wheel  (jf),  whote 
radius  (r)  it  5  inches ;  a  rotatory  motion  is  at  the 
same  time  communicated  to  ajly  wheel  (O)  of  incon- 
siderable weiglu,  whose  radius  {SO)  is  3  /eel;  (if 
radius  of  the  base  of  the  cone  (p)  is  IS  inches  ;  afiei 
P  has  described  a  space  of  10  feet,  its  action  ceases; 
at  that  moment,  what  is  the  velocity  of  any  point  (0) 
of  the  fly  wheel,  and  what  luimber  of  revolutions  doa 
the  machine  itself  perform  in  l"? 

In  the  cone  D  =  />*/$,=  15 s/l,  .-.  D*=  187-5; 
and  by  Art.  7, 


81 .64  feet  in  l";    and 

by 
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by  Art.  10,  the.  number  of revolutions  perfbrnad  by 

*l        *      •    *"     y/niFs          5.07        ^     A  0    __ 
lAe*yjfcminl  s*^ -  =  - — r- <*=s4.3,  or 

*  *r         3.14&C.  x£ 

rather  more  than  four  in  \". 

EXAM.  III. 

A  solid,  QRS  (of  the  same  form  with  that  in 
page  143,  Part  I.)  M/Ao*e  weight  is  5 A  lbs  and 
radius  one  Jbot,  is  put  in  motion  by  a  weight  (JP)  of 
50  lbs,  by  means  of  a  string. wound  round  the  cylinder 
(A),  whose  dimensions  are  such  as  to  circumscribe 
either  of  the  parts  Q,  R,  S  of  the  solid;  It  is  required 
to  find  the  time  (t)Jbr  which  P  must  descend  so  as  to 
produce  a  rotatory  motion  in  the  solid  of  10  revolutions 
in  l",  and  also  to  determine  the  pressure  upon  the 
axis  during  its  descent,  (Fig.  in  page  74.) 

The  distance  t>f  the  center  of  gyration  of  this 

/ST 
system  from  the  axis  is  p\-zt9  (-D)(w*  p  being 

75 

the 

(»)  In  the  quantity  W  'ILJ.  f  r  must  be  expressed  in  feet  to 

correspond  with  m  and  s,    /.  r=5  inchest -feet. 

(b)  By  referring  to  page  143,  Vol.1,  it  wiH  be  found  that 
$=  1 2,~Aa8M,  &=  19,  A=&36,  and  the  weight  (fP)  of  the  s^ttem 
**9Qlh,  ifd,  it  <f ,  dT  be  the  distances  of  the  centers  of  gyratum 
of  Q,  R,  S,  A  from  the  axis,  and  w,  w',  *?,  vT  be  their  weights, ' 

«;=12,  «-'3J4,  w"=18,  w'"=36, <*'=£/>*,  d'*=\f>\  rf»8J^ 

VOL.  II. 


/"•=*,»,  and  r«90),\  ... 
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the  radius  of  the  cylinder ;  the  acceleraiive  farce  of 

P^+WD^)  p+^frf*-  (since  /»=r) 


50 


125 

— srr~—         „     -r  =  — -;   the  number  of  revo- 

p+^/T-50  +  Sxgo     218* 

lutions  in  l"  which  the  system  would  perform  with 

Q 


f  —  ;>;ji  i- 


the  velocity  communicated  to  it  whilst  W  d< 

for  the  time  (t)  is  denoted  by  — — ,  which,  in  the 


wr 


mFt 
present  instance,  is  to  be  equal  to  10 ;  hence • 

=  10,  or  .*  = ~  =  (for  t  =  3.14  &c,  r=  1,  m  = 


1  3 . 4  seconds.   By  Art.  5,  page  64, 
thejfrrewttre  upon  the  axis  during  the  descent  of  P = 


m  218 


125 


1  Ji3 

i»+ ^T-FP=50  +  90-— — x  50=  11 1.34/**. 

21  o 

1  EXAM.  IV. 

The  weight  of  the  cylinder  EF  (IV)  :  P  : :  n  :  1 ; 
fijAcn  P  A<w  descended  from  rest  through  the  space  (*), 

it 
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U  is  taken  off,  and  (p)  is  attacked  to  the  string  {ap)t 
so  as  to  be  drawn  up  by  the  momentum  which  the 
cylinder  has  acquired;  What  is  the  greatest  height 
to  which  {p)  may  be  made  to  ascend  ? 

By  Exam.  1,  page  54,  the  aecelerative  force  with 

P  Pi 

which  P  descends  is    5 — rm**  n — ; — 5= ; 

P  +  %  IV     P  +  \  nP     2  +  n 

.".  the  velocity  which  it  acquires  in  falling  through  the 

8ms 


and  this  is  the 


space  (s)  =  {«J&mFs  = ) 

velocity  with  which  any  point  (a)  in  the  surface  of  the 

cylinder    moves 

at  the  instant  P 

is  taken  off.  Just 

at  that  instant 

the   weight   (p) 

is  attached  to  the 

string  (ap),  and 

the  cylinder  and 

(p)    begin    to 

move  with  the 

common  velocity 

.    nP__  .  .  /!»£, 

1  +  n 


But    this    common    velocity    is    the   velocity   with 

which 


(*)  For  if  A,  moving  with  velocity  (a),  impinges  on  B  at  rest, 


ibenlhe  ( 


moving 
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which  (p)  begins  to   ascend  against  the  action. of 

**&"*  ^^OT^p^%  thC  hdght  there" 
fore  to  which  (p)  may  ascend0* ml  for -$*=-: — p  ) 

n*P*        8ms     2p  +  nP     n*P.ip  +  nP     Ps 
nP+p\**  2+n*     8mpf  "  ZF+ft*.  2+h  X  p  # 


Cob.  1 .  Since  ^— ^-  \  u=:.  is  always  a  prober 

nP  +  p\\2  +  n  J         r    ^ 

frtjptkm**,  the  weight  (p)  can  never  ascend   to  so 

Ps 
great  a  height  as  - —  *     If   n  be  indefinitely  great, 

this    fraction    only    approaches    to    unity  as  its 

limit, 


W  Q    fa)     m 

moving  with  the  velocity  </  <•    '    ,  impinges  on  (p)  at  rest,  their 

V     2  + /I  

t*/b«fy  after  impact=     *p       x  \/  ^T^  •    See  Art* 6' 


common 

page  158,  Vol.1. 


;  (a)  The  force  tending  to  make  (p)  descend  is  — Z — -  9  ibr  the 
tame  reason  that  the  accelerative  force  of  P  is 


(*)  The  height  to  which  (p)  will  ascend,  is  the  space  through 
which  it  must  fall  under  the  action  of  the  force  — ? to 

acquire  the  velocity  j^  x  y/  — . 
(c)  For  the  imm«ra(or  n  n*P*+2n*Pp,  and  the  denominator 
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limit (d>  ;  even  in  this  case,   therefore,  the  height 

Ps 

ascended  through  by  (p)  cannot  exceed  — <e). 

P 
Cor.  2.  Ifn— l,  the  space  ascended  through  by 

P.2p  +  P     Ps  ' 

(P)  =  r-^^Tvr x  "T" »    alK*   «    *t   the  same  time 

3..r+/>|  /> 
/>  =  P,  this  space  is  equal  to  \s ;  i.e.  "  if  the  cylin- 
"  der  be  put  in  motion  by  a  weight  equal  to  its 
"  own  weight,  then  the  greatest  hpight  to  which  it 
€€  can  draw  up  another  equal  weight  is  only  one 
"fourth'part  of  the  space  through  which  the  first 
"  weight  descended  to  put  the  cylinder  in  motion." 


(d)  The  value  of  the  fraction,  when  n  is  indefinitely  great,  ap- 

ri*P* 
proaches  to  -j-p*  as  its  limit,  the  other  terms  of  the  numerator 

and  denominator  vanishing  with  respect  to  n*  i". 

(e)  According  to  the  first  law  of  motion,  after  the  cVlinder 
has  acquired  a  certain  velocity,  and  the  action  of  P  ceases,  it' 
would  go  on  revolving  ad  infinitum,  if  it  were  not  impeded 
by  the  friction  on  its  axis,  and  the  resistance  of  the  air  y  but  from 
what  is  here  shewn,  it  appears  that  if  that  friction  were  entirely 
abolished,  and  the  motion  performed  in  a  perfect  vacuum,  yet  if 
it  were  exposed  to  the  constant  actum  of  the  smallest  particle  of 
matter,  its  revolutions  would  cease  within  a  limited  time.  Tins 
suppose  the  cylinder  to  weigh  100  lbs,  P  one  lb,  and  that  p  is  only 
i  th  part  of  an  ounce,  then,  by  substituting  the  proper  values  for 

n,  P,  p,  in  the  expression  ;  ,  it  will  be  found,  that  the 

'*'  F  hP+p)f.2+n' 

motion  would  cease  after  p  has  ascended  through  a  space  equal 

100    Ps 

to  *7™rx  T-#  <*  «bont  316  times  s. 
lui     p 

Lecture 
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Lecture  XV. 

ON 

THE  ASCENT  AND  DESCENT  OF,  WEIGHTS,  OVER 
PULLEYS  AND  WHEELS  WHOSE  INERTIA  IS 
TAKEN  INTO  CONSIDERATION. 


W  b  have  hitherto  considered  only  the  case,  when 
"  a  given  force  communicates  a  rotatory  motion  to  a 
"  body  or  system  of  bodies ;n  we  are  next  to  estimate 
the  effects  produced,  when  "  a  given  force  is  employ- 
cc  ed  to  move  a  given  weight,  by  the  intervention  of 
"  a  body  or  system  of  bodies  endued  tvith  a  rotatory 
"  motion"  as  when  a  weight  is  made  to  ascend  by  a 
force  acting  over  a  pulley  or  wheel,  or  a  combination 
of  pulleys  or  wheels. 

LVII. 

On  the  Motion  of  Bodies  over  Pulleys. 

1.  Let  the  weight  {IV)  be  raised  by  means  of 
the  power  (P)  acting  over  a  single  fit ed  pulley  (A) 
whose  weight  is   (w);    then   the  moving  force  is 


ajr 
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p  —  W;  and  the  matter  moved,  TV  +  the  inertia 
of  the  pulley  (§w) (a) ,  P  having  ^gg/gg^smm 
no  inertia;  hence  the  accelera- 

P-  TV 

tive  force  of  P  =  -7^7 — r-  ;   but 

since  P  and  ^P"  move  with  the 
same  velocity,  this  is  also  the 
accelerative  force  with  which  TV 
ascends ;      .\    the     accelerative 

force  of  W^F^f (b>. 

2.  Let  us  next  estimate  the  ascending  force  of 
TV>  when  it  is  raised  by  a  weight  (P)  acting  over 
a  moveable  pulley  (E)  as  well  as  a  fixed  one  {A). 
In  this  case,  the  descent  of  P  is  opposed  by  as  much 
of  the  weight  of  TV  as  is  supported  by  the  string  AEr 
which  is  evidently  £  TV;  the  moving  force  therefore 
is  P  —  £  TV.     Supposing  the  pulleys  to  be  equal^  and 

the 


(a)  Let  the  pulley  be  considered  as  a  small  cylinder,  whoso 
radius  is  p ;  then  the  distance  (D)  of  its  center  of  gyration  irom  the 
axis  =7>V£;  now  if  (10)  be  the  quantity  of  matter  placed  in  the 
center  of  gyration,  then  the  quantity  to  be  placed  in  the  cir- 
cumference of  the  pulley  (viz.  at  the  distance  from  the  axis  where 

Pacts)  is  —r~>  but  !)•=:£/&•,  ,\  — — =£a>= the i«er/ia  ofw 
as  opposed  to  the  action  of  P. 

(b)  In  this  and  the  following  section  we  shall  estimate  th« 
ascending  ftrce  of  fV,  and  not  the  descending  force  of  P ;  as  the 
weight  raised  in  a  given  time  is  the  proper  measure  of  the  effect 
produced  by  any  given  machine. 


*# 
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the  weight  of  each  to  be  (w)  ;  then,  for  the  same 

reason  as  before,  the  inertia  of  the  pulley  (A)  will 

be  ±u>;   but  since  the  pulley 

(E)  moves  with  only  half  the 

velocity  of  the  pulley  (J),  its 

inertia  will  be  only  one  fourth^ 

of  the  inertia  of  (A),  i.  e.  |  w ; 

the  wholb  inertia  therefore  of 

the  pulley  (22),  arising  both 

from  its  weight  and    rotatory 

motion,  will  be  w  +  %w  or\w. 

Again,   since '  W  moves  with 

only  half  the  velocity  of  P,  its 

inertia,  as  opposed  to  P,  will  be 

only  \  W;  hence  the  whole  mass  moved  is  P  +  %  W 

+  £t0+{t0=P  +  }  ff+jw;    and  since  the  moving 

fbrce  is  P  —  \  W,  the  accelerative  force  of  P  must 

be^^^y^^gp^y^^^;  and  the  force  mtk 
which,  IV ascends  is  ep +2^f'i3w(h>.     . 

(*)  Since  the  inertia  of  any  panicle  of  matter  (p),  placed  at 
the  distance  (x)  from  the  axis  of  rotation  (and  opposed  to  a  force 

acting  at  the  given  distance  (r)  from  that  axis),  is  equal  to  £3- , 

this  inertia  must  vary  as  x* ;  but  its  velocity  (v)  varies  as  x,  „\  the 
inertia  varies  as  the  square  of  the  velocity ;  it  may  therefore  be 
considered  as  a  fundamental  principle  as  to  the  motion  of  a  particle 
of  matter  when  referred  to  a  fixed  axis  of  rotation  (and  conse- 
quently of  a  tody  or  system  of  bodies  when  collected  in  their 
centers  of  gravity  or  gyration)  that  its  inertia  varies  as  the  square 
#/  the  velocity  with  which  it  moves. 

(b)  Since  W  moves  with  half  the  velocity  of  P,  it  can  only  be 
acted  upon  by  half  the  accelerative  force  of  P. 
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EXAM.  I. 

A  weight  (W J  of  IQOlbs  is  raised  through  a  space 
of  40  feet  in  1 0",  by  means  of  a  power  (P)  acting 
over  afixt  pulley  whose  weight  (w)  is  2  lbs. ;  What  is 
the  magnitude  of  the  power,  and  what  is  the  pressure 
upon  the  avis  of  the  pulley  during  the  time  of  iff 
action? 

Let  xs  the  magnitude  of  £h*e  power,  (then,  by 
Art.  1,  the  force  with  which  W  ascends  (  —'ffTrJj 
=  101  =  F;  now  the  space  described  in  10"  by  a 
body  moving  by   the    action    of   the  fcpce  F=* 

x—  lOO 

(mFT*=)  lfii  x-^—x  100;  which  in  the  pro- 


101 


sent  instance  is  to  be  40feet,  .\  l6%  x  x  —  100  x  100 
=  40  x  101 ,  or  x  =B  102 . 5 1  lbs.  The  pressure  upoq 
the  axis  of  the  pulley   (See   Note  a}   page  84)f=» 

APW      AtVx 

P+fy=x+jy=202.A7lbs;  and  therefore  the  axis 

is  relieved  of  only  25  th  of  a  lb.  from  the  wholp 
pressure  (202. 6X  lbs)  arising  from  P+  W. 

EX^VM.  II. 

What  weight  could  be  raised  by  another  weight  of 
50  lbs ,  acting  by  means  of  a  string  gqing  round  a  fixt 
and  moveable  pulley  {the  weight  of  each  of  which 
is  one  lb.)  through  a  space  of  30 feet  ifiG"? 

Let  ar=the  weight;  then,  by  Art.  2,  the  force 

...    .  1.  ,  ,  4P— 7.x  2O0—2X  ._. 

wtth  whtch x ascends  =  sP+2x+l3- itf+ii+Ts  =  ft 
vot.  11.  M  the 
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the  space  described  under  the  influence  of  the  force 
Fin  6-  (-/TO  „  ,64x53^^x36=  (by  the 
Problem)  30;  .\x=S4.8lbs. 

LVIII. 
On  the  motion   of  bodies  over  a    Wheel  and 
Axle,  or  a  combination  of  Wheel*  and  Axle*. 
1.  Let  s  weight  P,  acting  upon  the  wheel  (A) 


is  (r),   draw 

up   the 

weight  JFby 
means*  of 
string  going 
over  the  axle 
DE  whose 
radius  is  (j>) ; 
and  let  the 
weight  of 
the  wheel 

and  axle  =  v>,  the  distance  of  its  center  of  gyration 
from  the  axis  (BC)  =  (/'■'.     By  the  common  pro- 
perty 

(a)  Lei  w'—  weight  of  the  wheel,  w"=  weight  of  the 
axle;  and  let  if, d"  b<:  the  respective  distances  of  their  cen- 
ter* of  gyration  from  tbe  axis  of  motion  j    then,  by  Art.  4, 


p.gc6 


^j^--=  (for<r=rVj;  andsr=,\f$ 


w'f* +  t"^>* 
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i 

perty  of  the  wheel  and  axle,  the  descending  tendency 

Wo 
of  W  as  opposed  to  P= — -,•  .\  the  moving  force 

Wp     Pr—Wp 

=  P —  = .     Now  the    inertia    of  W 

r  r  ■    i  ~ 

estimated  for  the  distance  (r)  from  the  axis  of 
motion  is— 3-,  and  the  inertia  of  the  wheel  and  axle 

estimated  for  the  same  distance  is  ^-r ;  hence  the 

,     D     TVp*    wd*     ' 
mass  moved =  r  +  — r  +  -p-,  and  consequently  the 


rft 


Pr—  Wo 

accelerative  force  of  />=* "x  n  _ ,  ^^-t — io 

Pr»-Wrp  r  Pr'+PFp'+wd* 

^Pf+Wpi  +  wf1  but  by  Art  U>  P*^  69>    the 

accelerative  force  of  W :  that  of  P  : :  p  :  r,  /.  the 

Prp  —  ffV  w 
force  with  which  W ascends  OF)  =  -~-= — tjtt-x — rr. 
J  ■  v    •     Pr*  + Wp%+wd% 

2.  Sup- 

—  _.      _         _  r  Tr    ** -i~~ — 1 ^g 

(b)  If  the  inertia  of  P=*>,  then  F^PtLP^W^  if  the  inertia 
v  .j        ~*  lVp*  +  w&%* 

Pr  />—  Wo% 

gf  w=0,  then  /=  puTimr  9   3   ^^  **  ^  1°^^  OI"  *0'^  '  an(*  w 

=0,  then  J=      V^r  «  r  • 

By  attentively  considering  all  the  circumstances  under  which 
the  motion  of  this  machine  is  performed,  it  will  appear,  that  the 
pressure  upon  the  axis  (BC)  during  the  descent  of  P  is  equal  to 
P+  W+u> — P+JVx  the  force  which  accelerates  the  descent  of 
the  common  center  of  gravity  of  P  and  W.  Now,  since  P  and  W 
are  on  different  sides  of  the  axis  BC,  the  distance  of  their  common, 

center 


I 
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1.  Suppose  now  that  the  weight  P,  acting 


a  very  light  wheel  {A)  whose  radius  is  (r),   drai 


I 


Urates  P= 


But  the  force  which  . 

by  Art.  11,  page  69,  the 

Iter  of  gravity  of  P  ana 

ind  consequently  the  preisur 


center  of  gravity  from  &=      ~^ 

Pr-  Ifpxr 
"  Pr*+  tfp'+wd''' 

which   accelerates   the  common  center  of  gravity  of  P 

Pr-Wp  Pr-Wp 

PT*+iV/»+wd',V'    P+IV'  __ 

the  axis  during  the  descent  of  P=P+  IF+w-p~~Q 
and  if  the  weight  or  the  wheel  and  axle  be  very  iucousici 
(i.  e.  if  te:=0),  then  this  pressure  is  equivalent  to  - 
Upon  the  same  principle,  the  weight  sustained  by  the  axis  ■ 
single  Hied  pulley  might  be  estimated  ;  and  as,  in  this  case, 
this  pressure  (when  the  weight  of  the  pulley  is  not  take 

APW 
consideration)  wil!  be  represented  by    ■     ^- 
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the  two  weights  W9  W\  by  means  of  strings  wound 
round  the  two  hollow  axles  DE9  FH>  whose  radii  are 
p9  p';  then  the  descending  tendencies  of  W9  W\  as 
opposed  to  P,  will  be   measured  respectively  by 

Wp         .  Wp       .  .,        '        .         r  .      D       Wp 

and ;  hence  the  moving  force  is  F £ 

Vy     Pr-tVp-W'p'         ,      .    ...  * 

£-= —  ;  and  as  in  this  case  the 

r  r 

weight  of  the  wheel  and  axles  may  be  reckoned  too 
inconsiderable  to  be  taken  into  the  account,  the 

mass  moved  will  be  P+ — 5-  +  — £-  ;  consequently, 

Pr*  —  JFr/o  —  W'rp' 
the  accelerative force  of p^—^--^^  (^). 

moreover,  the  force  with  which  W  ascends  =  (— =) 

Prp-Wp*-W'l>p  .  ..       .  ..      ...    ~, 

p-^ — j^ — r~r-7« ;   and  the  force  with  which  W 


.      £*P_\Prp'-fFpp'-frp'*M 
ascends  =  ^—- j    ^  +  #y  +  fp->r     • 


3.  In 


(*)  If  there-  be  n  weights  W,  IT,  IV" ,  &c.  drawn  up  by 
the  power  P  acting  upon  the  wheel  A9  which  turns  n  axles  whose 
radii  are  p,  p\  p",  &c.  then  it  might  easily  be  shewn,  that  the 
force  with  which  W 'ascends r= 

prp-Wp*-Wpp-lV"pp"-*c.  to  JHO  term*  ^  ^ 
/»,*+  ^o«+  #y*+  W'p"*-^ &c.  to  «+ 1  ternw 

•.k     k-  u  nr«  j      Prp"—Wpp"—Wp,p"-W"t>"*^ks.    .    „ 

w.th  which  »"«««*»  ^+^y/V>"»+&c.    »*e--fc 

the  taw  of  which  expressions  is 


tation=rf,  of  wheels  Cand  B  (whose  weight  is  w*)—d, 
of  wheel  A  and  handle  P  Q  (whose  weight  is  w")=d"\ 
and  suppose  the  weight  W  to  be  drawn  up  round  the 
axle  E,  by  means  of  a  power  P  acting  upon  the  han- 
dlePQ.  By  Art.  7,  page 258,  Part  II,  the  descending 
tendency  of  IP  as  opposed  to  P  :  W '::  1   :  rr'r",  .". 

W      Prrr'—tV 

the  moving  force  of  P  —  P — ,= -yp-. .    By 

calculating  the  inertia  of  the  different  parts  of 
the  machine  upon  the  principles  already  ex- 
plained, the  whole  mass  moved  will  be  found   to  be 

lV+wd'-rw-tr'r'  +  w"d">T*r-™>       ...  ,         . 

~ ~ — ~7Vi7"« ' — ~~    ;    nence   the  accelerant* 

force 

(')  In  making  this  calculation,  we  shall  begin  with  the  weight 
( W),  and  trace  Ihe  increase  of  inertia  through  each  separate  part 
of  the  machine,  until  we  arrive  at  the  power  (P)  acting  at  the 
extremity  of  the  handle  /"O.  Now  the  inertia  of  the  weight  lr~ 
and  of  the  wheel  D  and  axis  E,  as  transferred  to  a  point  in  the 
ctrcumfcretK* 
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j-j* 


P  r  t't" W  t  rr 

force  ofP=  y^rf»|«/^r'^v?«(»)  * and  theforce 

a(W  Prr'r"—W  ^ 

with  *te*r°scends=^,=  ^+wd^w,^^ 

EXAM.  I. 

A  weight  of  500  lbs  {W)  is  raised  up  by  a  rope 
wound  round  an  axle  whose  radius  is  6  inches ;  the 
weight  of  the  wheel  and  axle  is  80  lbs,  and  the  dis- 
tance of  their  center  of  gyration  from  the  axis  of 
rotation  is  3  feet ;  It  is  required  to  find  the  radius 
and  weight  of  the  wheel,  so  that  another  weight  (P) 
of  lOOlbSy  acting  at  its  circumference,  may  make  W 
ascend  through  a  space  of  1 0  feet  in  5" ;    and  the 

pressure  upon  the  axis  during  the  descent  of  P. 

Let 

J2TJL.  wdi 

circumference  of  the  wheel  D,  is  — — (M),  and  this  is  the 

inertia  opposed  to  the  motion  of  the  wheel  C -,  again,  M  acting 

at  the  circumference  of  the  wheel  C  +  the  inertia  of  the  wheels 

C  and  B  estimated  for  a  point*  in  the  circumference  of  the 

.    .    _          Af+«Wa  /     W+wd*+w'd*r*     „\    .     A 
wheel  B    or       ^,,       ^= ^ =M'J    is  the 

inertia  opposed  to  the*  motion  of  the  wheel  A ;  lastly,  M'  acting 

at  the  circumference  of  the  wheel  A  +  the  inertia  arising  from  the 

wheel  A  and  handle  P  Q  estimated  for  the  distance  P  Q  from  the 

a.a  jn  „  W+w'd!'*  /  _  W+wd*+w'd!*  T'+uTdT  r«  r"\ 
axis AQ  or  ^ ^= r*r'*r"* / 

is  the  whole  inertia  opposed  to  the  action  of  the  power  P. 

(b)  For  velocity  of  P  :  velocity  of  W\ :  W:  P  (when  they  are 
in  aequilibrio)  : :  rr'r" :  1  j  /.Jorce  ofP  ($)  :  force  oiW\ :  rr'r" :  1, 

or  force  of  JV^JL-,: 

rr  r 

(c)  If  rzzr'zzr")   w=w'=w"i   and  d=d'=d" ;   then   the 

force  with  which  W  ascends^  ^    ^''j,^    a*\  (F>  ' 

tF+wd*+wd*  r*+wd*  r4  N 

and 
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JjQt  *.* the  radius  of  the  wheel ;  then,  refer- 
ring to  Art- 3,  we  have  P^lOO,  #T=s500,  <■=£, 
*n=An   ^3.    .\th6jforce  wi^  vhich  fV  ascends 

^F;    hot  f-mFT*,    or    10= 


SOx-125 


^^^T"5/-.  which  equation  in  whole  number* 


is  #**-aOtf+58sBO,  from  which  0»K>  +  V4ft 
•  b  t6.4  feet  for  die  radius  of  the  wfteel.  To  find 
4he  weight  of  the  wheel,  we  must  have  recourse  to 
the  exoression    in  Note  (a)%  page  82.  where  rf= 


V* 


—  /    'y    ■ ;  in  ithe  present 

w  +  w 


,*  ,  i      .    o     4/i34.4t*'+|w"     - 

r»l6.4,    />  =  §,,    .\    3  =  V  „'  +  „*     "t    fr010 

which  it  appears  that  »'  (the  weight  of  the  wheel) 
:  to"  (the  weight  of  the  axle)  ::  1  :'  14  wy 
nearly  ^;  and  as  the  weight  of  the  wheel  as%4  essk 

80 

is  80  lbs,  the  weight  of  the  wheel  must   be  -jj 


or 


and  if  there  be  n  such  wheels  and  axles,  it  is  easily  shewn  that  F= 
Pr9—  W  Pr*—  W 


fT+wd*+wd*r*+1kc....wd*r*~-tr+wd*.l+r  .+*c i...r< 
Pr,—  JiT 


r««— 1 


r'-l 
(*)  For  9ii/+9u//=l34.4«f/+.Ja/',   or  Slw"=z\25Awi 
:.  71tt/'=1003-2n/,  and  u/  :  to"  ::  71  >  1003.2  ::  1  :  14*1* 
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or  5 libs;  consequently  the  weight  of  the  axle  is 
7  41  lbs.  With  respect  to  the  pressure  upon  the 
axis  of  rotation  during  the  descent  of  P  (/>),  we  have 

pS+W+wd*  (8ee  Note  "'  page  84)  m*9-6a9> 

.-.  p^P  +  fF+w-6Q. 6=680-69. 6=*6l0.4/fc*. 

EXAM.  II. 

Three  weights  ( W,  W,  W")  which  are  to  each 
other  as  1,  2,  3,  are  drawn  up  by  another  weight  (P), 
in  the  manner  represented  in  Figure,  page  84 ; 
P\W\\\0\  1  ;  the  radii  p,p,p'  of  the  axles  about 
which  W,W,  W*  are  respectively  drawn  up,  are  to 
each  other  as  3,  2,  1 ;  and  the  radius  of  the  wheel 
A  (r)- :  p  : :  2  :  1 ;  It  is  required  to  find  the  spaces 
through  which  W,  W,  W"  are  severally  drawn  up 


in  l". 


Since  r  :  p  (3)  ::  2  :  1,  r  =  6\  and  since  P  :  W 
::  10  :  1,  P=  10.  Substituting  therefore  the  values 
here  assigned  to  P,  W,  W\  W"\  and  r,p,fl\^;  in 
the  expressions  of  Note  (a),  page  85  ;  we  have,  the 

force  with  which  W  ascends  =  5gths,  the  force  with 

\  10 
which  py  ascends  =  28th$}  and  the  force  tvith  which 

5 
W"  ascends  =  jjths,  of  the  force  of  gravity.     These 

forces,  consequently,  are  as  3,  2,  1  ;  but  the  spaces 

described  in  a  given  time  are  proportional  to  the 

forces ;    hence    the    spaces    ascended  through,    by 
vol.  11.  n  W, 


_\ 
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W>  W,  W"  respectively,  in  l",  are  as  3,2, 1,  and  are 

15         10         5 

W*  to  3Q«,  33«,  3g«  (where  m=  l6£  feet). 

EXAM.  III. 

In  the  Figure  of  page  86,  the  radii  of  the  wheels 
D,B,  and  the  handle  PQ,  are  each  equal  to  four 
times  the  radii  of  the  wheels  A,  C,  and  axle  E;  the 
quantity  of  matter  put  in  motion  round  each  axis 
qf  rotation  is  \Olbs,  and  the  distance  of  its  center  of 
gyration  from  that  axis  is  half  the  radius  of  the 
wheels  D  or  B;  It  is  required  to  find  the  magnitude 
of  the  power  (P)  which  may  be  sufficient  to  elevate 
a  ton  weight  {JV)  through  the  space  of  lOfeet  in 
a  minute. 

This    is   a  case  of  Note  (c),   page  87,   where 

W=  2240,  r  =  4,  n  =  3,  w  =  10,  d  =  2,  .\  JF= 

Pt»-W  64P-2240       Sf  n 

w^:l=i     >"*>  mv""sp) 

r  —  1 

l6^x36oo";  hence  64i>_M40  =  2.27,  and  P= 

35. 03  lbs. 
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Lecture  XVI. 


ON 

THE  MAXIMUM  EFFECTS  OF  MACHINERY. 


In  estimating  the  maximum  effects  of  Machinery, 
we  shall  begin  by  ascertaining  under  what  circum- 
stances a  given  power  must  act  a  to  produce  the 
"  greatest  angular  velocity  in  a  given  body  or  system 
"  of  bodies  revolving  about  a  fixed  axis? 

LIX. 

On  the  method  of  finding  the  distance  from  the 
axis  of  rotation  at  which  a  given  force  must 
be  applied,  so  as  to  communicate  the  greatest 
angular  velocity  in  a  given  time  to  a  body  or 
system  of  bodies  revolving  round  that  axis. 

1.  By  Art.  10,  p. 68,  if  m=l6£feet,  *r=3.L41&e, 
F=  the  accelerative  force  of  the  system,  t  ss  the  time 
for  which  that  force  has  acted,  and  x  =  the  distance 
from   the  axis  of  rotation  (whether  horizontal  or 

vertical) 


92  OK  TUB  MAXIMUM  EFFECTS 

•                                 mFt 
vertical)  at  which  it  acts;  then =  the  number 

*  X 

of  revolutions  which  the  body  or  system  would  per- 
form in  l",  if  left  to  revolve  uniformly  with  the 
velocity  acquired  at  the  end  of  that  time  ;  the 
angular  velocity  therefore  of  the  system  will  be 
greatest  when  this  quantity  is  greatest ;  but  before 

we  can  find  when  is  a  maximum,  we  must 

*x 

substitute  the  value  of  F. 

2.  Now  suppose  the  body  or  system  to  be  put 
in  motion  by  a  given  power  (P),  that  the  weight 
of  the  system  is  {fV),  and  that  the  distance  of  its 
center  of  gyration-  from  the  axis  is  (jD)  ;  then,  by 

As.*  ^    D     IV         mFt      mtPx      , .  , 

Art.  7,  page  66,  F-  j^,  .-.  _-  ^^ ,  wludi 

(when  t  is  given)  varies  as  x.  The  angular  velocity 
therefore  produced  by  the  action  of  a  given  power 
(P)  admits  of  no  maximum,  but  keeps  continually 
increasing,  as  the  distance  at  which  it  acts  from  the 
axis  increases. 

3.  But  the  case  is  quite  different  when  the 
system  is  put  in  motion  by  the  action  of  a  given 
weight  (P)  ;  for  since  the  inertia  of  the  weight 
increases  as  the  square  of  its  distance  from  the 
axis  of  rotation,  whilst  the  efficacy  of  its  mecha- 
nical action  increases  only  as  the  distance,  it  is 
evident  that  (by  increasing  this  distance)  its  effect 
to  produce  a  rotatory  motion  in  the  system  will 
soon  come  to  its  limit ;   accordingly,  we  find  that, 

when 
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when  a  body  or  system  of  bodies  whose  weight  is  {W), 
and  the  distance  of  whose  center  of  gyration  from  the 
axis  is  (Z>),  is  put  in  motion  by  a  given  weight  (P), 
the  greatest  angular  velocity  will  be  produced  in  the 
system  in  a  given  time,  when  P  arts  at  a  distance 

from  the  axis  of  rotation  =  Z)\a    — (a) ;  and  if  P=  W, 

i.e.  if  the  system  be  put  in  motion  by  a  weight 
equal  to  its  own  weight,  then  "  the  distance  at 
"  which  P  must  act  to  produce  the  greatest  angular 
"  velocity,  will  be  equal  to  the  distance  of  the 
"  center  of  gyration  (D)  from  the  axis." 

LX. 


(»)  3y  Art  4  and  6,  pp.  63, 64,  when  the  system  is  put  in  motion 
by  the  weight  IP),  then  F=.  -=r-= — ==;=-  ,  .*.  - — =  —       y  i   ■      . 

which  varies  as  p^+jfrjy*  wheD  *  *s  given ;  hence  p^^fo^ 
=ta  maximum,  .'.  x,Px%^ffrDa—2Pr*xssO,   from  which  we 

havea=Z)<i/i£. 


Also   Px^WT>\    ,.F^^V=i. 


In  applying  this  to  Exam.  1,  page  70,  we  have  Z)=20v^T, 
7^=200,  P=15^.\x=20a/~=z42.  6;    the  radius  of  the 

wheel  A  therefore,  upon  which  the  given  weight  (JV)  of  15  lbs 

must  act  to  communicate  the  greatest  angular  velocity  to  the  para* 
boloid  in  a  given  time,  is  42.6  inchcs=3. 51 J eet ;  in  which  case 

tnFt 

(since  f=s£)  the  number  of  revolutions  performed  in  1"= = 

%x 

l6 ■**  v  lO 
ia        =7.20:  consequently  the  number  of  re- 

3.14&C  X  3.51X2     '    ^  J 

volutions  in  %  minutemGO  X  7 .  29= about  437  •* 
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Cm  the   Mazimmm  Effect*  pmdmxd  %  At 


action  qf  nmc  bmhf  mpam  mmather,  hy 
afm  string  px*g  «cr  ajixed  pmEttf. 

la  Example  4,  page  41,  we  shewed  the  method 
of  adjuring  the  length  to  the  height  of  an  Iwrlmw? 
pjy1^  so  that  2.  given,  weight  descending  roiinA 
shaQ  draw  aimchrr  given  weight  op  it  in  tie  fast 
fme  posrikk ;  and  in  F.iani-  7?  page  43,  wne  deter- 
mined the  fine  when  botk  tkt  bodies  moved  apac 
mriinrrf  planes.  We  are  now  to  ascertain  the  re- 
lation between  the  two  bodies,  so  that  the  descending 
body  shall  pcodnce  the  greatest  possible  mmmemtrnm 
m  a  green  time  in  the  ascending  oneT  whether  the 
move  in  a  vertical  (Erection  or  upon 


1.  By  Art.  2.  page 3!,  when  a  given  body  (F) 
draws  op  another  body  (x)  by  means  of  a  string  which 
goes  over  a  fixed  pulley,  then  the  force  which  ac- 
celerates (P)  in  its  descent  (and  consequently  the 

force  which  accelerates  (x)  in  its  ascent)  is  equal  to 

P-x 

p (F);  the  velocity  of  (x)  generated  in  a  given 

.  P  — x 

time  will  therefore  be  measured  bv  -= ;  hence 

*   P  +  x 

tlie  momentum  of  (x)  (which  varies  as  Qx  fr)  will 

P  — *  I  ¥    T 

be  measured  by  — ^ .     When  this  momentum 

J     P  +  x 

Px  —  X9 

is  greatest,  we  have  — ^ =  a  maximum,  from  which 

rtjr 

Pi 


OF  MACHINERY.  95 


Px-2xixP  +  x-x.Px~x*=z0i  .\x*  +  lPx-P* 


=  0,  or  x^P.s/q,  -  1 ;    i.  e.  P  :  x  : :  1  :  *J 2  —  1 
::  12  :  5  very  nearly w. 

2.  By  Art.  3>  page  39,  if  a  given  weight  (P), 
descending  down  an  inclined  plane  whose  length 
is  (L)  and  AeigA*  (//),  draws  another  weight  (x) 

up 

■  »  I  ■  |  ■■■■■!■      ■■      ■       ■  I         ■  ■  ■  I  ■  I 

(*)  In  this  manner  we  ascertain  the  magnitude  of  the  load  in 
which  a  given  weight,  acting  by  means  of  a  rope  going  over 
a  fixt  pulley,  would  generate  the  greatest  possible  momentum 
in  a  given  time.  But  if  it  be  required  to  find  the  greatest 
load  which  can  be  raised  by  a  given  weight  through  a  given  space 
(5)  in  a  given  time,  then  the  portion  to  be  raised  at  each  time 
must  be  calculated  in  a  different  manner.  Thus,  let  T=  the  whole 
time,  and  /=the  time  of  one  ascent,  ?=the  portion  to  be  raised  at 

T 
each  ascent,  and  n=the  number  of  ascents ;  then  T=n  t,  and  n=— . 

t    jy,  /    P     '       X 

T  \/  -5-  X  4/  ;    now  the  ttfAofc  /oad  is  equal  to  n  x ; 

. ^rp./m         /  P—x  Px*—x* 

hence  /  w  -—  x  4/  -p       xi=a  maximum ;    .-.     p   ■-  = 

^maximum,  ot2Pxx—3x9x.P+x—x.Pz?—x*=zO',  from  which 

a*+Pr_J»=0,    and  x  =  P'\*~l  ,  or   i>:x::2:  VT-1 

: :  8  :  5  very  nearly.  The  greatest  quantity  of  materials  will 
therefore  be  raised  by  a  given  weight  thus  acting  for  a  given  time 
over  a  fixed  pulley,  "  when  the  quantity  raised  at  each  ascent 
"  is  equal  to  about  £  ths  of  that  given  weight. " 
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ap  an  inclined  plane  of  the  same  height  whae 
length  is  (L'),  then  the  force  which  accelerates  (*) 

PL'-Lx.H  wWch  /jn  a   -vcn  gygtem  of  planes) 
"  LL.F+x 
uttries  as  ?L  ~  Lx. ;  hence  the  momentum,  of  (*) 

r+X 

varies  as  PL'*~L^ ;  and  if  this  be  a  maximum,  then 

P  +  x  

PL'x-lLxi  x  PTx-i.PL/x-Lxg^O;    from 
which  **+2P* j— =0,anda?=/,.V  — 3 

3.  If  L'  =  L,  then  -P  :  *  ::  1  :  a/T—  1 ;  hence 
"  if  the  planes  be  similarly  inclined  to  the- horizon, 

"then 


(*)  This,  then,  is  the  relation  between  P  and  x,  when  P  gene- 
rates the  greatest  possible  momentum  in  (x)  in  a  given  time.  If  it 
were  required  to  find  what  would  be  the  -greatest  quantity  ot 
materials  that  could  be  raised  in  a  given  time  by  a  given  weight 
acting  over  a  fixed  pulley,  placed  at  the  top  of  two  inclined  planes 
of  the  same  height  and  given  lengths,  then  the  quantity  to  be 
raised  at  each  ascent  may  be  calculated  precisely  in   the  same 

PL'—Lx 

manner  as  in  Note  (a),  page  95,  by  substituting  "  —  ,M 

P—  x 
instead  of  "  75 —  "   for  F.      To  simplify  the    operation,  let 


i'      'r     .l       r.    Pn—x.L     .       fPn 
L=nL,  then  fe    p+i      >  /.  ^/  -y. 


x  Pnx*—x> 

xr  or 


P+.r  />  +  x 

a  maximum;  which g\ves2Pnxx—3x*x.P+x—x.Pnx* — x*=Oi 

from 


ic 
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then  the  relation  between  the  given  flreight  (P) 
and  the  weight  to  be  raised,  so  as  to  produce  the 

"  greatest  possible  momentum  in  this  latter  weight 
in  a  given  time,  is  the  same  as  when  the  bodies 
act  upon  each  other  in  a  vertical  direction  ;"   See 

page  Q5.     If  P  descends  vertically,    then  L^H, 

'  ,      K/PT+L'  ' 

LXI. 

On  the  Maximum  Effects  produced  fy  a 
given  force  acting  upon  a  given  weight  by 
means  of  a  wheel  and  axle,  or  a  combi- 
nation of  wheels  and  axles. 

1.  Let  the  given  weight  P  draw  up  another 
given  weight  (W)  over  a  wheel  and  axle  1  in  which 
the  radius  of  the  wheel :  the  radius  of  the  axle  : :  x  1 1 ; 
let  the  weight  of  the  wheel  and  axle  =  w,  and  the 
distance  qf  their  center  of  gyration  from  the  axis  of 
rotation  =  d ;  then,  by  Art.  1 ,  page  g2,  tlie  force 
which  accelerates  the  ascent  of  W=*  (for  r = x,  p  =  1 )   . 

Px 


from  which  x*H .a?—  Pn^ssO,  and  r=s— • — 8 — * 

2  4 

that  "  a  given  weight  .(descending  down  a  plane  whose  length 

"  is  (L)  and   height   (//))   may  therefore  draw  the  greatest 

quantity  9/  materials  up  another  inclined  plane  of  the  same 

height  whose  length  is  (nL)  in  a  given  time,  the  weight  raised 

"  at  each  ascent  must  bear  to  the  given  weight  the  ratio  of 

"  v^+Wa+n*—  3+»  :  4."   If  »=1  (or  Z/=L) .this,  ratio  be- 
comes that  of  4/6  —  1:2. 

VOL.  II.  • 
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ili^^  ^«W  W'    Now>  since  S=f»FT,mii 

7*  as — 5,  the  space  described  in  a  given  time  will  be 

greatest,  and  the  time  of  describing  a  given  space  will 
be  few /,  when  F  is  greatest,  i.e.  when  F=0 ;  hence  the 
tcetgAl  /Fwill  be  drawn  up  by  the  weight  P  through 
the  greatest  space  in  a  given  time,  or  through  a  given 
space  in  the  least  time,  when  the  value  of  oc  is  such  that 


F=0(a),  or  when  x= 


2t . — _-  <fc. 


2.  If 


(•)  If  the  i*ertiaofP=Q,  i.e.  if  the  wheel  be  pat  n  motion 
by  the  action  of  a  power  P,  then  F=sjL  ,  which  mcrcMS 

as  *  increases ;  in  this  case,  therefore,  the  effect  of  />  admits  of » 
warm**!,  but  keeps  continually  increasing  as  the  «*Hir*»  6m 
the  axis  increases. 

(b)  Since F= pj+~^wtf>  when  F  is  a  monsuni, 
P=P* .  />*•+  jr+u>«P-  2  Px*  .Px-IV.  =  O, 
.\Pxg— 2JP*—  ^ff^«=rO;  which  equation,  solved,  gives 

_  ir+i/fF*+pir+Pw<r 

* p 

In  applying  this  to  Exam.  1,  page  87,  we  have  P=  100,  W** 

~.            «^    j      «r    .                  500+^372000 
500,  «*>=80,  <f=3feet;  .\x  = ^ =  11.00;  bene* 

the  radius  of  the  wheel,  by  which  a  weight  of  lOOlbs  would 
raise  a  weight  of  500  lbs  (under  all  the  circumstances  mentioned 
in  this  example)  through  a  given  space  in  the  least  time  possiik 
is  about  1 1  feet. 

But  this  mode  of  estimating  the  maximum  effect  produced  by 
a  wheel  and  axle  (in  which,  neither  the  materials  of  which  it* 

compost 


%* 
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2.    If   the    weight    of  the   wheel  axle  be    not 
taken  into  the  consideration,  then  10  =  0,    /.  a?= 

W 


composed,  nor  the  shape  and  relative  magnitude  of  its  different  parti, 
are  taken  into  the  account)  is  extremely  vague  and  indefinite, 
and,  without  certain  limitations,  will  often  lead  to  conclusions  in 
their  nature  totally  impracticable.  A  wheel  and  axle,  in  which 
the  diameter  of  the  wheel  is  22  feet,  used  for  the  ordinary  purpose 
of  raising  weights,  would  be  at  best  a  very  inconvenient  machine; 
but,  besides  this,  the  strain  and  stress  upon  such  a  wheel  must  be 
so  great  as  to  make  it  continually  liable  to  fracture.  Before  this 
theory  therefore  can  be  applied  to  practice,  the  weight  and 
quality  of  the  materials  of  which  the  machine  is  composed  must 
be  brought  under  consideration,  and  the  different  parts  of  it  so 
arranged  and  adjusted  as  to  give  it  strength  and  stability. 

Suppose,  then,  it  was  required  "  to  construct,  out  of  amass  of 
iron  weighing  80  lbs,  a  wheel  and  axle  which,  both  as  to  the 
strength  and  power  of  the  machine,  shall  be  perfectly  adapted 
to  the  purpose  of  raising  a  weight  of  500  lbs,  by  means  of  another 
weight  of  lQOlbs,  through  a  given  space,  in  the  least  time 
"  possible." 

It  has  already  been  mentioned,  in  the  1 1  th  Lecture,  that  a  bar 
of  iron  one  foot  long  and  an  inch  square  {weighing  about  5  lbs) 
is  just  able  to  sustain  a  weight  of  2lQQlbs;  and  proceeding  upon  the 
principles  laid  down  in  that  Lecture,  it  will  be  found  that  a 
cylindrical  bar  one  foot  long  and  diameter  2  inches  will  sustain 
full  six  times  that  weight.  We  may  therefore  reasonably  conclude, 
that  if  a  part  of  the  given  mass,  amounting  to  about  \5lbs  (which 
is  the  weight  of  the  cylindrical  tar  just  alluded  to),  be  appro- 
priated to  forming  the  axle,  this  axle  will  be  capable  of  sustaining 
a  weight  of  680/6*,  without  the  slightest  tendency  to  bending  or 
fracture.  If  the  remaining  65  lbs  be  made  into  a  cylindrical  wheel 
one  inch  thick,  the  radius  of  that  wheel  will  be  about  7  inches, 
and  the  distance  of  the  center  of  gyration  of  it  and  the  axle  from 
the  axis  of  rotation  will  be  4. 4  inches ;  suppose  the  center  of 

gyration 


« 
u 


100  OK  TBB  fciXtMtJif  SFFFCT8 


^±j/^±IE1.  and  if /F=nP,  then  x=  11  + 

Jn%  +  n.  Ifn=l,  then  x=  1  4-^/2;  hence  if  the 
Height  applied  to  the  tcrAee/  be  equal  to  die  weight 
smpended  on  the  axle,  then  the  latter  will  be  made 
to  ascend,  by  the  action  of  the  former,  through  a 
given  space  in  the  least  time  possible,  when  the 
radius    of   the  wheel    :    the  radius  of   the  axle 

::  1  +^/l  :  1  (::  12  :  5  nearly). 

3.  If  it  were  required  to  find  the  magnitude  of  a 
weight  in  which  a  given  weight  (P),  acting  upon  a 

wheel 

r 

gyration  to  be  brought  within  3  inches  of  the  axis,  white  die 
weight  of  the  wheel  remains  the  same,  then  this  cylindrical  wheel 
maj  be  converted  into  another  of  a  greater  raSut,  and  of  •  tern 
•dmewhat  tapering  from  the  center  to  the  circumference,  without 
any  great  diminution  of  its  strength.  To  firid  the  diameter  of 
this  wheel  when  it  will  produce  ifj  maximum  effect,  we  have 
JP==500,  P=  100,  a>=80,  rf=3  inches,  .*.  x=  1 1 .  09  inches  ; 
and  consequently  the  diameter  =  about  22  inches.     In  this  case 

Px—W  l 

^=Pp+S7^ft73«=:  227T5  the,Aor/e,/  **me>  therefore^  in  which 
P  will  draw  up  W  through  a  given  space  (5)  is  \\f  —&  Qt\ 

4/  ■  ■■  —  seconds. 
V        m 

(•)  The  value  of  x  thus  found  will  evidently  apply  to  the 
case  of  a  straight  lever  (without  weight)  just  as  it  begins  to  move; 
I.e.  let  the  longer  arm  of  a  straight  lever  :  the  shorter  ::  r  :  1, 
then  a  power  (P),  acting  upon  the  longer  arm,  will  make  a 
Weight  (#"),  attached  to  the  shorter  arm,  move  through  a  small 

W±  V  tf*X-  PW 
apace  in  the  least  time  passible  when  *=  — - — p  *  ^ 

vice  versi. 
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wheel  and  axle  (whereof  the  radius  of  the  wheel 
:  radius  of  the  axle  : :  r  :  1 ),  should  generate  the 
greatest  possible  momentum  in  a  given  time ;  then 
let  that  weight = x,  apd  the  expression  for  the  ttece- 

lerative force  with  which  it  ascends  is  ^-^ -5  ( F)9 

w  and  d  representing,  as  beforfe,  the  weight  and 
distance  of  the  center  of  gyration  of  the  given  wheel 
and  axle.  Now  V^lmFt,  *.\  the  velocity  generated 
in  a  given  time  varies  as  F9  and  consequently  the 
momentum  generated  in  a  given  time  varies  as  Fx, 


Prx  -x 


2 


or  as  -~-~s — ts*  which  is  a  maximum  when  x  = 

Pr*  +  x  +  wd2' 

\/P*r9.r+l+wd\Pr  +  2Pr*  +  wd*  -  Prf  +  wd*.0* 

4.  If  the  weight  of  the  wheel  and  axle  be  not 
taken  into  the  consideration,  then  ti/  =  0,  and  :r=» 

Prx/r.rTl  -  Pr*<c);  afrd  if  the  radius  of  the  axle 

be 


(b)  For  F±x.Pr-2r/I*r*+x+wl*-- x.Prx-x*=0,bom 
which r«+2./lf,+^d*.j— p«f»4.PrW=0,  which  equation 

solved  give* x=  *J [p*  r  J  r  + 1  +  wd*.Pr+2Pr%+ivd*—  Pr* + wtf. 

Take,  for  example,  an  iron  wheel  and  ax?e,  in  which  a>=  1G#/, 
r =3  inches,  <£=  1.2  inches  j  and  let  P=l6lbs;  then  ar±: 
V 1403 1.36— 104.4=14/^  very  nearly  \  the  greatest  momentum 
therefore  which  coold  be  generated  in  a  given  titae  by  a  weight 
of  10  lbs,  acting  upon  this  wheel  and  axle,  would  be,  when  the 
weight  raised  was  about  14  pounds* 

(c)  The  value  of  x  here  found,  as  well  as  that  in  Art.  2,  will 
evidently  apply  to  the  case  of  a  straight  lever,  just  as  it  begins  to 

move; 
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be  equal  to  the  radius  of  the  wheel,  then  rats  1,  m 
c  =  P.N/2^1  =  .4MP=  about  iLths  P;    hence, 

when  the  radius  of  the  axle  is  equal  to  the  radius  of 
the  wheel,  the  greatest  passible  momentum  will  be 
generated  by  a  given  weight  in  a  given  time,  when 

the  weight  raised  by  the  axle  is  about  "Yjtha  of  the 

weight  which  acts  upon  the  wheel;  which  indeed  it 
ought  to  be,  as,  in  this  case,  the  machine  becomes 
analogous  to  the  Jixed  pulley  (see  Art.  lJ  page  94)". 

5.  In 


am,  tb 


moot}  i.  e.  let  ox*  arm  :  the  other  : :  r  :  l  •,  then  if  a 
be  applied  at  the  extremity  of  the  arm  whoae  length 
a  weight  (*)  be  attached  to  the  extremity  of  the  other 
greatest  possible  momentum  will  be  generated  in  thif 

ipso  motto  initio)  when  *=i>r.^*\r+i— r. 

(•)  By  substituting  ^~*  (which  is  the  value   of  F,  wben 

ttfrf«=s0)  for  F  in  the  value  of  nx,  Note  (a),  page  95,  we  may  il* 
determine  the  quantity  of  materials  to  be  raised  at  each  ascent  If 
the  wheel  and  axle,  when  the  whole  quantity  to  be  raised  by  tk 
given  weight  (P)  in  a  given  time  is  a  maximum,.     In  thb  ca* 

\/  j37iXjxar=a  morimaiit;  which  quantity  is  very  similar  to 

t  Pn— .  x 
the  quantity  y/  -j^—  xx  in  Note  (a),    page  96,  and  by  1 

similar  process  x  is  found  to  be  equal  to  Pj^9r%+  lQr»+rt—  3r'+r. 

.  4 

hence,  M*  twigA/  raised  at  each  ascent :  P  : :  ^/or^+lOrH^ 
-3r«+  r  :  4. 
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5.  In  order  to  estimate  the  maximum  effect  of  a 
combination  of(n)  wheels  and  axles,  in  which  the  radius 
of  each  wheel :  the  radius  of  each  axle  : :  x  :  1  **, 
and  which  is  put  in  motion  by  a  given  power  (P),  we 
must  have  recourse  to  Note  (c),  page  87,  where  the 

force  which  accelerates  the  ascent  of  Wwill  (in  this  case) 

Pxn—lV 
be  represented  by  JV+wd^wd^x^^_w^^^  (F)l 

the  nature  of  this  expression  will  be  best  understood, 
by  substituting  for  (n)  the  numbers  1 ,  2,  3,  4,  &c. 
in  succession. 

6.  If  nasi,  then  -F=Ti7 it    which  coincides 

7  fv  +  wa*> 

with  the  value  ascribed  to  F  in  Note  (a),  page  98 ; 
and,  as  was  there  observed,  it  admits  of  no  maximum, 
since  the  effect  of  P  keeps  continually  increasing  as 
the  distance  at  which  it  acts  from  the  axis  increases. 


Px*  -  IV 

7.  If  n=2,    then  F=-jj? ^ -rr-r.     This 

W+wd*  +  iv<r  x% 

also  is  an  expression  which  admits  of  no  maximum, 

as  it  keeps  continually  increasing  as  x  increases,  but 

never  exceeds  a  certain  limit ;  for  let  x  be  irifinite, 

1  then 


(b)  In  this  and  the  remaining  articles  to  the  end  of  this  section 
we  include,  under  the  denomination  of  the  wheel  and  axle,  not 
only  "  the  wheel  D  and  axle  £,"  but  "  the  large  wheel  B  and 
"  small  wheel  C"  "  the  handle  PQ  and  small  wheel  A,"  8cc.&c. 
(See  Figure  in  page  86.) 


if  ike 


F=a 


of  die  wfcedtt  »  of 
ttujui  flujr  be   i*iwl  by 
Bat  to  find  the  raize  of  x  in  tfcsene,  viD 
the  ioSatko  of  zn    grsiiVoa  cf  at    least .  2  si  —  l 


9-  If 


/•/  U(  the  nara>»g  for  astaace.  cook  <*' 
a»dj»^  a*  are  describe  k~:i«^  tbeo<P= 

100,  *>=»,<£=  3,  .-.  F=~=^=iL:  and  :he  atmoat  sme 

which  coold  be  exerted  by  f/1)  appbed  to  such  a  machine;  would 
fl*m  be  fuflkacnt  to  draw  op  <  y J  through  a  space  of  30  fed  in 

(v^)v/55il 


lfr£x5 


,  or  2.9  seconds. 


(*J  By  way  of  example,  suppose  the  machine  to  consist  of /Am 
wheek,  and  that  JPsjooJb,  P=35lh,  *7=io,  4=2  inches; 
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9.  If  the  radii  of  these  (n)  wheels  and  axles  be 
not  to  each  other  in  the  same  ratio,  but  if  (beginning 
with  that  part  of  the  machine  to  which  W  is  ap- 
pended) they  are  severally  expressed  by  the  ratios 
of  x  :  1,  y  :  I,  2 : :  1,  v  :  1,  &c;  and  if  the  corre- 
sponding values  of  their  weights  and  distances  of  their 
centers  of  gyration  from  the  axes  be  represented  by 
w9  w\  «/",  w"\  &c. ;  d,  d',  d",  <£'",  &c. ;  then,  by  re- 
ferring to  the  process  of  Art.  3,  page  86,  and  its 
acompanying  Note,  it  mi£ht  easily  be  shewn,  that 
the  force  ,  which  accelerates  the  ascent  of  W  (JF)  = 

Pxyzv  &c.  —  W 

fr+wd^  +  w^x^w'd^xy  +  w^^xYz^&cc. ' 
the  law  of  which  expression  is  manifest ;  and  if  the 
circumstances  under  which  the  machine  is  con- 
structed be  suclj  as  to  afford  n  —  1  equations 
(involving  some  or  all  of  the  quantities  x,  y,  z,  &c.) 
besides  that  of  F=  O,  then  the  values  of  x9y,  z,  v>  &c. 
may  be  determined00.  , 

♦u      v  Px%—W  7xs— 100  ,  . 

then  r^yzr. rs ■«—  « > — =— = :  and  the 

W+wd*+wd*x*+wd*x*     lOS  +  Sx^+Sx4' 

equation  arising  from  making  F=0  is,  x5— x3— 57.1x*--40.5x 
—28.5=0,  in  which  the  value  of  x  is  found,  by  one  approxi- 
mation, to  be  4.66  inches. 

(b)  Suppose,  for  instance,  that  the  machine  consists  of  two 
wheels,  and  that  it  be  required  to  find  its  maximum  effect, 
under  the  condition  that  the  turn  of  the  radii  of  these  wheels 
shall  be  equal   to  the  given  quantity  (a).     In  this  case  F= 

Pxy ffr 

ir+wd*+w'<r*x*  ''  and  Fss°9  x+y=a'  are  two  •qwations  *>Y 
which  the  values  of  x  and  y  may  be  determined.  Or,  if  there 
be  three  wheels,  and  another  condition  be  added,  such  as,  for 

vol.  u.  p  instance, 
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Lecture  XVII. 


ON 

THE  METHOD  OF  FINDING  THE  CENTERS  Olf 
OSCILLATION,  AND  PERCUSSION,  OF  A  BODY 
OR  SYSTEM  OF  BODIES. 


Although  the  centers  of  oscillation  and  percussion 
of  a  body,  or  system  of  bodies,  are  found  to  exist  in 
the  same  point  of  the  body  or  system ;  yet,  as  their 
properties  are  not  the  same,  they  will  each  require 
a  distinct  process  of  investigation.  We  shall  begirt 
with  the  center  of  oscillation. 

LXIL 

On  the  method  of  investigating  the  general 
expression  far  the  distance  of.  the  Center 
of  Oscillation,  of  a  body  or  system  of 
bodies,  from  the  axis  of  suspension. 

I.  From  what  has  been  observed  in  Art.  8,  p.  101, 
Part  I,  it  appears,  that  if  a  body  or  system  of  bodies 

(repre- 
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(represented  by  the  Figure  A  BCD)  whose  center 
of  gravity  is  G,  and  which  is  supported  by  an  hori- 
zontal axis  of  suspension  pass- 
ing through  S,  be  brought 
into  the  position  SGN,  it 
will  always  have  a  tenden- 
cy to  descend  till  the  line 
SGN  coincides  with  the 
vertical  line  SOIV.  From 
the  same  article  it  also  ap- 
pears, that  if  GR  he  drawn 
parallel  to  SOIV,  and  RN 
perpendicular  to  SN,  then 
the  force  which  produces 
this  tendency  in  any  given 
position  SGN  will  bear  to 

the  weight  of  the  body  or  system  the  ratio  oCRN :  GR; 
let  this  force=$,  the  weight  of  the  tody  or  system=ic, 
and  the  angle  of  position  0  S  G  or  RGN=  *r  then  ?  :  w 
::  RN:  GR::  sin.  *  :  rad.  (lj,  .'.  *=wx  sin.  «. 

2.  In  a  given  body  or  system,  ^.ocsin.  «,  and  con- 
sequently decreases  whilst  the  line  SG  moves  from 
its  oblique  position  SGN  to  the  vertical  position 
SOIV.  But  since  this  force  acts  continually,  the 
velocity  generated  in  the  body  or  system  will  con- 
tinually increase  till  SG  arrives  at  the  position  SOIV, 
when  it  will  be  greatest;  and  if  there  were  no  friction 
upon  the  axis  of  suspension,  nor  resistance  from  the 
air,  it  is  evident  that  the  velocity  thus  acquired 
would  be  just  sufficient  to  make  the  point  G  de- 
scribe an  arc    equal    to  GO  on  the   other  side  of 

SOW, 
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SOfV,  with  a  motion  continually  retarded.  When 
the  center  of  gravity  has  arrived  at  the  upper  er- 
tremity  of  this  latter  arc,  it  will  begin  to  descend 
again ;  and  so  the  body  or  system  would  go  on 
vibrating  ad  infinitum^  its  center  of  gravity  de- 
scribing, during  each  vibration,  an  arc  equal  to  2  GO 
round  S  as  a  center. 

3.  Suppose  now  any  number  of  small  particles  of 
matter,  />,  p\  />",  pM ',  &c.  (connected  with  each  other 

and  with  their  common  center  of  gravity  (G)  by 
inflexible  rods  void  of  gravity),   to  be  suspended 


from  an  horizontal  axis  passing  through  the  point 
S  by  an  inflexible  rod  (SG)  void  of  gravity ;  and 
let  them  vibrate  in  such  a  manner  that  SG"  may  be 
always  in  the  same  vertical  plane.  Produce*SG  to  N; 
and  describe" thc^  circular  arc  Gg  meeting  the  vertical 
line  SfP(ffahf&  in  the  plane  passing  through  SN) 

m 


IK) 

m\g-  Fnsm^^^lc-dfcasrthelinfis^,  %*»•$"> 
Ar~  x*  $aue*  respcctxtefj  parallel  to  the 
pmin^  diruugh  5CT  2nd  meeting  the  as  of 
pension  (In  JMctent points) 5,  \jctp+p'+p~^hn^ 
=m,2oi  L.fTSX=*-9  then,  fby  Art.  19>  when  the 
system  »  in  the  position  SG3T,  the  jMraqg-  Jircr 
acting  upon  the  point  G=w  x  an.  *;  and 
the  mertia  of  the  particles  p,p'9p~9  fcc  to  be 
fluted  as  if  tjiey  were  all  collected  in  G,  then 
(Note:  a,   page  51)    die    mu    mated    wiD    be 

^yyxs^xy^.  hence  ^  ^ ^ 

l&e  Jfrxe  <i>)  with  which  the  point  G  begins  to 
-i  *  ipx sin.  « x  SG* 

^^%xAy^x^Vx^+fcc.;IDd 
by  Note  a,  page  68,   its  angular  velocity  will  be 

measured  by  (t/-- — tt-s — > — «->* — * — «-» 

Xr    P*Spt+p'xSp'*+p"xSp"*  +  k£. 

A.  Conceive  now  all  the  matter  of  the  system  (*■) 
to  be  concentrated  in  any  point  0  of  the  line  SX; 
draw  OM  parallel  to  SfV9  and  AfZ  at  right  angles 
to  SN;  then,  for  the  same  reason  as  in  Art.  1,  the 
moving  force  upon  the  point  0  :  w  ::  AfZ  :  MO 
::  sin.  L.MOL  or  /TSiV  (sin.«)  :  rad.  (1),  .-.  the 
moving  force  upon  the  point  0  in  this  case  is  equal 
to  w  x  sin.  a  ;  and  as  the  mass  moved  is  w,  the  dece- 
it; x  jjjn.  a 
w 


1a~~s:       r  wx  Sin.  a  ,       , 

lerattve  forces =  sin. « ;  consequently  the 


5.  Let 
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Ill 


5.  Let 


W  X-81I1.  ax  SG 


sin.  a  ., 
77;=   n^-»  then 


/>  x  ty9  +/>'  x  Sp'*  +  p"  x  <S/>"*~  50 


en     ft  x  flfr'  +  Jb'  x  Sp'*  +  p"  x  ,»"»+  &c.     .       ,  .  , 
S0=Z J*xSG * — ;  in  which 

case,  0  is  such  a  point,  that,  if  all  the  matter  of 
the  system  were  collected  in  it,  the  system  would 
begin  to  vibrate  with  the  same  angular  velocity 
as  if  it  were  spread  through  the  system.  But, 
since  the  relation  of  the  angular  velocities  of  the 
points  G  and  0,  under  the  foregoing  circumstances, 
will  be  the  same,  whatever  be  the  position  of  the  line 
SGN,  it  is  evident  that  these  points  will  not  only 
begin,  but  also  continue,  to  move  in  such  a  manner 
as  to  perform  their  semi-vibrations  through  the 
angle  oSO,  and  their  entire  vibrations  through  the 
angle  QSO  (  =  2oSO),  with  the  same  angular  velo- 
city, and  consequently  in  the  same  time.  This 
point  O  is  called  the  center  of  oscillation  of  the 
system  of  particles  p9p',p"  ,txc.\  and  may  be  de- 
fined to  be  "  that  point,  into  which  if  all  the  matter 
of  the  system  were  collected,  and  acted  upon  by 
the  same  force  which  impels  the  center  of  gravity 
of  the  system,  the  matter  thus  concentrated 
would  perform  its  vibrations  in  the  same  time  as 
if  each  particle  retained  its  original  position  in  the 
"  system. n 


(C 


it 


<c 


(C 


ii 


6.  Suppose  the  situation  of  the  particles  />,j&',j&"&c* 
>  be  reform)  to  the  vertical  plane  passing  through 


SG, 


'T.17  .'•  iiv.  _.~a.  Ii    «J.1."T  *  "!»  17 ' .'  "'  ™.'!iii^'1 


;,  r^fe  • 


.-» *— 
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SG, and  let  fall  the  perpendiculars  pn,p'n9p"n"9hc 
upon  the  line  S  G  W;  then,  A. 

by  Euc.II,  12  and  13,  we  I 

have,  * 


p  XSp  «=p  .SG*+p(f  -25Cx  G*    2 


p'  x  Sp'  «=/>'  JS&+p'  CT+2SGX  Gn 
p"  X  Sp"i=p".SG*+p"G*-2SGX  G* 


// 


Therefore  px  Sp9+p'xSp'*+p"x  Sp"*  &c.= 
JTFTF  (u>).SG*+pxpG*+p'xp'G*+p"xp"G*&xLtl)i 

Hence,  P*  WW'+f  x Sp- *c  = 

wxSG  x 

wxSG*+pxpG*+p'xp'G*+p"xp,tG9*cc.__ 

tvxSG 
sc    pxpG*+p'xp'G*+p"xp"G*Scc. m 

wxSG  ' 

co^eqnendy  60^^^^^^, 

7.  From   hence   it  appears,  that   SG  x  G0= 

pxpG*  +  p'xpG%+p"xp"G% 

i — :-*- c — *■ - *■ =  a  constant  quantity 

(af)  ;  .\  GO  varies    inversely  as  SG;  i.e.   "in  a 
given  system  of  particles,  />,/>',/>",  &e.  the  distance 

"of 


« 


(')  For  by  the  property  of  the  center  of  gravity  (supposing 
a  plane  to  pass  through  G  at  right  angles  to  SG  fF)  p'x  Gn'=p 
xGn+p"xGn",  /.  p'x2SGxGn'=px2SGxGn+p"x2SG 
X  Gn",  or  -p  x  2SG  xGn+p'x  2SG  x  Gri  -p"  x  2SG  x  G*"=a 


^_   .  #..    .mm.^i 


\.  .   .1 
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c*  of  thecenter  of  oscillation  from  the  center  of  gra~ 
vity  varies  inversely  as  the  distance  of  the  point 
of  suspension  from  the  same  j"  if,  therefore,  the 
point  of  suspension  (S)  be  removed  to  a  considerable 
distance  from  the  center  of  gravity  (G),  the  interval 
GO  will  become  very  small;  and  if  it  be  removed 
to  an  infinite  distance,  then  the  centers  of  oscillation 
and  gravity  will  actually  coincide. 

8.  Since  SGxGO^a9,  we  have  SG^~^;  .-. 

SO=SG+GO=g^+  GO  =  a%+GQ°\    Suppose 

now  the  center  of  oscillation  to  be  made  the  point 
of  suspension,  and  that  rf=  the  distance  of  the  center 
of  oscillation  from  the  center  of  gravity,  then,  by 

Art.  6,  d=m,    ...  OG  +  d=OG  +  m, ^ 

=  SO ;  when  the  point  of  suspension  therefore  is 
in  0,  the  center  of  oscillation  will  be  in  S.  Hence, 
if  the  plane  of  vibration (b)  remains  the  same,  the 
system  p>  />',  />",  &c.  will  perform  its  vibrations  in 
the  same  time  and  manner,  when  its  position  (as 
referred  to  that  plane)  is  inverted,  and  the  center  of 
oscillation  is  become  the  point  of  suspension. 

Q.  Moreover,  since  SG  x  GO = a  constant  quantity, 

if 


■to 


(L)  By  the  plane  of  vibration  is  meant  "  the  plane  passing 
"  through  the  line  which  joins  the  point  of  suspension  and  the 
"  center  of  gravity,  being  that  in  which  the  center  of  gravity 
"  always  vibrates. " 
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if  SG  be  £^<-b,  then  GO  (and 
most  be  given  a/*>^  Le.  "  so  long  as  the 
"  between  the /wet/  of  smspension  and  center  mfgrwritj 
**  of  a  given  system  of  particles  />,  />',  ^,  Sec 
*  the  same,  <Ae  distance  mf  the  ccmitr  of 
"from  the  point  of  suspension  will  remain  tbe 
die  nnmber  of  ways  therefore  in  which  a  gwen 
body  or  system  of  bodies  may  be  suspended,  so  tint 
its  center  of  oscillation  shall  always  be  at  the  same 
distance  from  the  point  of  suspension,  is  unlimited; 
far  if  lines  be  made  to  branch  oat  from  the  center  of 
grarity  like  the  radii  of  a  sphere,  and  the  body  or 
system  be  suspended  from  a  point  (at  a  given  di- 
stance from  tbe  center  of  gravity)  in  the  direction 
of  any  one  of  these  lines,  the  center  of  oscil- 
lation will  in  each  case  be  at  the  same  Hi^t^y^ 
from  the  point  of  suspension. 

10.  If  the  number  of  the  particles  PiP\p"y  8cc.be  in- 
creased ad  infinitum,  so  that  t  he  system  becomes  a  solid 
body,  then  its  center  of  oscillation  may  be  ascertained, 

by  finding  the  value  pf^^W+if  "fr".** 

w  x  SG 

from  the  nature  and  properties  of  the  given  body. 
Let  the  body  be  a  solid  formed  by  the  revolution  of 
an  algebraic  curve  about  its  axis ;  let  the  point  of 
suspension  be  in  the  vertex,  and  "let  the  plane  of 
vibration  pass  through  the  axis,  of  the  solid ;  then, 
if  x=the  abscissa,  y  =  the  corresponding  ordinate, 
T=  3.141,  &c.  5  =  the  content  of  the  solid,  £=the 
distance  of  its  center  of  gravity  from  the  vertex. 
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f*tfx*x  +  JTy'y^ = AQ^  wi]1  ^  (fe  ^to7Ke  ^^ 

center  of 'oscillation  from  the  vertex  of  the  solid'*'. 

II.  If  the  point  of  suspen- 
sion be  not  in  the  vertex  (A) 
of  the  solid,  but  in  the  axis  pro- 
duced (5);  suppose  ABC  to  re- 
present a  section  of  the  solid 
cut  through  its  axis  AW-,  let  G 
be  its  center  of  gravity,  O  the 
center  of  oscillation  when  the 
body  is  suspended  from  A,  o  the 
center  of  oscillation  when  it  is 
suspended  from  S;  then,  by  Art. 
7th,  AGxGO=$GxGo;  .*. 
AG*  GO 


Go 


SG 


,  and  So=SG+Go=  SG+ 


AGxGO 
SG 

equals 


(*)  Let  BAC  represent  the  solid  as  suspended  from  its  vertex 
A i  and  let  ENQF  bea  circular  section  of  it  perpendicular  to 
the  axil  AM;  suppose  EF  to  be  that  diameter  of  the  circle 
ENQF,  which  is  parallel  to  the  axis  of  suspension,  and  draw  NQ 
parallel,  MP  perpendicular 


i  join^P,  M Q.  For 
the  purpose  of  estimating 
the  value  of  p-xSp*+p'x 
Sp'f  +  p"xSp"*,icc.  (M) 
for  the  circular  plane 
ENQF.  let  AM=a,  MQ 
=r,MP=v,  then  AP*=^a* 
+»■,  S 9=lvV*— v\  and  b' 
the  fluxion  of  the  area 
ENPQF  {A)=2iv'rT^Pi  hence  J/=2r 
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=  the  distance  of  the  center  of  oscillation  from  the 
point  of  suspension  S. 

12.  Suppose  now  sy  s',  /',  &c.  to  be  any  number 
of  algebraic  solids,  whose  centers  of  gravity 
(g,  g',  g",  &c.)  are  connected  with  each  other,  and 
with  the  point  of 
suspension  (5), 
by  inflexible  rods 
void  of  gravity ; 
let  the  lines  Sg, 
Sg',Sg",  Scc.be 
in  the  direction 
of  the  respec- 
tive axes  of 
these  solids,  and 
let  the  Figure 
^gY'^aswell 

as  the  line  SGW  (passing  through  their  common 

center 


w 


a%A+\r*A  — £v.r«— »«)*•=  (when  v=r)  a*  +  ir2x  the  semi- 
circle ENQF=  (for  the  wAo/e  circle)  ««+-i-r*xrr9=*-a*rv 
4-i*r4.  Suppose  now  that  AM=x,  EM  ox  MQ=zy,  then  the 
quantity  (Jl/)  for  the  circular  section  ENQF  would  be  equal  to 
Txqy?+±Ty4 ;  and  consequently  for  the  solid  it  would  be  equal 
*9firy*x*x+\iryAx,  when  x  is  made  equal  to  the  height  of 
the  solid. 


•  Assume  *.»••  — t^)T  =  />,   then  v.r*_  t^)"1"— 3v*v  */>•  —  r9  =  rS 
Vrr«-^*—4yav>i/r«-.r«=-5-rM--4V,iVr«^t;9=/>;  hence  Sv8**'^^ 
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center  of  gravity  G),  lie  in  the  plane  of  vi- 
bration. Let  Sgy  Sg\  Sg\  &c.  =  g, g\ g\  &c. ;  and 
having  found  the  centers  of  oscillation  0,0',  o"9  &c. 
by  the  rule  laid  down  in  the  preceding  article,  let 
So,  So\  So", Sec.  =  d,d',d"9  &c. ;  then,  supposing  any 
one  of  these  solids  (s  for  instance)  to  be  composed 
of  particles  p9  />',  p",  &c.  whose  distances  from  S  are 
Sp,Sp'9Sp",&cc.  So  (by  Art. 5)   will   be  equal  to 

sg  >  r        r 

+p'xSp'*+pr'xSp"ikc.  =  sdg.      For   the   same 

reason,  "  the  sum  of  the  products  arising  from  mul- 

"  tiplying  each  particle  of  the  solids  s,  /',  &c.  into 

"  the  square  of  its  distance^  .from  £,"  will  be  s'£g\ 

s"d"g",  &c. ;    the  sum  of  these  products  therefore, 

calculated  for  all  the  solids,  will  be  sdg  +  s'd'gf  + 

s"d"g"  -f  &c.    Hence,  if  0  be  the  center  of  oscillation 

of  this  system  of  bodies,  then   will  SO   (by  Art.  5) 

'  w    sdg  +  s'd'g'  +  s"d"g"  +  &cc.* 

be  equal  to  — *?  ,      „     ft      „^ —   . 

H  s  +  s'  +  s"  +  &cc.SG 

EXAM.  I. 

To  find  the  center  of  oscillation  (0)ofa  right  line 

or <  small  cylinder  {A  a),  suspended  from  any  point  (S) 

above  its  center  of  gravity  (G). 

Let 

(*)  If 'the  bodies  be  small,  and  at  a  considerable  distance 
from  S,  then  (by  Art.  7)  g,  gft  g",  &c.  are  very  nearly  equal  to 
d,  d\  d",  &c.  In  this  case,  therefore,  5  O  may  be  assumed  equal  to 

.-..-     — r^r-1  without  any  material  error. 
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Let  Sp  =  x,  5/=y,  then  the  sum  of  each  particle, 
multiplied  into  the  square  of  its  distance,  reck- 
oned from  S  to  A,  is  fx*x=±x9=\SA9 
(when  jt=  SA) ;  for  the  same  reason,  this  sum 
reckoned  from  Stoa  will  be  equal  to  ^Sa5 ;  now, 
by  the  property  of  the  center  of  gravity(% 
Aa  x  SG  =  Sa  x  ±Sa  -  SA  x  \SA  = 

^ ±Sa*  +  -SA% 

j.Sa'-SA-,     hence    JO-'^gxgG" 

a.Sa'  +  S^8 


V 

■G 


S.Sa'-SA* 

Cor.  1.  If  SA=o}  i.e.  if  the  line  be  suspended 

from  its  extremity,  then  50=  — -j—^^^Aa  =  -A 

tA*  length  of  the  line;  and  if  Sa  =  nSA,  then  50 

=  2'y|3-f  ls^.     Let  n=2,  then  50=2$^,  and 
3.nf-l 

the  center  of  oscillation  is  at  the  lower  extremity  of 

the  linefb). 

Cor.  2.    Since   5a  =  nSA,   A  a  =■=  Sa  +  5^  = 


n+,1.5-^;  /.the  distance  between  the  center  of 

oscillation 

■■  '  ■  — 

(a)  Cor.  to  Exam.  5,  page  108,  Vol.  I. 

(b)  This  follows  indeed  from  Art.  8  j  for  since,  when  the 
line  is  suspended  from  one  extremity,  the  center  of  oscillation  is 
at  a  distance  from  the  other  equal  to  -j  d  the  whole  length  of  the 
line  j  if  the  center  of  oscillation  be  made  the  point  of  suspension, 
then  the  center  of  oscillation  of  the  line  thus  inverted  will  be  at 
to  lower  extremity,  and  SO  will  be  equal  to  2SA. 
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oscillation  and  point  of  suspension,  when  the  line  is 
suspended  from  its  extremity  A  :  the  distance 
between  the  same  when  it  is  suspended  from  any 
point    S    (so    placed    that    Sa  =  nSA)   ::    (\Aa) 

2.ws+  1  —        __ _ 

SA  :     '    tt      -SA::  w+l.nf-l  :  ns+l. 


2. w+  1 


Cor.  3.  If  a  line  SA  of  uniform  thickness, 
but  the  density  of  whose  particles  increases 
as  their  distance  from  S  increases,  be  sus- 
pended from  its  extremity  (5),  then  50  = 
f'x'x**     ix* 


f\x*x 


=  ^5=  (when  x=SA)  \SA< 


** 


* 


■O 


EXAM.  II. 

To  find  the  center  of  oscillation  of  a  cone  (AB  C) 
suspended  from  its  vertex  (A) ;  its  axis  (A  W)  lying 
in  the  plane  of  vibration. 

Let 


(c)  For  let  Sp=sx,  and  let  the  density  at  some  given  distance 
(l)  from  S=d,  then  the  density  at  the  distance x  will  beds;  the 
weight  of  a  particle,  therefore,  at  the  distance  x  will  be  dxx,  and 
consequently  the  sum  of  each  particle  multiplied  into  the  square  of 
its  distance  from  S,  calculated  for  the  part  Sp,  will  be  ft  dxx  xx* 
or  f[dx*x.     Let  g  be  the  center  of  gravity  of  the  part  Sp,  then 

(by  Art.  i,  page  129,  Vol.  I.)  Sg=-Qjg£i   .\  weight  of  Sp 


Sg^f.dx**-,  henceSO=(  f'**9*  J)J^=<Lg9 
J  \~«** ""**-/ fid** x    /Vi 
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jje/t  4P=x,  PM=y,  the  height  of  the  cone 
=A,  the  radius  of  its 


lme=nh,  then  x  :  y 
::  A  :  «A,  .\y  =  nx; 
\n    Art-  lO,    A0= 

Jt.Tn*x<±  +  $rn*xtx_   B 


1 
I 


*x*  +  ^w4** 


=  (for  the  teAafe  cone ;  for£=~i, 

t        'jri'y^fi^',  4  +  rf  A 

Cor.  1.  If  n=l,  (in  which  case  AW=Wh\ 
then  ^0 =  h  =  A  If;  hence,  in  a  right-angled  cone, 
the  center  of  oscillation  is  in  the  center  of  its  base. 
If  ii  be  greater  than  1  (and  .\  IfB  greater  than 
A  If).  AO  is  sweater  than  AW%  in  an  obtuse- 
angled  cone,  therefore,  the  center'of  oscillation  fells 
£«?/<wr  Me  /v;je.  If  n  be  /e^\y  than  1  (or  IfB  less 
than  A  If)  y  then  ^/0  is  /«.*  than  A  IF;  hence,  in 
the  acute-angled  cone,  and  in  that  only,  the  center 
of  oscillation  falls  above  the  base,  i.  e.  within  the 
cone. 

Cor.  2.  Since,  in  a  right-angled  cone,  suspended 
from  the  vertex,  the  center  of  oscillation  falls  in  the 
center  of  the  base ;  it  follows,  from  Art.  8,  that  if 
a  cone  of  this  kind  be  suspended  from  the  center  of  its 
base,  the  center  of  oscillation  will  be  in  the  vertex. 

Ex. 
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EXAM.  III. 

To  find  the  center  of  oscillation  of  a  sphere  (ABF) 
suspended  from  a  point  (S)  at  any  distance  from  its 
surface. 

Let  AP=x,  PM=y,  r = 
radius  of  the  sphere;  and 
let  0  be  the  center  of  os- 
cillation when  it  is  suspen- 
ded from  A,  o  when  it  is 
suspended  from  S;  then  AO 

.     *g 

f\*x*x.2rx--x*+±*x,'lrx--x*\% 

*g 
_4»r  •  z*+±irrx4— i  irx5  _ 

(when  #=  2r,  in  which  case 

7r 


*=i*r9,  g=r)^;   .-.  GO 


2r 


=  AO-AG=j;    and    by  Art.  11,  So  =  SG  + 

3rfl 


AGxGO     d„      2r* 


SG 


5,SG* 


and  Go= 


55G; 


Cor.  1.  If  SG=2r9  i.e.  if  the  sphere  be  sus- 
pended from  a  point  at  the  distance  (r)  from  the 

2r*      l 
surface  of  the   sphere,   then   Go=— -  =  jth  the 

radius  of  the  sphere.     If  SG  =  40  inches,  and  the 

1       2r* 

radius  of  the  sphere —one  inch,    then  Gossg^g  — 

2  j 

i^Tio^loo"1  P31*  °^  an  *nck* 
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R 
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Cor.  2.  Let  g  be  the  center  of  gravity  of  the 
hemisphere  {AEF)9  then  (by 
Exam.  3,  page  142,  Part.  I.) 
Ag  =  \r.  Now  the  value  of 
\*T*x>  +  j.rx*-k.x*  when 
sg 

x  =  r,g  =  -r,   and  s=-rr\  is 


8 


26* 


GO 


5j- ;  hence>  if  the  hemisphere 

be  suspended    by    its    vertex,  ^0=22l; 

(Gbeing  the  center  of  the  sphere)  =  — ;  consequently 

the  center  of  oscillation  falls  at  the  distance  of  Jth 
radius  below  its  base. 


Cor.  3,  Since  Ag=~r,  and  AO  (O   being  the 

center  of  oscillation  of  the  hemisphere)  =  ^~  y  we 

liave^O  =  2o5;  if  therefore  the  hemisphere  be  sus- 
pended from  any  point  (S),  and  o  be  the  center  of 

oscillation,  then  go  =  A* *  *■?  =  5x83rL  =  J^ 

83r8 

and  So  =  Sg  +        ^    ;  take  SA  from  each  side  of 

g  83  r* 


the  equation,  then  Ao  =  Ag  + 


320  Sg 


let  ^0=r, 


put  q- for  Ag,  and  &^  +  q~  for  Sg,  then   r=-g-  + 

83  r* 

g        ^  is  an  equation  from  which  we  obtain 

v      r 

SA=Ti>  which  gives  the  distance  of  the  point  of 

suspension 
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suspension  (S)  from  the  vertex  of  the  hemisphere, 
when  the  tenter  of  oscillation  falls  in  the  center  of 
the  base* 

EXAM.  IV. 

Let  a  circular  plane  ABC  whose  radius  is  (r) 
vibrate  in  its  own  vertical  plane ;  his  required  to 
find  the  distance  of  its  center,  of  oscillation  (©)  from 
the  point  of  suspension  («S). 

Let  DFE  be  a  concentric  circle ;  draw  any  dia- 
meter DE9  and  join  SD, 
SE.    Let  SG=d,  DG 
or  GE=x,  then  &D9  + 
SE***2SG%  +  2GD*»  = 
2 .  d*  +  x9 ;  the  number  of 
particles  in  the  circum- 
ference   of  the    circle 
DFE=2wx;  hence  "the 
"  sum  of  each  particle  in 
"  that    circumference,  .■ 

multiplied    into    the 

square  of  its*  distance 

"  from  S"  is  2wx.d*'+x99  and"*Aw  sum  calculated 
for  the  circular  plane  DFE  is  f*.2*x£.d*  +  x*=: 

*d* 


(€ 


it 


,ft    I  <!■»! H«   *4 


(•)  For   let    fell    the    perpendiculars  DN,EM,  then,  by 
Euc.  B.  2,  Prop.  12  and  13, 

SD*=S&+GD*L2SGxGN  (GM)f  •  ffff+*^*«?+2«* 
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vd1 0*  +  £**.4 ;  .\  for  the  circular  plane  ABC  it  is 
^dV+^irr4 ;  hence  *0=arde^Cx5G=s ^ 


r9 


2<T 


Cor.  Let  the  point  of  suspension  be  (at  A)  in 

f      3 

the  circumference,  then  d=r,  and  AO*=r+~=z-r. 
If  0  be  made  the  center  of  suspension,  then,  by  Art.  8, 
the  center  of  oscillation  will  be  in  the  circumference. 
Hence  there  are  two  points  in  a  circular  plane,  from 
which  if  it  be  suspended,  the  distance  between  the 
point  of  suspension  and  center  of  oscillation  will  be 
the  same,  viz.  "  one  in  the  circumference,  and  another 
"  at  the  middle  point  between  the  center  and  cir- 
"  cumference.1' 

EXAM.  V. 

To  find  the  center  of  oscillation  of  the  solid,  formed 
by  uniting  together  two  equal  segments  of  a  given 
sphere ;  the  plane  of  vibration  being  that  which  passes 
through  the  common  base  of  the  two  segments. 

Let  APQR  represent  a  section  of  the  solid  passing 
through  the  middle  of  it  at  right  angles  to  the 
plane  of  vibration ;  conceive  AQ  to  be  the  line  into 
which  the  common  base  of  the  segments  is  pro- 
jected, and  NIC  the  line  into  which  a  parallel  circle 

is 
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is  projected ;  through  the  center  of  gravity  G  draw 
RP  at  right  angles  to  AQ;  and  RG, 
PG  will  tend  towards  the  center  of 
the  sphere  from  which  the  segments 
are  cut.  Let  PM=x,  PG=.e,  MN 
=y,  SC=d,  and  the  radius  of  (he 
given  sphere  =  r;  then,  from  last  Ex- 
ample, "  the  sum  of  the  products 
"  arising  from  multiplying  each  par- 
"  tide,  contained  in  the  circle. repre-  I 
"  sented  by  JVAT,  into  the  square  of  its 
"  distance  from  the  axis  of  suspension 
"  passing  through  S  parallel  to  RP," 
will  be  equal  to  *rf*y'  +  J»y',  and  consequently 
this  sum  calculated  for  the  segment  NPQ  — 
f'wdty*x+iTy4x';  the  content  of  this  segments 

ft     ■  ■  p<-i    j'*d*ywx+  i*y*x      ,  ,  . 

J }Wy*x,  .'.  £0=- — ^-= — =-^ — =  (when;r=e) 

J  dxf\wy*x  v  ' 

,     igr'-^eV  +  ^fl'^ 

d.r~\a  Cob. 


(*)  We  hove  here  calculated  SO  for  only  half  the  solid  ;  bat 
since  the  numerator  and  denominator  of  the  fraction  most  each 
be  doubled  when  the  calculation,  is  made  for  the  whole  solid,  it 
is  evident  that  the  value  of  SO  thus  found  will  apply  to  both 
cases.      The  process   is  as  follows;    "  Since  y*=2rr  —  x\ 


..f.idy 


i      f\rd*x.2rx—x*  +  ±tx.2tx—x 
~"  dxf.ri.trx-x* 


(substi- 


( I 
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.     ^or.   Hence  GO-  - — *    ,      ** — .    1 

d.r—+* 

(J  indies,  o=|  an  inch,  d=40  inches*  then  4 

-^r^jr-  Ifa  solid  therefore,  of  this  form,  and 

dimensions,  be  suspended  in  such  a  (nannc 
the  distance  between  the  point  of  anapensk 
center  of  gravity  be  40  inches,  the  center  ofosd 
will  fill  about  4th  of  an  inch  below  the  cei 
gravity* 

unit 

On  the  method  of  finding  the  Center  of  1 
cussion  of  a  body  or  system  of  bodies. 

1.  Let  SA  be  a  straight  line  or  small  cj 
moveable  about  an  axis  passing  through  $  at 
right  angles  to  the  plane  of  its  motions  and 
as  it  revolves  round  5,  suppose  it  to  be  oppo- 
sed by  an  obstacle  placed  at  the  distance  SP 
parallel    to    that   axis.    At    the    moment 
this  obstacle  is  impinged  upon  by  the  re- 
volving  body,  the  point  P  may  be  considered 
as  the  center  of  motion  of  a  straight  lever 
whose  arms  are  PS,  PA.    In  estimating  the  < 
of  these  two  arms  as  opposed  to  each  other  i 
the  point  Py  it    is   evident  that    the    effic 
each  particle  p,p'&c  will  be  proportional  to 
velocity  and  its  distance  from  P.    Now  the 
citifs  of  the  particles  p9  p'  are  proportional  to 
distances  Sp9  Sj/  from  the  center  of  rotation 
,1    .  hen«  the  forces,  with  which  they  are  impelled  i 

P  at  the  instant  when  SA  strikes  the  obstacle 

meat 
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measured  by  pxPp  xSp  and  p'  x  Pp'  x  Sp'  re- 
spectively. Let  Sa=a,  Sj>j=b>  Pp^x,  Pp'**y, 
then  (since  p,  j>  may  be  represented  by  &,  y) 
pxPpx  Sp=xp.b—xx  andp'xPj/x  Sp'=yy.b+y; 
the  sum  of  the  forces  therefore  in  the  part 
Pp  =f\xx.b  -  x  a  £fcc«-?a%  and  in  the  J&ar$ 
/*/>' = y*y  y .  A  +  y  =  £  6 y9  +  -?ys ;  moreover,  when 
a?  =  by  the  e^bri  of  the  arm  PS  *=  Jfi3  —  £6*  a 
££s ;  and  when  y  =  P-4  »  a  —  £,  the  g^f  ?f 
Me  arm  P^=£i.^H^«^5=7as-£a9fi+£6\ 

2.  If  the  efforts  on  each  side  the  point  P  be 
equal,  then  ±a>-£a*b+  fcPs^and  .•.i'a'i-'i  a8 
or  £=  |  a,  i.  e.  «SP=  §•  &f.  This  point  P  afou* 
u/ArcA  a//  the  parts  of  the  line  or  small  cylinder  SA 
balance  each  other,  when  SA  strikes  against  the 
obstacle,  is  called  the  center  of  percussion.  Jf  the 
obstacle  be  opposed  to  SA  at  any  other  point, 
these  efforts  do  not  counteract  each  other,  but  there 
is  a  tendency  to  motion  round  P;  it  is  evident 
therefore  that  P  is  the  point  at  which  the  revolving 
line  or  cylinder  would  strike  the  obstacle  with  the 
greatest  effect.  It  may  further  be  observed,  that, 
since  this  is  the  point  about  which  the  parts  of  the 
line  or  cylinder  have  no  tendency  to  motion,  it  is  that 
at  which  the  revolving  body  itself,  in  striking  the 
obstacle,  will  be  the  least  liable  to  fracture. 

3.  Suppose  now  />,  p'  to  be  any  two  particles  of 
matter  connected  with  each  other  and  with  their 
common  center  of  gravity  (<?)  by,  an  inflexible  rod 

void 
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void  of  gravity;    and  let  another  inflexible  rod 
SGW  connect  their  center  of  gravity  with  the  axis 
q£  motion;  and  conceive  the  whole  to  vibrate  in 
the  same  manner  as  the 
system    of   particles    in 
Art.  3,  page  109.    Draw 
pq,p'q    at  right  angles 
to  Sp,  Sp',  and  let  fall 
the  perpendiculars  priori 
upon  the  line  SGW.   In 
the  revolution    of    the 
system  round  S,  the  ve- 
locities  of  ,the  particles 
p,  p\  in   the  directions 
PqiP'q',    will    at    every 
instant  be  proportional  to  their  distances  Sp,  Spr 
from  S ;  hence  their  momenta  in  those  directions 
will  be  measured  by  px  Sp  and  p'  x  Sp"  respec- 
tively, and  in  tlie  directions  pn,p'n  by^- *- — *-- 

{ -  P  x  Sp  x  $n 


Sp 


') 


P9 


(  J*' *  W*  Sn'  =/>'  x  Sn,S\ .  If  therefore  P  be  the 

center  of  percussion- of  the  particles  p,p\  as  referred 
to  the  line  SGWS  the  forces  with  which  these  parti- 
cles will  urge  forward  the  points  q,q  will  be  mea- 
sured by  p  x  Sn  x  Pq  (p  x  Sn  x  SP  —  Sq)  and 
p'  x  Sn'  xPq'  (/» x  Sn  x  Sq'  -  SP)  respectively  ; 
consequently  px  Sn  x  SP-Sq=p'  x  Sn  x  Sq' -  SP. 

But 
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Sb2  Sb'2 

But    by    sim.  A%  Sq  =  ~~  ,    and    Sq'  =  -£—. ,    .\ 

pxSfi  xSP-pxSp2=p'xSp'*-p'x  Sn'  x  SP, 

or  sr_P  *  st>*  +  P'*  SP'%  =  P  *  S£±P' x  SP" 

pxSn  +  p'xSn  p+p'xSG 

(for  px  Sn  +  p'  x  Sn'=:p+  p'.SG,  by  the  property 
of  the  center  of  gravity.) 

4.  In  the  same  manner  it  might  be  shewn,  that, 
if  the  system  consisted  of  any  number  of  particles 
PiP>P"&£*>   and  perpendiculars  pq>p'q>p"q'Mz. 
pn,p'n',p"n"  &cc.   were  drawn   as    in  the   preced- 
ing article,  then  their  forces  to  produce  motion  round 
any  point  P  would  be  measured  by    +  p  x  Sp* 
±pxSnxSP,  +p'xSp'*±pxSn'xSP,+p"xSp"* 
±p"  x  Sri'xSP  &c.     Hence  if  P  be  the  center  of 
percussion  (viz.  that  point  about  which  the  forces  of 
the  particles  p>  p\  p"  &c.   as   referred  to  the  line 
SGWy  balance  each  other)  then, 

pxSp*±p  xSnxSP+p'xSp'*±p'xSrixSP+ 

p"  x  Stf*  ±/>"  X  Sfi'x  SP+kc  =  0 «■>.  from  which  we  hive 

o  p  .  P  x  Sp*+p'  x  Sp'*+f  x  Sp\+  kc. 
.  pxSn±p'xSn'±p"xSn"±kc. 

ru    A   «.  ~        *o~  \r  i  T\PxSP+P'* SP*+P" X Sp"*+ kc. ' 

=(byArt.2,  p.  130,  Vol. I)       £+p\/+ *c.  {w)  x  SG      > 

from 

(*)  By  actually  drawing  the  Figure,  it  may  easily  be  shewn  that 
the  equation  denoting  the  equilibrium  will  assume  this  form;  in 
which  the  signs  of  pxSp*,  p'xSp'\  p"xSp"*kc.  are  all  -f> 
and  the  signs  olpx  Sn,p'x  Sri,p"xSri'kc.  +  or  —  according 
as  the  points  n,  ri,  n"  kc.  lie  on  the  same  or  opposite  sides  of  S. 
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from  which  it  appears,  "  that  the  distance  of  the 
'*  center  of  percussion  from  the  axis  of  suspension 
"  is  equal  to  the  distance  of  the  center  of  oscillation 
"  from  the  same;"  the  general  expressions  inves- 
tigated in  the  former  part  of  this  Lecture  mil  there- 
fore apply  to  both  cases. 

EXAM.  I. 

To  find  the  center  of  percussion  of  a  cylinder 
(BCDE)  suspended  from  the  point  (5),  and  moving 
in  a  vertical  plane  passing  through  its  axis  {AJP}. 

Let  A  be  the  height  of  the  cylinder,  and  nh  the 
radius  of  its  base;  then,  if  p  be 
the  center  of  percussion  when 
the  cylinder  is  suspendedfrom  A, 


Ap 

/'•!>'' 

'1+ 

k*yl±.. 

*e 

y  = 

mS'-'" 

h*x 

i  +  i»n 

k*i 

t"*  A*  X ' 

+  $n 

*g 
*  h*  x 

Sg 

the  whole  cylinder,  when  x=h,  j 

-i  J.'   „j  „_j  i\   i*n'  h*  +  in*  A*     4  +  3n«  ,  a 
rnlk  ,  and  g  =  %h)   ■-  .A   ' — = g — .*  ■ 

HtuceGp-Jp-AG-Jp-lk*t±l££.k.    Let 


P\x 


(*)  lfn=0,  then  the  cylinder  may  he  considered  as  a  right 
line,  and  Apz*—=-k,  which  coincide!  with  what  has  beeo 
shewn  in  Art.  1. 
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P  be  the  center  of  percussion  when  the  cylinder  is 
suspended  from  S,  then,  by  Art.  11,  page  115,  &P«= 

SG+  d2^  =  SG  +  l±%™ ;  if  therefore  SP 

Oljr  12oCr 

be  taken  equal  to  this  quantity,  and  PM  be  drawn  at 
right  angles  to  SP,  then  the  point  L,  where  PM 
cuts  the  side  BC  of  the  cylinder,  is  the  point 
where  it  must  strike  the  obstacle.  ^ 

Cor.  1.  If  n=l,   i.e.  if  the  height  of  cylinder 

be  only  equal  to  the  radius  of  its  base,  then  AP^-tt-, 

and,  consequently,  P  falls  below  the  base  at  the 
distance  of  ~  h  from  its  center.  A  cylinder  there- 
fore of  these  relative  dimensions,  suspended  froip 
the  extremity  of  its  axis,  has  no  center  of  percussion 
within  it;  but  by  Art.  8,  page  1 13,  if  it  be  suspended 
from  a  point  at  the  distance  of  \  h  from  that  extre- 
mity, the  center  of  percussion  will  just  fall  in  the 
center  of  its  base. 

CoK.2.  Since8G=SA+AG=SA+±h,  let  SA=mK 

l+3n*.h«# 


then  SP=SG+GP=m+  l.h  + 


2  12.fl*  +  *.A 


12.*»9  +  m  +  3n9  +  4   .  . 

-rz — ~g •  n,  which  is  a  general  expression 

for 


(b)  For  since  a  force  acting  in  the  direction  MP  or  PM  at 
right  angle*  to  SP  is  the  same  at  whatever  point  it  acts  at  in  that 
line,  it  makes  no  difference  whether  the  cylinder  strikes  the  ob- 
stacle at  the  point  L  or  at  the  point  P. 

(c)  For  ffP—  A(*xGP    t*'l+3**.ft    i+aw'.V 

8G  G.mh+ih      12.W+JX 
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Exam.  3,    page  121,   Ao  =  a  +  -— -  = and 

5a  5  a 

oo=  — -ry ;  .'..ooxogss ,  and  So  x 

5b  °  5 

S^  =  £*!±2*!;  but  by  Art.  12,  pagell6,'  5P  = 


R>xSo'xSg'  +  r3xSoxSg  _R\5b*  +  2R*  +  r>.5a*+2r* 
R*+r~*.SG  5.bR*-ar* 

m 

Cor.  1.  If  «  =  0,  i.  e.  "  if  the  axis  of  suspension 

"  passes  through  the  center  of  the  smaller  sphere," 

.  *  R\5b*  +  2R*+2r5  ,      .  ,     .c 

then  AP  — .— ^ ;   and  vice  versa,   if 

5  Wt3 

the  larger  sphere  be  uppermost,  and  the  axis  of 
suspension  passes  through  P,  and  the  smaller 
sphere  be  placed  with  its  center  at  the  distance  of 

r-^-r from  P,  then  the  center  ofber- 

5bRz  J  r 

eussion  will  be  irf  that  center. 

Cor.  2.  If  tf=0,  and  b  =  R  +  r ;  i.e.  "  if  the 
<f  spheres  touch  each  bther,  and  the  axis  of  suspension 
"  passes  through  the  center  of  the  smaller  sphere,'* 

then   SP  = ^     .    ^a ;   and  "  if  the 

5.R  +  r.R* 

7  R 
"  spheres  be  equal"  (or  /?=  r,)  then  SP  =  — . 

Cor.  3.  If  a=r,  and  £  =  /?,  i.e.  "  if  the  spheres 
"  touch  each  other,   and   the  axis  of  suspension 

,  "  passes 


7-*- 


7* 


Sf= 


If  -=&.  £P= 
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Lecture  XVIII. 

THE  CENTER  OF  SPONTANEOUS  ROTATION. 


.Having  shewn  the  method  of  finding  the  centers 
of  oscillation  and  percussion  of  a  body  or  system 
of  bodies,  we  proceed  to  the  center  of  spontaneous 
rotation. 

LXIV. 

On  the  method  of  ascertaining  the  Center  of 
Spontaneous  Rotation  of  a  body  or  system  of 
bodies',  and  the  angular  velocity  of  the 
system  round  it. 

1 .  The  particles  of  matter  />,  p'y  p"  &c.  are  con- 
nected  with  each  other  and  with  their  common 
center  of  gravity  (G)  by  inflexible  rods  void  of 
gravity.  Let  the  motion  of  these  particles  be 
referred  to  the  same  plane,  viz.  a  plane  passing 
through  G  at  right  angles  to  an  axis  passing  also 
through  G;  let  PGS  be  a  line  drawn  in  that 
plane,    and    representing    also   an    inflexible    rod 

void 
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void  of  gravity.    Suppose  the  axis  passing  through 

G  and  the  rod  PGS  to 

be  moveable,  and  that  a 

force  (?)  acting  in  direc- 
tion LG  at  right  angles 

to  PGS  was  impressed 

upon  them  at  the  point 

G,  and  that  this  force 

was  such  as  to  make  the 

oenterofgravity(G)move 
uniformly  along  the 
straight  line  GK ;  then 
the  whole  system  would  more  uniformly  forward, 
each  particle  retaining  its  position  with  respect 
to  the  line  PSG,  which  in  this  case  would 
move  parallel  to  itself.  If  the  same  force  (f) 
be  applied  in  direction  MP  (parallel  to  2.G) 
at  any  point  IP)  of  that  line  which  is  not  the  cento 
of  gravity,  then  the  line  PGS  will  not  begin  to 
move  forward  parallel  to  itself,  but  will  be  in- 
stantly thrown  into  some  oblique  position  FS, 
cutting  GK  in  the  point  g.  Through  g  draw  Qj 
parallel  to  PGS,  and  produce  MP  to  F.  Now  fori 
moment  of  time  the  point  S  may  be  considered  3> 
stationary ;  if  therefore  the  angle  PSF  he  taken 
indefinitely  small  (in  which  case  SF  approaches  to 
equality  with  SP,gF  with^Q,  and  Sg  with  SG), 
then  Gg  and  PF  will  be  the  lines  actually  described 
in  fixt  space  by  the  points  G  and  P  respectively  in 
that  moment  of  time  ;  and  since  PQ  =  Ggt  qp  tt-j|i 

be 


ic 
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be  the  space  described  in  the  same  time  by  the  point 
(P)  round  the  center  of  gravity  ** . 

2.  Since  PQ  and  QF  are  the  spaces  uniformly 
described  in  the  same  time  by  the  points  G  and  P 
when  the  system  is  first  put  in  motion  by  the 
force  (f)y  they  will  respectively  measure  "  the  uni- 
form- velocity  with  which  the  center  of  gravity  (G)- 
begins  to  move  along  the  straight  line  GK"  and 
"  the  linear  velocity  with  which  the  point  P  begins 
"  to  revolve  about  G  as  a  center;''  and  by  the^r** 
law  of  motion  the  points  G  and  P  will  continue  to 
move  with  these  velocities,  unless  the  system  be 
acted  upon  by  some  extraneous  force.  Now  by  aim. 
A%  PQ:QF::Sg:qF::SG:GP;  we  are  therefore 
arrived  at  this  conclusion,  that  "  if  a  system  of  par- 
"  tides  p,  />',  p"  &c.  connected  together*  in  the: 
"  manner  here  represented,  be  putiw  motion  by  a* 

"force 

(•)  This  may  probably  require  some  explanation.  At  the  in- 
stant the  force  (<j>)  is  impressed  at  P,  it  is  evident  that  every : 
point  of  the  system,  except  the  center  of  gravity  (G),  will  have  a 
tendency  to  rotatory  motion ;  this  center  therefore  will  move 
forward  in  a  straight  line,  in  the  same  manner  as  if  a  body  equal 
to  />+p'+p"+&c.  was  placed  at  G,  and  acted  upon  by  that 
force.  Now  since  the  point  P  moves  through  the  space  PF, 
whilst  the  center  of  gravity  moves  through  the  space  Gg  (s=PQ), 
it  precedes  the  center  of  gravity  by  the  distance  QF;  but  the 
motion  of  the  point  P  is  a  rotatory  motion,  which,  as  referred  to 
g>  will  be  measured  by  the  angle  QgF;  and  at  the  angle  P&F 
(and  consequently  its  equal  QqF)  is  indefinitely  small,  QF  may 
be  considered  as  a  small  circular  arc  described  with  radius  gQ 
and  center  g. 

VOL.  II.  T 
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"  force  (f)  acting  at  the  point  P,  then  their  common 
"  center  of  gravity  (G)  will  move  uniformly  forward! 
"  along  the  straight  line  GK  parallel  to  the  direo- 
"  tion  [MP)  in  which  that  force  is  impressed; 
"  whilst  the  point  P  will  be  made  to  revolve  round 
"  the  center  of  gravity,  with  a  uniform  velocity 
*'  which  bears  to  the  velocity  of  that  center  along  lie 
"  line  GK  the  ratio  of  GP  :  SG."  The  point  S, 
about  which  the  system  has  at  every  instant  i 
tendency  to  revolve,  is '  called  the  center  of  spon- 
taneous rotation  ;  and  we  now  proceed  to  find 
its  distance  from  the  center  of  gravity  (G)r 

3.  Since  the  mass  moved  along  the  line  GK  u 
p+p'  +  p"+  &c,  and 
the  moving  force  is 
(f),  the  accelerative 
force  with  which  the 
center  of  gravity  moves 
will  be  measured  by 
t 
p  +  p'  +  p"  +  &c.' 
and  since  the  inertia 
with  which  the  par- 
ticles p,  p',  p"  &c. 
would  resist  the  action  of  the  force  (*)  applied  at 
the  ditanee  GP  i.  PJ^±^^jj££^: 

(Note  a,  page  51),  the  accelerative  force  with  which 
the  point  P  revolves  round  the  center  of  gravity  (G) 
will  be  measured  by  ><(Citfll>'ff' 


xp'G"+te 
But 
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But  the  velocities  of  the  points  G  and  P  are  respec- 
tively proportional  to  these  accelerative forces;  hence 

the  velocity  of  the  point  G :  the  velocity  of  the  point  P :: 
+ t  x  GP* 

p+p'+p"+tos.  :  p  x  pG%+p'  x/>'Gt+/>"x//'Gt+&c. 

::     (by    the     last    Article)  SG    :    GP ;    hence 

P+P-+P  +*c.(w)  GP  ^    B 

this  value  of  SG  with  that  of  GO  in  Art.  6,  page  112, 
it  appears  that  the  distance  (SG)  of  S  from  the 
center  of  gravity  is  the  same  as  that  of  the  center 
of  oscillation  from  itw;  the  distance  therefore  of  the 

center 


(»)  Since  the  angular  velocity  of  the  line  PGS  is  the  same 
as  the   angular  velocity  of      A  &  ^ 

the  system,  and  since  S  is 
always  at  the  fame  distance 
from  G,  it  is  evident  that 
during  every  revolution  of 
the  system  the  point  S  will 
describe  the  common  cycloid. 
For  with  center  G  at  the  dis- 
tance GS  describe  a  circle,  and  let  it  be  the  generating  circle  of  the 
cycloid  AS ;  let  bgs  be  the  angle  through  which  the  system  has 
revolved  whilst  the  center  of  gravity  has  described  Gg;  produce 
sg  to  p,  then  pgs  is  the  position  of  the  line  PGS  at  the  end  of 
that  time,  and  4  the  situation  of  the  center  of  spontaneous  rotation. 
Now  since  the  angle  QgF  is  equal  to  the  angle  GSg  (Fig.  in 
page  138),  when  gQ=Sg,  QF  will  be  equal  to  Gg-,  i.e. 
the  velocity  of  any  point  in  the  system  whose  distance  from  G 
is  equal  to  SG,  is  the  same  as  the  velocity  of  the  center  of 
gravity;"  hence  the  arc  bs  is  equal  to  Gg  i  but  Gg**bS, 
/.  the  arc  bs=*bS,  and  consequently  s  is  a  point  in  the  cycloid 
AS.    (For  the  properties-of  the  Cycloid,  see  the  next  Lecture.) 


tt 
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center  of  spontaneous  rotation  (PS)  from  the  poiit 
(F),  where  the  force  (T)  is  impressed,  is  equal  to  the 
distance  of  the  center  of  oscillation  (or  of  percumm) 
from  it,  supposing  P  to  Be  the  point  of  suspension; 
from  which  it  is  evident  that  the  rules  whit* 
have  been  laid  down  for  ascertaining  the  centers  of 
oscillation  or  percussion  of  given  bodies,  will  applysla) 
to  the  finding  their  centers  of  spontaneous  rotatm. 

4.  In  the  theory  of  collision,  as  exemplified  in 
the  5th  Lecture,  small  spherical  bodies  were  sup- 
posed to  impinge  upon  each  other,  moving  in  lines 
joining  their  respec- 
tive centers  of  gra- 
vity. In  this  case 
there  would  evidently 
be  no  tendency  what- 
ever to  rotatory  mo- 
tion in   the   bodies 

after  impact ;  but  from  Art.  2,  it  appears  that  when 
a  body  (BAC)  of  any  shape  whatever  is  impelled  bj 
a  force  whose  direction  (ML)  does  not  pass  through 
its  center  of  gravity  (G),  it  always  proceeds  after 
impact  not  only  with  a  rectilinear  motion  along  tbe 
line  GK  parallel  to  ML,  but  also  with  a  rota- 
tory motion  about  its  center  of  gravity  (G)**. 
Tbe 

(*)  For  at  soon  as  the  body  is  impinged  upon,  in  any  direction 
MP,  at  right  angles  to  the  line  passing  through  its  center  of  gravity, 
it  has  a  tendency  to  rotatory  motion  round  its  center  of  spotttoami 
rotation  (S) ;  this  rotatory  motion  actually  takes  place  as  round 
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The  quantity  of  this  rectilinear  and  rotatory  motion, 
in  any  given  case,  may  be  estimated  in  the  following 
manner. 

5.  Let   BAC  represent  a  section  of  any  solid 
generated  by  the  revolution  of  an  algebraic  curve 
about  its  axis  {AfV)  ;  suppose  this  body  (which  may 
be  called  B)  is  impinged  upon  by  another  body  {A) 
moving  uniformly  with  the  velocity  (of  a  feet  in  l") 
in  the  direction  MLP,  and  that  the  collision  actu- 
ally takes  place  at  the  point  (L).     Produce  ML  to 
meet  the  axis  in  P;  then  the  effect  of  this  collision, 
with  respect  to  the  rectilinear  and  rotatory  motion 
of  the  body,  must  be  estimated  at  P ;  and  if  PS  be 
taken  equal  to  the  distance  of  its  center  of  per- 
cussion from  P  (supposing  P  to  be  the  •  poirrt  of 
suspension),  S  wHl  be  the  center  of  spontaneous 
rotation  at  the  instant  that  the  body  A  impinges 
upon  B.    Take  &R=  +/SP  x  5GW;  then  supposing 

S  to 


>mmm»> 


an  axis  passing  through  the  center  of  gravity  (G)  at  right  angles 
to  the  plane  of  its  motion  \  the  body  (BAC)  therefore,  thus  pat 
in  motion,  is  under  precisely  the  same  circumstances  as  the  system 
of  particles  whose  rectilinear  and  rotatory  motions  have  been 
brought  under  consideration  in  Art.  1, 2,  3. 

page 59)  SR*$  hence  SR^VSPxSG-,  i.e.  "  the  distance  of 
"  the  center  of  gyration  from  the  point  S  is  a  mean  proportional 
"  between  SP  and  SG,  whether  that  point  (5)  be  the  center  of 
"  oscillation,  psrcuuhm,  or  spontaneous  rotation  of  the  solid  BAC, 
"  as  referred  to  an  axis  of  suspension  passing  through  P." 


*"Tl 
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S  to  be  die  center  of  motion,  R  will  be  the  center  rf 
gyration  of  the  body  about  5  ;   .\  the  inertia  of  the 

body  (£),  as  referred  to  the  point  P=*^§£. 

Since  also  the  inertia  of  a  given  body  varies  as  the 
square  of  its  distance  from  the  center  of  ny*^ 
in  estimating  die  inertia  of  the  body  A  as  connected 
with  the  rotatory  motion  abemt  Sy  its  mass  most  be 

«ckoned equal  to ^£. 

6.  Let  the  distance  of  the  point  where  ike  dfiree- 
ftps  eftAe  striking  body  cuts  the  axis  of  the  given  sotU 
from  the  center  of  spontaneous  rotation  (SP)s=D; 
the  distance  of  the  center  of  gyration  from  that  center 
(SB)  =  G;  the  distance  of  the  center  of  gravity 
of  ihe  body  B  from  it  (SG)=g,  and  the  distance 
of  the  point  of  collision  from  it  (SL)  =  d;  then  the 

Ad* 

inertia  of  A  may  be  expressed  by  -^7 ,  and  the  her- 

BG* 
tia  ofB  by  -^- .     Now  suppose  A  to  impinge  upon 

B   at  rest,  then   the   velocity  communicated  to  B 

(Art  6,     page  158,     Part.  I.)  =  g^^M 
AaD9 


Ad%+  BG* '  an<*  *^*s  ls  t'le  ^l^fty  1v*th  which  the 

point 

(■)  By  referring  the  common  expression  for  the  velocity  com- 
municated by  a  body  A  impinging  upon  another  body  B  at  rest 
(.       Aa    \ 
SXT"  A+BJ  io" the  mecTy  °f  motion  and  of  the  mutual  action 

"  of  bodies  upon  each  other,  at  exemplified  in   this  and  the 

"preceding 
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point  P  begins  to  move.  But  the  velocity  of  the  point 
P  :  the  velocity  of  the  point  G  : :  SP  :  SG  : :  D  :  gf 
.'.the  velocity  with  which  the  center  of  gravity 
begins  (and,  since  it  moves  uniformly,  continues)  to 
move  along  the  line  GK9  parallel  to  LM,  is  equal  to 

AaDg  AaG%      /r     ^.     ^  v  „  < 

jW  +  BG*  =  Ad?  +  BG>  (for  V-WA"  *  '"• 

7.  Since  the  linear  velocity  of  the  point  P  is 
AD*  +  BG"  ^et  xrs3-141&c-  'hen  (by  Art.  10, 
page  68)   —£——  :  2tZ)  : :  the  angle  described  in 

2t.AB*+EG*     2r.Ad*  +  BG* 

revolutions  in  l/,(b).  ^er  impact,  therefore,  the 
center  of  gravity  of  the  body  B  proceeds  uniformly 
(in  a  direction   parallel   to   the   direction  of  As 

AaC* 

motion  before  impact)  with  a  velocity  of  -~f-n — p7>; 

feet 

"  preceding  Lecture*,"  it  is  evident  that  A+B  expresses  not  the 
sum  of  the  weights,  but  the  sum  of  the  inertia  of  .the  bodies.  But 
in  the  'impact  of  bodies  moving  in  right  lines  without  reference 
to  a  center  of  rotatory  motion,  the  weight  and  inertia  are,  each  of 
them,  proportional  to  the  quantities  of  matter  contained  in  them  j 
so  that  in  Lecture  5,  the  sum  of  their  inertia  is  rightly  expressed 
by  the  sum  of  the  bodies  A+B. 

(b)  We  have  here  estimated  the  angular  velocity  of  the  point 
P  about  the  center  of  spontaneous  rotation  (S) ;  but  since  the 
angle  FgQ  (Fig.  in  page  136)  is  equal  to  the  angle  PSF,  the 
angular  velocity  of  the  body  or  system  about  its  center  of  gravity 
is  equal  to  that  of  the  point  P  about  S. 
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feet  tK  1~;  wnzisx  tbe  post  B  *»ett  nr«nna  rOHM 
tta:  tie  rite  if  —  ■  —  rKditomi  m  I  . 

*.   Jf  A  (and   coraeqaearff    its    nw/riit)  be  Wrt 

«r^fT  with  respect  to  A,  then  Ad*  may  he  — |fr'  fcd 

with  respect  to  £G%  and  the  ztbdttp  *f  the  tatu 

r  n   t  AaG*      jfm  _ 

ofgrazUy  of  B  after  nnpact  =  -g^j- = -g-  feet  m  I 

=  the  velocity  whkh  would  be  ooaunonicated  bj  A 
(■noting  with  the  verochv  a  and)  acting  imumedimdi 
opon  the  center  of  gravity.  The  number  a^rcsobdw 

Perfbrmed  b*  B  m  !   =  ^Bff=^BJ^=^Bs 
EXAM.  r. 

j*  bullet  (A)  ueigkmg  £  an  ounce  impinge*  upon  * 
sphere  (J3)  with  a  velocity  of  100  feet  m  l";  * 
directum  ML,  when  produced,  bisects  the  radius  BG; 
the  weight  of  the  sphere  is  lOlbs,  and  its   radius  <ms 

foot ;  In  what  manner  trill  the  sphere  move  after 
impact. 

This  is  a  case  of  Art.  8,  where  the  inertia  of  A 
may  be  considered  as  evanescent ;  the  velocity  with 
which  the  center  of  gravity  of  the  sphere  therefore 
moves  after  impact  (in  the 
direction    GK    parallel  to 

AP)  =  4£=<forB 


:  100   ounces) 
-thof  afoot  in 
we  can  ascertain  the  angular  velocity  of  the  sphere, 
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we  must  find  the  value  of  GS ;  now  GS  answers  to 
Go  in  Exam. 3,  page  121  (P  being  the  center  of  sus- 

It*  At 

pension),    .\    GS=TpQ=  (for  PG=£r)   —  =  the 

distance  of  the  center  of  spontaneous  rotation  from 

the  center  of  gravity  (g) ;  consequently  ^—5-  = 
(for2,=6.28&c.)0i^7&c.  =  ^  revdufions 

in  l";  a  sphere  therefore  thus  struck  would  proceed 
on  with  a  slow  rectilinear  motion  of  about  4  inches 
in  l",  revolving  at  the  same  time  about  its  own  cen- 
ter at  the  rate  of  3  g^-  revolutions  in  a  minute. 

l  r 

Cor.  LetjPG=a-th  radius  =  -,    then  g=*SG= 

n  n 

2r*      2nr    -  Aa         bAa        T/.    -       „ 

hence  »  ■    ~  ■  = ~ .     If  therefore 


5PG       5  .  '  IrBg     AwnrB* 

a  sphere  (  B)  (whose  radius  =*  r)  be  impinged  upon  by 
a  small  body  (A)  whose  inertia  may  be  considered 
as  evanescent,  and  which  moves  with  a  uniform 
velocity  of  (a)  feet  in  l";  and  if  the  direction  of 
A*s  motion  •  intersects  the  radius  of  the  sphere, 
perpendicularly,  at  the  distance  of  \\h  radius  from 
the  center  of  the  sphere ;  then  the  general  expression 
for  the  rectilinear  and  rotatory  motion  of  the  sphere 

after  impact  will  be  -jtrfeet  and ^  revolutions 

in  l"  respectively. 

vol.  11.  u  Ex# 
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EXAM.  II. 

A  right-angled  cone  (B),  placed  with  iuvertt 
downwards,  and  its  axis  (PS)  perpendicular  to  A 
horizon,  is  struck  by  a  small  body  At  (moving,  n  th 
direction  of  the  line  ML,  parallel  to  the  harrjji 
and  passing  through  the  center  of  its  base)  wiik  i 
velocity  of  (a)  feet  in  l";  It  is  required  to  asctrta 
the  rectilinear  and  rotatory  motion  of  the  cone  qfb 
impact. 

This  also  is  a  case  to  be  referred  to  Art.  8,  so  tbi 
the  velocity  of  the  center  of  gravity  of  the  cone  aftfl 

impact  will  be  -p-  feet 

in  l".      With   respect 

to  its  angular  velocity ; 

by  referring  to  Cor.  2,  S 

Exam.  2,  page  120,  it  appears  that  when  the  dirt* 

tion  of  impact  passes  through  the  center  of  the  ha 

of aright-angled  cone,  the  center  of  spontaneous  roi* 

tion  will  be  in  the  vertex  (S).     If  therefore  A  = 


height  of  the  cone,  g=SG=ih™;  .\-^-  —  -AL- 
2Aa  c      L  ,  ***g     **B  xji 

*=-     *j,  tor  the  number  of  revolutions  in  l". 

Cor.  Suppose  the  blow  to  be  struck  by  the  bant 
with  a  small  instrument,  and  that  the  mognitud 
(A a)  of  the  blow  is  such  as  would  make  a  spherica 
ball,  whose  diameter  is  equal  to  the  height  ofth 
coney  move  over  a  space  of  40  feet  in   l"  by  dira 

impacl 

(•)  See  Case  4,  Exam,  1,  page  13y,  Vol.  I. 
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impact ;  then  may  Aa  be  represented  by  "  the  mo- 

"  mentum  of  this  ball,  i.e.  by  <lB  x  40(b);M  hence  we 

,  Aa     2-8x40     a-    A    .       „   - 

have  -d-= — -g — =80 feet  in  J     for  the  recti- 

r  *•        r,L  t  2Aa     4jBx40    160 

/wear  motion  of  the  cone ;  and  — 777-= 777—= — r- 

3*1*  A      3»2JA      3*  A 

ibr  the  number  of  revolutions  in  l";  so  that  if  the 
height  of  the  cone  be  4  inches  (i.  e.  yd  of  afoot)  it 
will  make  about  50  revolutions  in  a  second. 

EXAM.  HI. 

A  body  {B),  formed  by  the  junction  of  two  spheres 
whose  radii  (R,r)  are  in  the  ratio  qf2:l,is  impinged 
upon  by  another  body  A  (which  is  equal  to  the  lesser 
sphere)  moving  with  a  velocity  of  (a)  feet  in  l";  A 
moves  in  the  direction  of  a  line  (MLP)  joining  its 
own  center  with  that  of  the  lesser  sphere,  MLP  being 
at  the  same  time  at  right  angles  to  the  line  (PUS) 
passing  through  the  centers  of  the  two  spheres ;  It  is 
required  to  ascertain  the  motion  of  the  two  bodies 
A  and  B  after  impact. 

By  referring  to  Cor.  2,  Exam.  2,  p.  133,  it  appears 
that  the  distance  (D)  of  the  center  of  spontaneous  ro- 

tation  (S)  from  the  point  of  impact  (P)  is-4p  »    the 

'  distance 

(b)  The  solid  content  of  a  sphere  and  a  cone  are  respectively  4ds, 
and  £d,  of  their  circumscribing  cylinder ;  /.  the  solid  content  of 
the  spherical  ball  = 2  JB. 

(c)  This  is  found  by  substituting  2r  for  jR  in  the  expression 
exhibiting  the  value  of  SP  in  that  corollary. 
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4HtmxPG(Gbeing  the  center  of gnnty  of  then 

(£  .bang  the  center  of  gyration  round  S)  =  8P  x  J 


these    values    for    2),   G,  <J    in     the     express: 

same  time  making  ^=  1,  5=  8)  we  have  — —  i 
the  number  of  feet  described  by  the  center  ofgrm 
of -B  in  ]";  and  — —  (very  nearly)  for  the  wad 
of  revolutions  in  l"  round  it. 

W 

(■)  For  by  Exam.  2,  page  133,  SG=  Tsfe?  ;  tart  in 
=0,  and  P 
Iff 
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With  respect  to  the  motion  of  A  after  impact,  it 
may  be  observed,  that  just  at  the  instant  the  collision 
takes  place,  the  bodies  A  arid  B  have  a  common  velo- 
city ;  but  on  account  of  the  rotatory  motion  of  B9 
A  only  continues  to  go  on  with  this  common 
velocity;  and  this  it  does  in  the  direction  LN 
coincident  with  the  direction  which  it  had  before 
impact (b).  Now  this  common  velocity  is  the  velocity 
of  the   point  P,   which,   by   Art.  6,    is  equal  to 

-jTjx — t^vj  >  substituting  therefore  for  A,  B}  D,  G,  d, 
their  values  as  already  found,  we  have  —  (very 
nearly)  for  the  velocity  of  A  after  impact. 

Cor.  Since  the  velocity  of  A  after  impact  is  about 
two  fifths,  and  the  velocity  of  B  after  impact  about 
(me  thirteenth,  of  the  velocity  of  A  before  impact ; 
and  since  the  common  velocity  of  the  bodies  A  and  B 
impinging  upon  each  mother  by  direct  impact  is  one 
ninth  of  that  velocity (d ;  it  appears  that  the  velocity 

of 


(b)  It  is  evident  that  there  is  no  cause  operating  to  make 
A  deviate  from  the  right  line  in  which  it  is  moving  before 
impact  -,  and  since,  by  the  rotatory  motion  of  B,  it  is  immediately 
disengaged  from  its  contact  with  the  smaller  sphere,  it  must 
necessarily  proceed  on  in  that  direction  with  the  velocity  which 
it  possesses  after  the  act  of  collision  has  taken  place. 

(c)  By  direct  impact  is  mtantj  "  when  the  bodies  impinge 
"  upon  each  other  in  the  line  which  joins  their  respective  centers 
"of  gravity  \ n  in  thjs  case  their  common  velocity  would  have  been 

■—fcm  (**»  Jml,  Bm»)  la. 
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of  A  after  impact  is  greater,  and  that  the  velocity 
of  B  is  leu,  than  it  would  have  been  if  their  collisb 
had  taken  place  fay  direct  impact.  All  this  k 
perfectly  consistent  with  the  established  lain  of 
motion;  for  it  is  evident  that  the  body  A>  in 
impinging  npon  B  at  P,  has  much  less  of  Ji 
taenia  to  overcome  than  if  it  had  impinged  at  G; 
it  will  therefore  lose  less  of  its  momentum  (and  an- 
sequently  of  its  velocity)  in  ihejbrmer  case  thanii 
the  latter.  On  the  other  hand*  since  the  body  A,  a 
communicating  motion  to  B,  expends  part  of  fe 
momentum  in  producing  the  rotatory  motion  of  4 
the  momentum  (and  consequently  the  velocity)  of  B> 
in  a  rectilinear  direction,  must  be  leA  than  wbtt 
it  would  have  been  had  A  impinged  upon  it  by  direct 
impact. 

We  have  here  considered  only  the  case  of  oae 
body  impinging  opon  another,  in  such  a  manoer 
that  "  the  direction  of  the  former  body  intersects 
"  a  line  passing  through  the  center  of  gravity  of  the 
"  latter  at  right  angles"  With  respect  to  the  obRq* 
collision  of  bodies,  the  reader  is  referred  to  the 
10  th  Section  of  Mr.  AtwoocTs  Treatise  on  * 
Rectilinear  Motion  and  Rotation  of  Bodies  wixae 
method  of  investigating  the  general  expressions  for 
the  rectilinear  and  angular  motion  of  the  body  fi 
has  been  adopted  in  this  Lecture. 
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Lecture  XIX. 

ON 

THE  VIBRATION  OF  PENDULUMS. 


iendulums  are  of  two  kinds,  simple  and  compound. 
If  a  particle  of  matter,  or  a  very  gmall  body,  be 
attached  to  one  end  of  a  string  or  of  an  inflexible  rod 
void  of  gravity,  and  it  be  made  to  vibrate  about  an  axis 
of  suspension  passing  through  the  other,  it  is  called  a 
simple  pendulum  ;  but  if  a  body  or  system  of  bodies 
be  made  to  vibrate  about  an  axis  of  suspension 
passing  through  any  given  point,  then  it  is  called 
a  compound  pendulum.  It  is  our  intention  in  this 
Lecture  to  shew  the  method  of  finding  the  times  of 
vibration  of  pendulums  of  both  kinds (a). 

LXV. 

— — -  -     - 

(a)  To  avoid  repetition,  it  may  be  observed,  once  for  all, 
that,  throughout  the  whole  of  this  Lecture,  the  pendulums 
are  supposed  to  meet  with  no  resistance  from  the  air,  nor  to 
sustain  any  impediment  from  friction  upon  the  axis  of  sus- 
pension) the  conclusions  thus  derived,  therefore,  will  only  be 
accurately  true,  when  these  vibrations  are  performed  in  a  perfect 
wacuum  round  a  perfectly  smooth  axis  of  suspension. 
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LXV. 

Q*  the  method  qf  ascertaining  the  ti 
Fibratkm  qf  a  simple  Pendulum  t 
the  arcs  qf  a  given  Cycloid,  cmd  i 
very  small  Circular  Arcs. 

1.  AHB  is  a  circle,  whofe  diameter  uftl 
pendicular  to  the  horizon ;  CDB  is  a  cydoi 
one  of  whose  properties* 
is  this,  that  if,  from  its 
extremity  C,  and  from  any 
other  points  DfC&c  lines 
CA,DL,EiMkc  be  drawn 
parallel  to  the  horizon,  the 
whole  cycloidal  arc  CB 
is  double  of  the  diame- 
ter A  B9  and  the  arcs 
DB,  EB,  &c  are  doable 
of  the  corresponding  chords 
HB,  KB  &c.  of  the  cir- 
cle. Now,  by  Article  5, 
page  17,    if  a  body  begins  to  descend    £h 


S 


(a)  Let  the  circle  AHB  make  one  revolution  upon 
CAX,  equal  to  its  cir-  ^^ 

cumfereoce ;  the  curve 
line  CDBX,  traced  out 
by  that  paint  of  the  cir- 
cle which  was  in  contact 
with  C  when  the  circle  C 
began  to  revolve,  is  called  a  Cyclop.  If  CX  be  bisect 
and  AB  drawn  at  right  angles  to  it,  it  is  evident,  from  the 
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point  D,  its  velocity  at  the  point  E  will  be  the  same 
as  the  velocity  at  the  point  Mof  a  body  falling  freely 
through  the  perpendicular  height  LM;  and  its 
velocity  at  every  other  point  during  its  descent 
through  the  cycloidal  arc  DEB  will  be  the  same  as 
the  velocity  (of  the  body  falling  freely)  at  every 
other  corresponding  point  of  the  line  LMB.  By 
Art.  l,  p.  14,  therefore,  the  velocity  (JT)  of  the  body 

thus 


in  which  the  curve  is  generated,  that  it  will  have  similar  branches 
on  each  side  AB,  and  that  its  vertex  B  will  be  so  placed  as  to  make 
its  axis  {AB)  equal  to  the  diameter  of  the  generating  circle.  Its 
properties,  as  applied  to  the  subject  of  this  Lecture,  are  the 
following : 

I.  The  cycloidal  ordinate  DH=  circular  arc  BH.  For,  let  LDa 
(Fig.  in  page  152)  be  the  position  of  the  circle  when  the  generating 
point  is  at  D;  draw  the  diameter  ba  parallel  toBA,  and  from  J) 
draw  DHL  parallel  to  CA;  then  arcDa=arc  HA,  /.  sine  DO^s. 
sine  HL,  and  consequently  DH  =  OL;  but  from  the  mode  in 
which  the  cycloid  is  generated,  Ca=arc  Da,  and  C A  =z  semicircle 
BHA;  hence DH=OL=oAz=CA—Ca=semicircle  BHA—arc 
HA=iarc  BH  *        ' 

II.  A  tangent  to  the  cycloid  at  any  point  {E)  is  parallel  to  the 
corresponding  chord  (BK)  of  the 
generating  circle.  Draw  DHL 
indefinitely  near  to  EKM}  join 
BK,  and  produce  it  to  k;  let  fall 
Ho  at  right  angles  to  Kk.  The 
indefinitely  small  triangle  HKk  is 
similar  to  the  triangle  KRB  formed 
by  the  tangents  (KR,  BR)  to  the  circle  at  the  points  K,B,  and 
is  consequently  isosceles §  .'.  KH=zHk.  Now  by  Property  I.  arc 
BKH=DH,  /.  BKH-KH(=arc  BK=EK)  =  DH-Hk=Dk; 
but  since  EK  and  Dk  are  equal  and  parallel,  ED  and  Kk  must 
also  be  equal  and  parallel ;  and  as  the  tangent  at  the  point  E  may 
vol.  ii.  X  b* 
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thus  defending  along  the  cydoidal  arc  will  nrj 
mb  s/LMoeJ  BL-BMacJ  AByjbL-jJBxBJ 
oc<//rB,-jrgtoc(fer  DB=  IHB,  and  EB = 2lB) 
y/Dfr-EIP.  Hence  lei  Bd  be  drawn  paraBd  to 
ACmA  equal  to  BD,  and  upon  Ad  describe  theqta- 
dnmt  (dutiV)  of  a  circle;  take  Be  equal  to  BE,  ad 
draw  em  at  right  angles  to  Bd;  then  will  em*=Bwt- 
Bf^Bf-BS^pBr-EBr,  and  consequently? 
(which  varies  as  s/DBf—EiP)  will  vary  as  em  tk 
sine  of  the  arc  dm,  whose  wrac/  «me  is  de  or  DE 
the  space  fallen  through. 

2.  Let  EF  be  an  indefinitely  small  part  of  the 
cycloidal  arc,  and  make  ef  equal  to  it  ;  drav/s  at 
right  angles  to  Bd,  and  mo  parallel  to  it.  Km* 
J&F  is  very  small,  it  may  be  considered  as  described 
with  the  velocity  (P)  at  E  continued  uniformly, 
and  therefore  the  time  of  describing  EF  (since  7 
=  ^)  will  be  represented  hy-y  or  5L'  Now  since 
the  sine  em  represents  the  velocity  at  any  point  £, 
the 

be  considered  as  coinciding  with  ED,  it  must  therefore  be 
parallel  to  the  chard  BK 

III.  The  cycloidal  arc  BE  is  equal  to  twice  the  correspow&g 
chord  BK  of  the  generating  circle.  For  since  the  triangle  XZft 
is  isosceles,  Ho  bisects  the  base  Kk,  .\  Kk  or  2£D=2JC#-  and 
since  Ho  may  be  considered  as  a  small  circular  arc  described 
with  radius  BH,  Ko=Bo-BK=BH-BK ;  hence  ED  and 
Ko  are  cotemporaneous  increments  of  the  cycloidal  arc  BE  ant 
the  chord  BK;  and  as  the  arc  and  chord  begin  together  from  the 
point  B,  and  the  former  increases  by  ED  or  Kk  whilst  the  bite 
increases  by  Ko^ED,  the  arc  BE  must  be  equal  to  twice  tlw 
chord  BK. 
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the  whole  velocity  acquired  in  falling  down  DB 
will  be  represented  by  the  radius  BN  or  Bm ;  if 
therefore  a  body  were  to  describe  the  quadrantal 
arc  dm  iV*  with  the  velocity  at  the  lowest  point  con- 
tinued uniformly,  the  time  of  describing  any  small 

part  (mn)  of  it  would  be  represented  by  7*— •     But 

by  similar  triangles,  Bme,mno,Bm  :  em  ::  mn  :  mo 

p  /*       9TITL 

or  efy  .\  ~=  s — ;  hence  the  time  of  describing  the 
em    Mm  ° 

small  cycloidal  arc  EF  is  equal  to  the  time  of  a  body 
moving  through  the  corresponding  small  circular  arc 
mn  with  the  velocity  in  B  continued  uniformly ;  thfe 
whole  time  of  descent  therefore  through  DEB  will 
be  equal  to  the  time  of  a  body's  describing  the 
quadrantal  arc  dmN  with  the  velocity  in  B  conti- 
nued uniformly. 

3.  Now  the  velocity  at  the  lowest  point  B  of  the 
cycloid  is  equal  to  the 
velocity  acquired  in  fall- 
ing down  the  chord  HB, 
and,  by  Art.  4,  page  5, 
with  this  velocity  con- 
tinued uniformly  it  would 
describe  2HB  =  BD= 
Bd  in  the  same  time. 
But  by  Art.  3,  page  15, 
the  time  of  falling  down 
the  chord  HB=  the  time 
of  falling  down  the  dia- 
meter AB  or  the  axis  of1 

the 
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the  cycloid ;  hence  the  time  of  descending 
the  cydoidal  arc  DB,  and  the  time  of  falling 
through  the  axis  AB  of  the  cycloid,  are  fa 
other  as  the  times  of  describing  the  arc  dm 
the  straight  line  Bd  with  the  same  uniform  vi 
Le*  as  the  quadrant  of  a  circle  to  its  radius. 

4.  Hitherto  we  have  supposed  the  body 
scend  down  a  plaije  in  the  form  Of  a  cycloi< 
the  effect  will  evidently  be  die  same  with  i 
to  the  acceleration  of  the  body,  whether  it  I 


in  a  curve  of  this  form  by  the  re-action  of  the 
in  a  direction  perpendicular  to  its  surface,  or 
tension  of  a  siring  acting  in  the  same    din 
Now  a  small  body  (P),  suspended  from  the  po 
by  a  string  (STP)  of  the  same  length  with 
of  the  semi-cycloids  SD,  SE,  and  made  to  \ 
between  them  (the  string  gradually  unwinding 
the  semi-cycloid  SD  as  it  descends  to  the 
point  B,  and  winding  round  the  semi-cycloid 
it  ascends  to  the  highest  point  E)  will  alw 
found  in  a  cycloid  similar  and  equal   to  th 
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semi -cycloids  SD,  SE;  and  as  the  string  TP 
is  always  at  right  angles  to  the  curve,  it  will  he 
under  precisely  the  same  circumstances  as  the 
body  descending  down  the  plane (a).  Having  de- 
scended 


(a)  Take  any  line  SC,  and  draw  SA  at  fight  angles  to  it  j 
make  SC :  SA  ::  semi-circumference  of  a  circle  :  its  diameter; 
and  complete  the  parallelogram 
SCDA.  Produce  SA  to  B, 
making  AB=SA;  upon  SC, 
AD  describe  two  semi-cycloids 
SD,DB,  the  vertex  of  the 
former  of  which  is  in  D,  and 
of  the  latter  in  B ;  then  if  a 
body  be  suspended  from  the 
point  S  by  a  string  whose  length 
is  equal  to  the  semi-cycloid  SD, 
and  begins  to  descend  from  D, 
its  place  will  always  be  in  the 
semicycloid  DB,  the  part  TP  of 
the  string  being  always  at  right- 

angles  to  the  cycloidal  arc  DB.  For  through  any  point  F  draw 
EFG  perpendicular  to  SC,  and  through  B  draw  BG  parallel  to 
it;  then  EG—SB;  on  EF,FG  describe  the  two  semicircle! 
ETF,  FPG,  and  draw  the  chords  TF,  FP,  the  former  of  which, 
by  Property  II,  is  a  tangent  to  the  cycloid  SD  in  T.  Now 
SE—arcET,  and  SC=ETF,  .-.  CE  (=DF)=arc  TF=arcFP; 
hence  the  angles  TEF,  FGP  are  equal,  and  consequently 
the  triangles  TEF,  FGP  similar  and  equal  to  each  other) 
/.  TF,  FP  are  in  die  same  straight  line  ;  moreover,  TP=2  TF= 
(by  Property  III.)  the  cycloidal  arc  TD ;  if  therefore  the  string 
TP  be  alwayg  equal  to  the  cycloidal  arc  TD,  i.  e.  if  the  whole 
string  STP  bo  equal  to  the  semicycloid  SD,  P  will  always  be 
found  in  the  cycloid  DB;  and  since  the  chord  PG  is  a  tangent 
to  the  cycloid  in  P,  the  part  TP  is  always  at  right  angles  to  it. 
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scended  to  the  lowest  point  fi,  it  will  then 
through  an  arc  BE  equal  to  DB  in  the  mi 
in  which  it  descended  down  DB;  so  that  th 
time  of  one  vibration  will  be  twice  the  1 
descending  down  DB;  hence,  from  Art.  4,  1 
of  one  vibration  will  be  to  the  time  of  a  bod/i 
freely  down  ^£  (i.  e.  down  §  the  length  oftht 
::  two  quadrants  of  a  circle  :  its  radius  ::  1 
amference  of  a  circle  :  its  diameter. 

5.  Since  (by  Art.  3)  the  time  of  a  vibn 
to  the  time  down  the  axis  in  the  same  give 
whatever  be  the  point  from  which  the  pe 
begins  its  oscillations,  all  the  vibrations  of 
dulum  of  the  same  length  will  be  equal  go  eac 
But  from  the  difficulty  of  constructing  plate 
exact  form  SD,  SE9  and  from  other  causes, 
cloidal  pendulum  is  of  little  or  no  practical 
In  a  geometrical  point  of  view,  however,  thi 
of  comparing  the  time  of  a  vibration  with  tl 
of  falling  down  a  space  equal  to  \  the  length 
string,  is  of  considerable  importance;  as 
bles  us  to  ascertain  the  times  of  vibration  i 
circular  arcs,  without  having  recourse  to  ai 
cate  fluxional  process.  For  the  cycloid  at  th 
point  B  may  evidently  be  considered  as  a  < 
arc  described  with  the  radius  SB;  if  then 
body  be  suspended  by  a  string  whose  length 
and  vibrates  in  a  circular  arc  only  to  a  ven 
distance  on  each  side  the  point  B,  the  time 

osa 
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oscillation  will  be  to  the  time  down  £  the  length  of 
the  string  : :  circumference  of  a  circle  :  its  diameter. 

6.  Let  Z,  =  length  of  the  string  or  thin  in- 
flexible rod  by  which  a  small  body  is  suspended, 
tt  =  3.141  &c,  ra=  l6^  feet;  then,  by  Art.  1 .  p.  33, 
Part  I.  the  time  of  a  body's  falling  down  half  the 

length  of  the  string  =  f  \f  —  =   )  y  —  .     Hence 

T=  V  — -,  which  varies  <w  x/^ ;   the  times  of 
v    2m9  ^ 

vibration  of  pendulums  of  different  lengths  will  con- 
sequently  be    to   each  other   as   the  square   roots 


the   time  of  a  vibration  (T)  :  y    —  "••  *"  "•  **  or 


V¥->. 


of  the   lengths.     Let   T=  1,  then   V  — =  1,    or 

*r  x_j      r  ^77*       32.1666        _       ~   -    , 

3p .  1 2  inches ;  if  the  space  fallen  through  from  rest  by 
gravity  in  l",  therefore,  be  l6£2  feet,  the  length  of  a 
pendulum  which  vibrates  seconds  will  be  39. 1 2  inches (a). 

7.  If  the  accelerative  force  be  not  given,  then,  by 
Art.  2,  page  3,  the  time  of  falling  down  \  the  length 

of  , he  string   (  =  \ZX)  =1/1^    ,.   T: 

(a)  Let  x=the  space  fallen  through  by  gravity  in  \"f  then 
T=\/^and  r*=^,  or  *=££;  if  therefore  the  /«#/A 

of  a  pendulum  which  vibrates  in  T'  be  given,  the  space  fallen 

through 
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— =::  »  :  1,  or  T=  \/J — «  which  vam 
2mF  1mJP° 


v/| 


€€ 
€€ 
« 

4€ 


— .     Hence  "  the  times  of  vibration  of  pe 
F 

dulums  of  different  lengths  acted  upon  by  differ 

accelerative  forces  will  vary  as  the  square  roots 

the  lengths  directly,  and  the  square  roots  of  I 

forces  inversely ."     If  L  be  given,   then  T&c  - 

v 
i.  e.  "  the  times  of  vibration  of  pendulums  of 

same  length  vary  inversely  as  the  square  rooU 

tlie  accelerative  forces ;"  and  if  T  be  given,  ti 

LocFy  i.  e.  "  the  lengths  of  pendulums  vibrating 

"  the  same  time  vary  as  the  forces   which  accelei 

"  thern^r 

8. 


through  by  gravity  in  l'  may  be  found ;  thus,  let  the  lengl 
the  pendulum  which  vibrates  seconds  =  39.2  inches,  then 
(for  r=i)  ^=9-86x39.2  =  i93256   .^^  ^  ^ 

feet  in  l'. 

(a)  The  two  great  natural  causes  which  produce  a  van 
in  the  length  of  a  pendulum  which  shall  perform  its  oscilh 
in  the  same  given  time,  are,  I.  The  increase  of  gravity  a 
takes  place  in  different  latitudes,  as  we  proceed  front  the  £0 
to  the  Poles.  II.  The  diminution  of  gravity  which  it  experk 
when  carried  to  different  points  above  the  horizon  frtm  pi 
having  the  same  latitude.  Although  it  would  be  foreign  to 
purpose  of  this  Lecture,  to  enter  into  a  minute  investigation  c 
causes  from  which  this  change  of  gravity  proceed  •  yet  it  wi 
proper  to  make  a  few  observations  upon  the  effects  produce 
it,  so  far  as  relates  to  the  length  of  a  pendulum  osciilatimr  se 
at  different  parts  of  the  earth's  surface. 

1. 
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8.  Let  72  =  the  number  of  vibrations  performed 
by  a  pendulum  in  any  given   time    (7*),  and  T= 

the  time  of  one  vibration,  then  T'=nT,  .\  w  =— ; 
but  T=VtE>  •*•  n-x/i^T4,  which  varies 

as  V -7  •  Hence  the  number  of  vibrations  per- 
formed in  a  given  time  by  pendulums  of  different 
lengths  acted  upon  by  different  accelerative  forces 
are  directly  as  the  square  roots  of  the  forces,  and 
inversely  as   the  square  roots  of  the  lengths ;    if 

therefore 


I.  The  difference  which  exists  in  the  gravity  of  bodies  at  places 
not  having  the  same  latitude,  arises  from  the  centrifugal  force 
produced  by  the  rotatory  motion  of  the  Earth  round  its  axis.  This 
force  is  opposed  to  the  force  of  gravity ;  it  is  greatest  at  the  Equator, 
end  least  at  the  Poles ;  and  at  intermediate  points  varies  as  the 
square  of  the  cosine  of  latitude ;  the  gravity  of  a  body  therefore 
will  be  least  at  the  Equator;  it  will  continually  increase  as  th# 
latitude  of  the%  place  increases ;  and  will  be  greatest  at  the  Poles. 
It  appears,  from  observations  made  upon  the^ibration  of  pendulums 
at  different  parts  of  the  Earth's  surface,  and  from  cajculations 
resulting  from  them,  that  if  the  force  of  gravity  at  the  Equator 
be  represented  by  1.00000,  at  the  Poles  it  will  be  represented  by 
1.00567  (See  Le  Place,  Exposition  du  Syst&me  du  Monde,  p.  250, 
Ed.  1809);  at  the  intermediate  latitudes  of  30°,  45°,  52°,  and 
6tf>,  it  will  be  represented  by  1.00141,  1.00283,  1.00357, 
and  1.00423  respectively;  and  since  the  lengths  of  pendulums 
vibrating  in  the  same  time  are  as  the  accelerative  forces,  these 
vol.  ii.  y  numbers 


1 
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therefore  the  lengths  be  given,  the  number  of 

lations  will  be  directly  as  the  square  root* 

P  forces;  and  if  the  forces  be  given,  the   puml 

oscillations  will  be  inversely  as  the  square  n 

I  the  lengths. 

EXAM.  1. 

j  JVhat  is  the  time  (T)ofan  oscillation  ofat 

htm  whose  length  is  10  feet;  and  what  must 
length  (L)  of  a  pendulum  which  shall  oscilk 
times  in  a  minute  ? 


I 


\   B^B-M 


numbers  will  represent  the  proportion  between  the  ta 
pendulums  vibrating  seconds  in  these  different  latitat 
length  of  the  pendulum  at  the  Equator  being  represented  t 

II.  In  estimating  the  effects  produced  by  the  f 
gravity  in  this  and  the  preceding  Lectures,  we  1 
along  considered  it  as  a  constant  force,  which  is  or 
for  very  small  distances  above  the  horizon.  It  has 
been  shewn  in  the  Notes  to  Vol.  I,  that  this  force 
inversely  as  the  square  of  the  distance  from  the  cente 
Earth;  in  calculating  its  effects  therefore  at  any  cons 
distance  from  the  surface,  this  diminution  of  gravity  i 
taken  into  the  account.  The  length  of  the  Earth's  n 
3970  miles;  if  therefore  the  force  of  gravity  at  the 
surface  be  represented  by  unity,  this  force  at  the  dista 
1,  2,  and  3  miles  above  it  will   be   measured    by    the  is 

3Q7(n  *     3070  *     3Q7()I* 

397TI  '  39F2I  '  tm\  '  °r  by  the  DUmbers  •  9994,  .9988 
respectively  j  which  numbers  (since  LocF)  Will  represe 
relative  lengths  of  pendulums  oscillating  seconds  at  those 
distances,  the  length  of  the  pendulum  at  the  surface  being 
sen  ted  by  unity. 
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The  length  of  a  pendulum  which  oscillates  in  l"  is 
3Q.2  inches ;  and,  by  Art.  (),  the  times  of  vibration 
of  pendulums  of  different  lengths,  are  to  each  other 


as 


Taking  then  both  these  causes  of  variation  into  consideration, 
and  referring  to  the  pendulum  whose  length  is  39.2  inches 
(which  oscillates  seconds  at  the  Earth's  surface  in  latitude  52°;) 
as  a  standard;  the  length  of  a  pendulum  that  oscillates  seconds 
at  and  for  3  miles  above  the  Earth's  surface  at  the  Equator  and  the 
Pole,  and  for  the  several  intermediate  latitudes  of  3CP,  45°,  52° 
and  6QP,  may  be  exhibited  in  the  following  manner. 


LATITUDE. 

Length  of  a  pen*! 
dulum  oscillating 

second*  at  the 
Earth's  surface. 

One    Mile  above 

the  Earth's 

surface. 

Two  Miles  above 

the  Earth's 

surface. 

Three  Miles  above 

the  tarth's 

surface. 

At  the 
Equator 

39.060 

39. 036 

1 

39  013 

38. 997 

Latitude  30* 

39- 115 

39. 091 

39. 068 

39. 052 

45° 

39.170 

39. 146 

39 . 122 

39. 107 

52° 

39. 200 

39.176 

39. 152 

39.137 

60* 

39. 225 

39.201 

39. 177 

39 .  161 

At  the  Pole 

39. 281 

39. 257 

39. 233 

39. 218 

On  reviewing  this  Table,  it  appears,  that  "  the  variation  in  the 
length  of  a  pendulum/  oscillating  seconds  at  any  point  upon  or 
"for  three  miles  above  the  Earth's  surface,  never  amounts  to 

3 
— thof  an  inch}*'  for  the  greatest  variation  which  can  take 


u 


ft 


10 


place  in  this  whole  range  is  between  the  length  of  a  pendulum 
at  the  Pole  (39. 281),  and  that  of  one  vibrating  at  the  distance  of 
3  miles  above  the  Earth's  surface  at  the  Equator  (38:997);  and 
this  is  no  more  than  .284  of  an  inch. 
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as  the  square  roots  of  their  lengths  ;  hence  l4 

«/39-2  :  s/Tia  ::  62  :  109,  .'.  T  =  ~ 
seconds  =  time  of  an  oscillation  of  a  pendulm 
length   is  10 feet. 

Again,  let  T=6"=  time  of  one  oscillatio 
pendulum  which  makes  ten  in  a  mirnUt 
Ti  1"::  */Li  v/39.2,  .\  T*z  1  ::  £, :  3g 
£r  =  39.2x  7^=39.2  x  36  inches^  117*  feel 


EXAM.  II. 

Compare  the  times  of  vibrations  (T9  t)  i 
pendulums  whose  lengths  are  L,  l9  when  carriec 
distances  D,  d  above  the  Earth s  surface* 

1  Let  r=the  radius  of  the  Earth,  then  sin< 

force  of  gravity  varies  inversely  as  the  squ 
the  distance  from  the  Earth's  center,  the 
which  accelerates  the  pendulum  whose  len 
(L)  :  the    force   which    accelerates    the   pen< 

tvhx>selengthis(l)::^^:^^::7^^.- 
but  by  Art.  7,   Toc\/|,    .\  T  :  t  ::  yG 


sf- 


F 

?::  r  +  D.tfL:  r  +  d.*/T 


+75) 
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Cob.  IfZ,  =  /,  then  T  :  t ::  r  +  D  :  r  +  d;  i.e. 
the  times  of  vibration  of  the  same  pendulum,  when 
carried  to  different  heights  above  the  Earth* s  surface, 
will  be  to  each  other  as  the  distances  of  those  heights 
from  its  center. 


EXAM.  III. 

If  a  pendulum  at  the  Earth? s  surface  vibrates  (m) 
times  in  T";  hnv  must  its  length  be  altered  so  that  it 
may  vibrate  (n)  times  in  T"? 

Let  L  =  the  length  of  the  pendulum  which 
vibrates  (m)  times  in  T",  and  L  +  x  =  the  length 
of  that  which  vibrates  (n)  times  in  T" ;  then,  by 

Art.  8.  (since  F  is  given)  mini:     >-f :  — ^=== 

:.  m% :  n*  ::  L  +  x  :  L,  or  n%L  +  n%x=m*L,  and  a? 
_  m*  —  n* .  X 

Cor.  Lettfi=n±y,  wherQ  y  is  very  small  with 

.    .  Al_        flif  —  n'.Zr       ±2wy+y*.L 

respect   to  n,   then    s =  — —    « = 

r  nr  n% 

(rejecting  y%  as  very  small  with  respect  to  2ny) 

— ^ ,  and  consequently  L  +  x=L±  — -  ,  which 

furnishes  us  with  a  convenient  theorem  for  ascer- 
taining the  quantity  by  which  the  pendulum  of 
a  clock  must  be  lengthened  or  shortened  according 

as 


• . 


* 

\ 
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as  it  gams  or  loses  a  few  seconds  or  minut 
a  day". 

EXAM.  IV. 
A  pendulum,   which  oscillated  seconds    and 
true  time  at  the  EartKs  surface,  was  carried  to  ti 
of  a  mountain,  and  there  lost  (t)  seconds  in  an  - 
What  was  the  height  of  the  mountain  ? 

Let  r  =  radius  of  the  earth,  x= height  of  the  1 
tain,  Tsz  the  number  of  seconds  in  an  hour  c 


(•)  Suppose,  for  instance,  that  a  clock  gains  3  minutes  in 
i.e.  instead  of  performing  24x60x60  or  86400  vibxati 
a  day,  it  performs  96400+ 180  or  86580  vibrations  in  that 

then   n  =  86400  and  y  =  180,    .-.  gj^L—,3**^        JL 

y  n  86400       240 

although  this  acceleration  of  the   pendulum  indicates  t 

length  is  a  little  less  than  39.2  inches,  yet  it  is  evident  I 
finding  the  value  of  ■— — ,  L  may  be  assumed  equal  to  30 .2 

240  ^ 

without  any  material  error  ;  hence  —  or  -^ —  (=  .  l6ioc 

the  quantity  by  which  the  pendulum  must  be  lengthened  tc 
it  oscillate  seconds.  In  the  Example  here  given,  m(=86,! 
greater  than  n,  and  therefore  y  is  positive;  if  the  pendului 
a  certain  number  of  seconds  in  a  day,  then  m  is  less  than 

consequently  y  is  negative ;  the  value  of  — -   must,  in  thi 

be  subtracted  from  L,  or  the  pendulum  must  be  skw 
The  theorem  alluded  to  in  the  corollary,  therefore  is 
"  Multiply  twice  the  length  of  the  pendulum  by  the  nun 
€t  seconds  gained  or  lost,  and  divide  the  result  by  the  ni 
"  of  seconds  in  a  day ;  the  quotient  will  give  the  num 
(( inches  or  parts  of  an  inch  by  which  the  pendulum  is 
"  lengthened  or  shortened." 
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number  of  vibrations  in  an  hour  at  the  Earth's  surface, 
then  T—  t  will  be  the  number  of  vibrations  in  an 
hour  at  the  top  of  the  mountain.  By  Art.  8,  when 
the  length  of  the  pendulum  is  given,  the  number  of 
vibrations  in  a  given  time  are  directly  as  the  square 
roots  of  the  forces  which  act  upon  the  pendulum  ; 

r*     T     r+x)        r     r  +  x 

tr 


hence 


(b) 


::  r  +  x  :  r,  .'.  t  :  T—  t ::  x  :  r,  or  a?=  ,_, 

Cor.  If  the  pendulum  gains  (/)  seconds  in  an  hour 
before  it  is  carried  up  the  mountain,  and  it  be 
required  to  find  that  point  in  the  ascent  where  it 
will  keep  true  time,   then  T  +  t  :  T  ::  r  +  x  i  r, 

.".  t :  1  :;  x  :  r,  or  #  =  7=. 

EXAM.  V. 

On  supposition  that  the  pendulum  which  oscillates 
seconds  in  latitude  52°  is  3Q.2  inches  long;  Compare 
the  spaces  through  which  a  heavy  body  would  fall  from 
rest  in  l"  at  the  Equator  and  the  Pole,  and  at  the  in- 
termediate latitudes  of3(f9  45°,  and  60°. 

By 

(b)  If  /  be  very  fma//  with  respect  to  T,  then  x  may  be  con- 

/r 
sidered  as  equal  to — without  any  material  error.   Now  7=3600", 

if  therefore  /  be  equal  to  1,2,  3,  Sec.  .seconds,  then  x  will  be 

^^  to  SOOO*  36O0'  3600'  &°' 5  aDd  8UPPosinS  r  to  **  e<lual  to 
4000  miles,  the  heights  of  mountains  upon  which  a  pendulum, 
that  oscillates  seconds  at  the  Earth's  surface,  loses  1,  2,  3,  Sec. 
seconds  in  an  hour,  will  be  1~,  2|#  3y,  &c.  miles  respectively. 


I 
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By  Note  (a),  page  159,  if  L=the  length  qf< 
duium  which  oscillates  seconds,  and  rs3.]4 

then  the  space /alien  through  by  gravity  in  l"= 

substitute  for  L  its  value  as  it  stands  in  tfa 
column  of  the  Table  in  page  1 63,  and  9 .  865  I 
then  we  have  192.663;  192.934;  193 
193  .476  ;  193  .  753  inches  for  the  spaces  des 
in  l"  at  the  Equator,  in  latitude  30°,  45°,  60 
at  the  Pole,  respectively. 

Cor.  Since  the  space  fallen  through  in  l" ; 
Equator  is  192.663,  and  at  the  Pole  19c 
inches,  the  greatest  difference  between  the  spaces 
through  in  l"at  any  two  points  upon  the  si 
of  the  Earth  is  193.753  -  192.663  or  1 .09  im 

LXVL 

On  the  Times  of  Vibration  of  Compou 

Pendulums. 

1 .  Since  the  angular  velocity  of  a  body  or  s 
of  bodies  moving  round  a  given  axis  of  suspt 
is  the  same  as  if  all  the  matter  of  the  body  or  s 
were  collected  into  the  canter  of  oscillation 
evident  that  the  time  of  a  vibration  of  a  coim 
pendulum  will  be  measured  by  the  angular  ve 
of  its  center  of  oscillation,  and  that  the  real  len 


(*)  Since  the  distance  between  the  center  of  oscitlatu 
tile  center  of  gravity  of  a  body  or  system  (by  Art.  7,  pag 
varies  inversely  as  the  distance  between  the  center  of  4 


I- 
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0  ^ 

of  the  pendulum  will  be  the  distance  between  that 
center  and  the  point  of  suspension.  To  find  the  time 
of  a  vibration  therefore  of  a  pendulum  of  this  kind, 
we  have  only  to  ascertain  the  distance  between  the 
point  of  suspension  and  center  of  oscillation  by 
the  rules  laid  down  in  the  preceding  Lecture,  and 

substitute  it  for  L  in  the  equation  T=  \  ~  0f 

Ijnr 

Art. 


and  point  of  suspension,  it  is  evident  that  in  a  particle  of  matter 
or  small  body  suspended .  as  in  the  preceding  Section  of  this 
Lecture,  the  centers  of  gravity  and  oscillation  may  be  considered 
as  coincident.  Take,  for  instance,  a  sphere  of  2  inches  diameter, 
and  suspend  it  by  a  string  40  inches  long ;  then,  by  Cor.  1, 
Exam.  3,  page  121,  the  distance  between  the  centers  of  gravity 
and  oscillation =^th  part  of  an  inch  ;  suppose  the  diameter  of 
this  sphere  to  be  diminished  whilst  the  length  of  the  string 
remains  the  same,  then  the  distance  between  the  centers  of 
gravity  and  oscillation  may  become  less  than  any  assignable 
quantity. 

The  pendulum  of  a  clock  is  not  made  spherical,  but  in  the 
form  of  the  solid,  a  tranverse  vertical  section  of  which  is  re- 
presented in  Exam.  5,  page  124  5  a  solid  of  this  form  being  much 
more  commodious  than  that  of  a  sphere,  inasmuch  as  it  suffers 
less  resistance  from  the  air.  Suppose  the  dimensions  of  a  pen- 
dulum of  this  kind  to  be  such  as  stated  in  that  Example;  then  the 
distance  between  the  centers  of  gravity  and  oscillation  is  &th  of  an 
inch,  the  distance  of  the  center  of  gravity  from  the  point  of  sus- 
pension being  40  inches;  its  whole  length  therefore  is  40.05  inches; 
shorten  the  Md  by  which  it  is  suspended  .85  of  an  inch  (which 
may  be  done  without  introducing  any  material  error  into  the 

|6f«— *0*r+f0r*  * 

expression - — =^ ,  which  determines  the  value  of 

GO),  and  its  length  is  reduced  to  39.2  inches.  By  this  method 
you  would  obtain  a  pendulum  which  oscillates  seconds  at  the 
Earth's  surface. 

vol.  11.  Z 


1 


I 
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Art.  7,  page  160;  and  the  value  of  T  thus  fc 
will  be  the  time  required. 

2.  If  it  be  required  to  find  the  point  of  stupe 
of  a  given  body  or  system,  so  that  it  shall  pei 
its  oscillations  in  some  given  time  (T)>  then  let 
the  length  of  a  simple  pendulum  wh 

in  that  given  time,  and  (since  3P=  \/ 

o  in  FT*  Ifn  r^ 

shall  have  Z= - —  for  the  distance  betwe 


I  point  of  suspension 


j  Suppose  G  to  be  the  center  of  gravity  of  the 

I  system,  and  A  some  given  point   in    it   (the 

vertex  of  a  given  solid,  for  instance),  through 
which  if  the  axis  of  suspension  passes,  its 
center  of  oscillation  will  be  in  O ;  then  (bj 
Art.  11,  page  115)  if  S  be  the  point    of  sw 

r         os>  AGx  GO  _ 

pension,  L  =  bG  +  ^g — .     Let  SG  =  x 


AG  =  D,GO  =  a;    thenZ  =  jr  +  ^ 


or 


a?*  —  Lx+Dd=o,  from  which  x= 

2mFT*  2 

substitute  i —    for  L  in  this  equation    a 

determines  the  distance  of  the  point  (S)  fro\ 
center  of  gravity  (G),  through  which  if  the  a 
suspension  passes,  the  body  or  system  will  vi 
in  the  given  time  (T)ta). 

3. 


Xa)  Since  x  has  two  values,  it  appears  that  there  \ 
points  of  the  system  at  different  distances  from  the  ce 
gravity  (G),   from  which  if  the  system  be  suspended 
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3.  Since  T=  \/ =  and  varfe*  as  \/  -g; ;  sup- 

5  posing  F  to  be  given,  T  will  vary  as  <x/£,  and 
T*ocL;  to  find  the  point  therefore  from  which 
the  body  or  system  must  be  suspended  so  as  to 
perform  a  vibration   (at  a  given  place)  in  the  least 

time  possible 9  we  must  make  a?H =  Z=a  mtni*» 

ini/Tn,  ,\  x -j-  =0,  and  x=**JDd;  "  the  body 

"  or  system  will  consequently  vibrate  in  the  least 
"  time  possible  when  SG  is  a  mean  proportional 
"  between  AG  and  GO00;"  moreover,  if  (o)  be  the 

•  center 

oscillate  in  the  given  time  (T).  This  agrees  with  Art.  8.  p.  1 13;  for 
since  the  center  of  oscillation  may  be  made  the  point  of  suspension, 
and  vice  versa,  there  will  be  two  points  in  the  system  (at  different 
distances  from  some  given  point)  which,  being  made  the  centers 
of  suspension,  will  give  the  same  value  for  Li 

(b)  Thus,  let  A  a  (a)  be  a  straight  line,  or  thin  cylindrical  rod; 
then,   supposing  ij  to  be  suspended  from  A,  AO=~a;  .*.  GO 

z=AO  —  AG=~a-~aszia;    hence  SG=  VAG  x  G0= 
</TalTia=-^^>  and  SA=AG-SG=\a—^J^  very 

nearly ;  a  rod  of  this  kind  will  therefore  vibrate  in  the  least  time 

possible  when  it  is  suspended  from  a  point  the  distance  of  which 

21 
from  its  upper  extremity  is  about  -Tfzfh  of  the  whole  length  of 

the  rod. 

In  the  right-angled  cone  whose  vertex  a  A  (see  Cor.  1 .  Exam.  2. 
p.  l2Q)A0=h,  nn&AG=±h,  /.  GOsr^O— AG=\h,  and  SG=* 

yAGxGOs^/^^i  hence  SA=AG-SG=S~^'* 

equal 


\ 


i 

1 


* 


i 


i 
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center  of  oscillation  corresponding  to  5,  then 

M  SG  J  AG*  GO     w 

i.  e.  the  center  of  gravity  (G)  bisects  So. 

EXAM.  I. 
A  sphere  whose  radius  is  2  feet,  is  suspended , 
a  point  at  ike  distance   of  10  feet  from  its  ce 
What  would  be  the  time  of  its  vibration  upon  ti 
of  a  mountain  2  miles  high  ? 

By  Art.  1,  T=  V^;  but  by  Exam.  3,  p 

|  o**  8       254 

£-sc+55g-,0+i5-S-'  and  byN<* 

1.73  seconds* 

EXAM.  II. 

\  A  thin  cylindrical  rod  is  first  suspended  at 

its  extremities,  and  afterwards  from    a  point 
divides  it  into  two  parts  which  are  to  each   oL 
the  ratio  of  n  :  1  ;   Compare  the  times    of  vik 
(T,  *)  in  the  two  cases. 

By  Cor.  2.  to  Exam.  1,  page  117,   the  distal 
the  center  of  oscillation  from  the    point  of 

:        I* 

3 1 A 
=-:—  very  nearly  j  a  right-angled  cone   therefore    will 

in  the  least  time  possible  when  the  axis  of  suspension 

through  its  own  axis  at  the  distance  of  about  ---ths  of  tA 

lOO        •/ 

from  the  vertex. 


■1  ■•«.  - 
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pension  in  the  former  case  :  distance  in  the  latter 
: :  n  +  J  .n*—  l :  n3+  I ;  and  since  by  Art.6,  page  15& 
the  times  of  vibration  of  different  pendulums 
vary  as   the  square  roots  of  their  lengths,  T :  t : : 

*s/n+  i.w*  —  1  :  >JrC  +  1 . 

Cor.  1 .  Suppose  the  rod  to  be  suspended  from 
a  point  =  £  its  whole  length  from  the  upper  ex- 
tremity, then  n=.3,  and  T:  t ::  y/6  :  s/T> 

Cor.  2.  If  n  =  2,  then.T=/,  as  it  ought  to  do 
consi6tentywith  the  principles  of  Art.  8,  page  113. 

EXAM.  III. 
Let  a  small  weight  W  be  suspended  from  the  ex- 
tremity of  a  rod  {SW)  whose  length  is  (L)  ;  It  is 
required  to  find  at  what  point  another  small  weight  (w)' 
must  be  placed  so  that  the  pendulum  shall  perform 
its  vibrations  in  the  least  time  possible. 

Let  (G)  be  the  center  of  gravity, 
and  (0)  the  center*  of  oscillation  of  the 
two     weights ;     and     let     Sw  =  x,     then 

/l  XT     i.  *\         On  WIJ+.WX* 

(b,   Note,,     page,. 7M0  =  -—^ 

rrL+wx* 
=  ~jtrf  +  wx  ^ a   max*mum>    hence  Iwxi 

.WL  +  wx-wi.  WL%  +  wx*  =  0,  from  which 


lfVLx     WL*  ,       L 


**+ =0,  and  x=—J  W*  +  Ww  -  JV. 

WW  w 

Cor.  Uw=W,  then  x=i.>/T- l,   and   .-.*: 
L  ::  */%—  1  :  1  ::  5  :  12  very  nearly. 

Exam. 


II 


1 

i 


I 


174  VIBRATION  OF  PENDULUMS. 

EXAM.  IV. 

Suppose  a  thin  cylindrical  rod  (^4  a)  to  be  su 
from  the  point  (S),  and  a  weight  {TV)  to  he  p 
its  lower  extremity  (a) ;  What  weight  (x)  1 
placed  at  its  upper  extremity \  that  the  time  oft 
of  the  rod  may  be  the  same  both  with  and  wit 
weights. 

Let  0  be  the  center  of  oscillation  of  the  rod  whe 

it  vibrates  without  the  weights  ;  and  let  Sa= 

L,  SA=  /,  then,  by  Exam.  1 ,  page  117,  S0= 

2  L?  +  P 
'  — — ^;    and  by  the  preceding  example 

the  distance  of  the  center  of  oscillation  from  I 
with  the  weights  (JV,x)  appended  will  be — =F- 

WW     JLt 

hence,  that  the  time  of  vibration  with  and  with 

WL%+l*a: 

weights  may  be  the  same,    ~yj      , —  must  b 

4    2.Z7+77  WL    2.L9  +  P  —  3L.Z? 

to  —  ,  or  x  = x 


3.L%-1*9  /         2.£3  +  /3  +  3/.Z^ 


(*)  Since  Jfand  x  lie  on  different  sides  of  S,  fp+xx 
be  equal  to  WL—  Ix. 


End  op  Pakt  III. 
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AN 

INTRODUCTION 

TO    THE 

STUDY  OF  NATURAL  PHILOSOPHY. 


Part  IV. 

ON  THE  MOTION  OF  BODIES  BY  VARIABLE  FORCES. 


Lecture  XX. 

ON  THE  RECTILINEAR  MOTION  OF  BODIES  BY  VARIABLE 
FORCES ;  AND  ON  THE  VIBRATION  OF  CORDS. 


In  the  preceding  part  of  this  volume,  the  motion  of 
a  body  or  system  of  bodies  has  in  every  case  been 
supposed  to  be  produced  by  the  action  of  constant 
forces  ;  the  relation  of  the  space,  time,  and  velocity, 
therefore,  could  readily  be  obtained  from  the  general 
expressions  in  Art.  2,  page  3.  If  the  force,  varies 
at  every  instant,  these  expressions  are  no  longer 
applicable;  and  that  relation  must  be  ascertained  by  a 
jluxional  process,  the  nature  of  which  we  now  pro- 
ceed to  explain. 

LXVII. 


'1 
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LXVII. 

On  the  method  of  investigating  the  g> 
expression  for  the  velocity  and  time 
body  moving  through  any  given  sfm 
the  action  of  a  variable  force. 
1.  Suppose  a  body  to  be  made  to  descri 
space  AS  by  the  action  of  a  force,  the  inteo 
which  varies  at  every  instant.  Let  the  spaa 
over  which  the  body  has  moved  in  the  tim 
(*)  =  x,  and  let  the  velocity  acquired  at  the  em 
of  that  time ss  v.  Let  F=  the  magnitude  ol 
the  force  acting  at  the  point  D,m==  l6&  feet; 
then  (by  Art.  2,  page  3),  if  a  body  moves 
through  any  space  (x)  by  the  action  of  tins 
force  continued  constant,  the  relation  between 
F,x  and  the  velocity  (v)  will  be '  expressed  bj 
the  equation  v*  =  4mFx,  the j&anon  of  which: 
ImFi.  Take  d  indefinitely  near  to  Z),  s 
Dd=i;  then,  since  the  force  may  be  considi 
constant  through  the  very  small  space  Lid,  thi 
equation  (viz.  vv  =  1mFx)  will  express  the  r 
between  F,  x,  and  v  whilst  the  body  moves  th 
that  small  space1*1;  if  therefore  the  value  of 
each  point  were  assigned  in  terms  of  x,  the  g 
relation  between  F,  x,  and  v,  when  the  ba 
moved  through  any  space  xy  would  be  express 
the  equation  " fluent  of  vv=fluent  oflmFx"  or  ' 
f. 1m  Fir 

(•)  For  ihe  body  moves  through  the  small  space  Di 
precisely  the  fame  circumstances,  whether  the  velocity  (u)  r. 
rated  by  the  action  of  the  constant  force  F,  or  by  the  acti 
uorioik  force  which  (when  the  body  is  at  the  point  D)  is  tq 
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2.  Since  the  velocity  through  the  indefinitely 
small  space  Dd  may  be  considered  as  uniform,  the 

time  of  describing  it  will  be  represented  by  —  or  -  . 

Suppose  therefore   that  v  =  fx°*,   we  shall  have 

*  = — ,  and  t=f —  .     Thus,  both  the  velocity  ac- 

$x  $x 

quired  and  the  time  of  the  body's  motion  through 

any  space  AD  will   be   ascertained  in  all   cases, 

x 
"  when  the  fluents  o{2mF±  and  —  can  be  found/* 

QX 

If  >SD=xx,  then  (since  the  body  moves  in  direction 
AD)  x  decreases  as  v  increases,  therefore  the 
fluxions  of  x  and  v  will  have  different  signs,  and  the 
time  and  velocity  will  be  determined  from  the  equa- 
tions «£  =f.-2mFxr and  «t=f.~.n 
2  $x 

LXVIII. 

On  the  variation  of  the  accelerative  force  of  a 
body  descending  (as  P  in  Lectures  XIV. 
and  XV.)  by  means  of  a  rope  whose  weight 
is  taken  into  consideration. 

In  the  different  machines  adverted  to  in  Lectures 
XIV.  and  XV.  it  is  evident  that  the  moving  Jorce  of 
P  as  it  descends  is  increased  at  every  instant  by  the 
variable  weight  of  that  part  of  the  rope  by  which  it  is 
suspended,  and  that  the  inertia  of  the  mass  moved  is 

increased 


(b)  By  fx  is  meant  any  Junction  of  x,  i.  e.  "  an  expression 
"  involving  only*  and  known  quantities/'  such  m,  "  a9— *«,'' 
"a+bx,"  'V«f+*V  "px+qx*-rx%;9  &c  fcc. 
VOL.  II.  2  A 


u 


n 
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increased  by  the  whole  weight  of  the  rope.  If 
fore  the  weight  of  the  tope  be  so  considers] 
to  render  it  necessary  that  it  should  be  take 
the  account,  the  expressions  for  the  aceel 
Jbrce  of  P  must  be  modified  in  the  foil 
manner. 

1 .  Let  us  first  take  the  case  of  **  a  weight  ( 

"  scending  by  means  of  a  rope  going   over  a 

"  whose  radius  is  (r),  and  at  the  same  time  cc 

"  nicating  a  rotatory  motion  to  a  body  or  sys 

j '  "  bodies  whose  weight  is  (JV),  and  the  disb 

,  /  "  whose  center  of  gyration  from  the  axis  of  n 

1  "  is  (D)."     Let  the  rope  be  of  uniform  thk 

, ;  and  let  its  whole  lengt h  =  I,  its  weight  =  w\  1 

i  a  =  that  part  of  the  rope  which  is  unwound 

'  P  begins  to  descend ;  then  the  weight  of  this 

j  [  the  rope =  — ;  and  if  x  =  the  space  through  w 

descends  in  any  time,  then  —j-  will  be  the  tit 

such  part  of  the  rope  as  will  be  unwound 

time.     Hence    the   moving  force  of  P   after 

descended  through  the  space  x  =  P  +  ~~  +  — 

mass  moved  =  P  +  W  acting  at  the  distance  (1 
the    axis    of  rotation  +  tv'=  (by    Art.  2,    p 

JVD* 

P  +    — j—  +  w'\  .'■   the  accclerative  Jbrce  of 


-l-Pr' 


U 
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2.  If  P  =  o,  i.  e,  "  if  this  rotatory  motion  of  the 
body  or  system  be  produced  merely  by  the  weight 
of  a  very  heavy  rope  or  a  perfectly  flexible  chain 

of  unifbnn  thicks,"  then  ,.  ,g/^.» 

'  l.WI>  +  wr* 

and  this  is  the  force  with  which  every  point  of  the 
rope  or  chain  keeps  continually  descending  tHl  the 
whole  is  unwound. 

3.  Let  us  next  consider  what  change  is  produced 
in  the  accelerative  force  by  taking  the  weight  of  the 
rope  into  consideration,  "  when  a  weight  (P)  draws 
"  up  another  weight  (W)  over  a  fixt  pulley'9  Let 
BJV (=the  difference  of  AP  and^JSTbefore  A. 
P  begins  to  descend)  =  a,  the  length  of  the 
rope  =  /,  its  weight  =  w\  and  the  weight  of 
the  pulley  =  w;  then  the  weight  of  the  part 

BJV—-J-,  and  the  moving  force  with  which 
P  begins  to  descend  =  P  —  W j— .  Whilst 

P  descends  through  any  space  (x)y  W  will    ^ 
ascend   through    the    same    space;    the  difference 

of  the  ropes  AP,  AW  will  therefore  be  increased 

or  diminished  by  a  part  =  2x,  the  weight  of  which 

is  — - — ;    by  this  weight    the    moving    force    of 

P  is  increased,  .'.  when  P  has  descended  through 
the  space  (x)    the  whole    moving*  force   will  be 

P-W 
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Iwx 


r-fr-'-f* 


;  by  Note  a,  page  79.  the  im 
of  the  pvMty=\w ;  hence  t\«  mats  moved  =P+ 1 
£w  +  w\    -•-  the  accelerative  force  of  P(=*l 
w'a     2w'x 
I   +     /         Pl~  IVl-w'a  +  Iw'x 


P-W-- 


P+fr  +  ±w+w  LP+fT+tw  +  w 

4.  Suppose  no  weights  to  be  appended,  to 
chain  BACD  to  pass  freely  over  the  pulley 
Before  the  chain  begins  to  descend 
let  CD=a,  then  the  moving  force  with  A 

which  it  begins  to  descend=-j-;  and  yfl 

when  it  has  descended  through  any 
space  (x),    this    force    will    be    in- 


creased   by 


the  mass  moved  is 


\w  +  w'\   hence  the  accelerative  force 
with    which    the    chain    descends  = 

w'a     1  w'x 


J- 


a  +  2wx 


u 


£w  +  w 

EXAM.  I. 

In  ike  different  cases  of  Rotatory  Motio 
Lecture  XIV,  suppose  P  to  begin  to  descend 
the  edge  of  the  wheel,  wliat  velocity  will  it  hat 
quired  when  it  has  descended  through  the  whole  I 
of  the  rope ,-  and  what  will  be  the  whole  time 
descent? 

1 
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1 .  The  value  of  a  in  the  expression  for  the  accelera- 
tive  force  in  Art.  1 ,  p.  1 78,  is  in  this  case  =  0,  .\  F  = 

-«  67T~rr 

7»;  hence  (Art.  l.p.  176),  vVtxrSmjFi 


r*.Pl  +  w'x 


l.Pr*  +  WD%+w'i*  

2mr\Plx  +  wxx     md  ^Jmr\Plx  +  frdV  ^ 

Amlr*.P +  iw'  %      % 

i  (when  x=  /)  ^  jrrr+vr* ;   "iMcqiiciitly  the 

velocity  of  P  just  at  the  instant  the  whole  r*pe  is 

,         Ir+Jml.P  +  ^w 
unwound  =     ,  *     ,— . 


WW  w     w        w 

r       to 

P/  4/2P/ar       t 

A  /t7    ,      1     w        __ w 

.\  t  =  \  —  x  hyp.  log. pi 

/ 

w 


A/w    ,    .    P/Wtf+^/SP 
(when  jp«/)  V  —  x  h.  1.— < — - 


LA*    I. ■  "        O  > 

n  r 

seconds,  for  Me  wAofe  time  of  the  unwinding  of  the  rope. 

Ex. 

(•)  Having  ascertained  the  velocity  of  P  after  it  has  descended 
through  any  space  (r),  the  ftnear  and  angular  velocities  of  the 
body  or  system  may  be  found  according  to  the  rules  laid  down 
in  Art.  9,  10,  pp.  Gj,  68. 


■XTTIUSKAft  MOTIOS  OF  BODIES 


EXAM-  IL 

A  perftr^i  j£a£r a  dLc^r.-  r  host  lemgtk  «  (/)  cw? 
»'«.  2/  srasfts  mac  a  cyimda-  whmte  weight 
u  JT  sad  roZzLi  *  ;  c  ^ar?  («)  #//&£  c&az*  (jarf 
AglSdcw  ft  Sa2  :**  Gfrisndflr  ix  flttribv)  £r  brkmuk/, 
«^  =r  ii  dka  itfi  ft  VKmr/  iy  zfcr  on  *rigkt ;  h 

cidx  leave  At  cy&mder? 


Tinsiszaseof  Art.2.  p.l70,wbcreF=:^ 


■ *     . 


bet  snoe  hi  the  mimder  D=r*/i9  *^2>*=A/^r, 


.     a«g'.laxri'  4/     2na-'  , 

*  2nr'        N/2ax  +  x** 

,   r  =  v/qg^x  q+x-,v/2or+x' 

2ot*  -r      fc  a  > 

=  (whenx=/-a,.V  — —  x  h.  I. ^— 

2  ma  a 

seconds,    for   the    time    in   which   the    chain   wilt 
unwind  itself. 

EXAM.  III. 

Two  weights  P  and  IV  are  connected  together  by  a 
rope  whose  length  is  (/)  and  weight  (w)  ;  P  draws  up 
W  through  the  whole  length  of  the  rope,  over  a  Jut 
pulley  whose  weight  is  (w)  ;  In  what  time  will  this  be 
effected  > 

In 
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In  this  case  (since  P  begins  to  descend  from  the 
pulley  A)  a  will  be  equal  to  /;  the  expression,  there- 
fore, in  Art.  3,  p.  179,  becomes  Pl^lZ^t^. 

To  simplify  the  operation, 
Let  PI- fFl-tv'l    =  nw\ 
and  /. P  +  W+  \w  +  w'  =  qw9 

nw'  +  ltux    n  +  2x 


then  F  = 


qw 


i                            ™.     2m.nx  +  2xx 
hence  vv=  2mFx  = ,, 


•     %     Am.nx  +  x* 
and  v%  =  


- 9 

=*=\/jL  x 


v      w    Am     y/nx  +  x*' 

and  t  -  .  \/Ixh.l.  i*  +  *+y»*±£ 

Am  ±n 

=(when  *=  /)  \f±-  x  h.  I.  J**1**/***':  second, 
v  T    Am  \n 

for  the  whole  time  of  P\s  descent. 

EXAM.  IV. 

A  perfectly  flexible  chain  ivhose  length  is  (I)  and 
weight  (w')  is  suspended  over  aflxt  pullet/  whose  weight 
is  (w) ;  one  end  hangs  (a)  inches  helow  the  other 
when  it  begins  to  descend ;  How  long  will  the  chain  be 
in  passing  over  the  pulley  ? 

By  Art.  4,  p.  180,  F=  , 

lAw+w 


n>     2mw'.ax  x2xx 

vv  =2mFx= ■    , —  ; 

/.$  w  +  w 

and 


-tV'IZ  _cy  —  sr 


*=\ 


f--—-~- 


z=\f   i*-*  .  'z\S*-*-y^L=± 


*■*.*  -r* 


<*  y        4ts  c 


•^     V    — ,4    «<«*-. 


thenfaeof  t,  ihercibre.  is  in  this 
of  the  nx^ii  of  the  chain-  Let  ks  fc«^fc  be 
300  aches.  sod  let  a=4  inches  ;  then  fsxrt 
*=  !0f,  /**r=  1G3  £&:*£*;  ^e  hare 


/  *  — 


=  .*>23  x  2.3023  x  log.  Up.pQ 
=  3.1203  seconds. 

LXYIII. 

Ow  /Ae  variation  of  the  accelerai ire  force  nhen 
one  weight  acts  obliquely  upon  another  om 
ajixt  pulley,  the  weight  of  the  rope  and  the 
inertia  of  the  pulley  not  being  taken  into  the 
consideration. 

l.  Let 


BY  VARIABLE  FORCES. 


185 


1 .  Let  the  weight  W  descend  against  the  action 
of  the  two  equal  weights  P,  P  appended  to  it  by  a 
string  going  over  the  fixed  pulleys  A9B.  On  account 
of  the  equality  of  the  weights  P,  P,  it  is  evident 
that  W  will  be  similarly  situated  with  respect  to 


the  pulleys ;  if  therefore  WD  be  drawn  per- 
pendicular to  AB9  it  will  bisect  itj  let  AD=a, 
DW=zx.  By  the  resolution  of  forces,  the  moving 
force  of  P  as  opposed  to  W :  its  weight  (P)  : :  DW 
:  AW  ::  x  :  *Ja*  +  x*\  hence  the  moving  force 

Px 

of  P =     j      i  ■    ;  for  the  same  reason  the  moving 

Ja*  +  x*  * 

Px 

force    of  P/  =     i   .    ■  i. ;    since   therefore   P  +  P 


a* -fa?* 

=  2P,  the  moving  force  of  the  two  weights  P,  P 

IP 
as  opposed  to  W=    7  tt  The  moving  force 


a*  +  x* 

of  W  is  its   own  weight,  hence  the  moving  force 

iPx 
with  which   W  actually  descends  =  W ■ 

9  ^Jlf  +  X** 

and  as  the  mass  moved  =2P  +  W,  the  accelerative 
1 


'""-ittr^-^h 


1.  Let 
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2.  Let  t/:=  the  velocity  of  /Fat  the  distance  DW 
(x)  from  the  horizontal  line  AB>  supposing  that  it 
descended  along  that  line  by  the  action  of  this  aoce- 
lerative  force  (F),  and  that  it  suffered  no  alteration 
of  its  velocity  from  the  circumstances  under  which 
it  is  placed  by  its  connection  with  the  weights  P,  P ; 

then   vvas2mFi=—si — 7Tj..PVx— 


/.  w9= 


Am 


2P+  IV'  Wx  ""  2p*Ja* +  x*  +  Cor*. ; 

and  if  £  =  the  distance  of  W  from  the  line  4B 
when  the  bodies  begin  to  move,  then 

4 171  '  '   '  k*    '"  M    !/ 

^iP+jP  Wb-lPJa'  +  b  *+Cor. 
•\  the  fluent  properly  corrected  is, 


4m 


put  >N/a*-hfc*  =  c,  and  Vat  +  ^  M^)=y  ;  then 

V:=_^/4mfV.x-b—%Pm.y—c 
V  2P+/F 

3.  We  have  thus  obtained  an  expression 
for  the  velocity  of  J^,  supposing  it  to  descend 
along  the  line  DW  by    the    action    of    a   force 

represented  by  ^r^—urW /  Q       ■;    but  since 

this  is  also  the  force  by  which  P  or  F  ascend 
in  a  perpendicular  direction,  the  velocity  with 
which    they  ascend    will    also    be    expressed    by 

the 
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the  quantity  \J  *™W.x-b-<LPm.y-c        Nqw 

it  appears  that  the  velocity  of  Wat  every  instant  of 
its  descent  is  greater  than  the  velocity  of  P  or  P*,  in 
the  ratio  of  AW :  DW.  For  let  AWB,AwB,  be 
two  positions  of  /F  indefinitely  near  to  each  other, 
and  let  fall  the  perpendiculars  Wr,  Ws  upon  Aw%  Bw, 

A  D  B 


then  Ww,  rw,  sw,  are  the  contemporaneous  incre- 
ments of  DW>  AW%  BW  respectively.  Hence  the 
velocity  with  which  factually  descends  :  velocity 
with  which  P  or  P*  ascends  (v)  ::  Ww  :  rw  or  sw 
::  (by  sim.  A*)  AW:  DW ::  y  :  x  ;  .\  the  actual 
velocity  of  Wat  the  distance  DW  from  the  horizontal 

in    vy      K/  AmW.x—b-SPm.y  —  c 
x     J  2P  +  W.x* 


W 

4.  Let  -T5=n,  then  4mW=8Pmn;  and  2P+W 
IP  

=  lP  +  lPn  =  ilP.n  +  1 ;    this  expression  for  the 
velocity  of  /P  may  therefore  be  transformed  into 
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$Pmn.x-b-8Pn 


I  s/Amn.^b~Am.V--ei   ^^ 

n+l.x* 

comparison  will  be  found  to  agree  with  the 
pression  for  the  velocity  of  the  descending 
as    it    stands    iti    Cor.  I.    Prob.  III.    page  131 

Thomas  Simpson's  Miscellaneous  Tracts>  Ed.  1 75 

5.  This  expression  for  the  velocity  of  /T'bect 
equal  to  O,  when 

Amn.  x—  b  =  4m.  y  —  c 
Or  n.x—b  =  u  —  c 
.*,  n.x~  i  +  c=y  = 
and  n'.x  —  [■>}'  +  1nc.x  —  b  =  x*  —  h*. 
Heace  »'.*  — i  +  2»c=jr +i 
5  or  1  — n'.«aeanc— i +»*.» 

2ne-1  +  h*.$" 


.'.  X* 


1-n' 


fore  the  value  of  n  be  such  that  this  expression 
is  a  real  and  positive  quantity,  then  the  weight  B 


descend  to  the  distance 


2nc—  l+n*.b 


from  the 


AB,  where  its  velocity  will  again  become  t 
to  nothing.     If  6  =  0  (in  which  case    c  =  a), 
itb-t— -,m  -^    -AD,  which  gives  the  lowestf 

at  which  W  will  arrive  when  it  begins  to  det 
from  the  point  D. 
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6.  If  n=  1,  or  ffr=2P,  then  the  value  of  x  is 
infinite,  which  shews  that  when  the  weight  fFis 
equal  to  the  sum  of  the  two  weights  P,iy,  there 
will  be  no  limit  to  its  descent. 

7.  If  n  be  greater  than  one,  or  /^greater  than 
2P,  then  the  value  of  x  becomes  negative,  in  which 
case  the  problem  is  impossible. 

8.  It  is  therefore  only  when  n  is  less  than  one, 
or  fV\ess  than  2P,  that  there  will  be  two  points  at 
which  the  velocity  of  W  is  equal  to  0,  and  these  will 

be  at  the  distances  b  and — —  from  the 

1  —  n* 

line  AB.     Somewhere  between  those  two  points, 
therefore,  its  velocity  will  be  maximum. 

Q.  Now  is  evident  that  the  velocity  of  /if  will  be 
a  maximum,  when  the  velocity  of  P    or  P*  is  a 
maximum  ;  by  Art.  2, 
Am 


v*= 


*±m  ====^  i,. ,     _ = 

2P+  W'W.x-b-lP.y/a*  +  x*-*Ja%  +  b\ 

2Pxx 

which   is   a    maximum    when    Wx ■======  o, 

A^/a^  +  x* 

or  JV=    .  But  since  fr ,  a  is  the 

s/a*  +  *«  Va*  +  ** 

expression  for  the  moving  force,  this  force  will  be 

iPx 

equal  to  0,  when   W=    / — ==-•  .       Hence     the 

velocity 
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velocity  is  a  maximum  at  the  point  of  equili 
of  the  three  bodies.     That  point-  must  thei 

always  lie  between  the  distances  b  and  

from  the  line  AB. 

10.  From  which  it  follows,  I.  That  if  the  ori 

2i 
position  of  the  bodies  be  such  that  fV^  —^ 


a 
or  W  :  2P  ::  **:   */^  +  £%  ::   DW  :   Ah 

motion  would  ensue,  but  the  system  would  re 

in  equilibrio.      II.  If  the  distance    b    is  such 

/f  begins  to  move  from  a  point  which  is  aim 

point  of  equilibrium,  then  it  will  descend  to 

distance  ——5 — —  before  its   velocity  ii 

stroyed  ;  from  this  point  it  will  ascend  till  it  c 

to   the  distance   b>    from   which    it    will    beg 

descend  again,   and    so  go   on    ascending   anc 

scending  continually.      III.    Lastly,    if   jy  b 

to  move  from  a  poipt  below  the  point  of  equilih 

(whose  distance  from  AB  is  b),  then  it  will  a 

•11    -.                ±     ^      i-  .           Inc—  1  +n*.b 
till  it  comes  to  the  distance . 

1-7** 

then  descend  again  to  the  distance   b,  and  s< 
on  ascending  and  descending  as  before. 
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LXIX. 

On  the  Vibration  of  Cords. 
J.  Let  ACB  represent  a  cord  of  inconsiderable 
weight,  fixed  at 
the  point  J5, 
but  going  over 
a  s^mall  pulley 
at^/;  ar\d.  sup- 
pose a  small 
weight  (w)  to 
be  attached  to  the  middle  point  (C)  of  the  cord.  Let 
the  Cord  be  brought  into  the  successive  positions 
AwB,  Aw'B,  &c.  by  the  action  of  some  force  in 
the  direction  CE  perpendicular,  to  ABf  and  let  P 
be  the  weight  which  keeps  th^t  force  in  equilibrio.(W 
Complete  the  parallelograms  Aq  Bw,  Aq  Bw\  &c. 
then,  when  the  cord  is  in  the  position  AwB,  the 
three  forces  which  keep  the  weight  (w)  in  equilibrio 
are  represented  in  quantity  and  direction  by  w  A,  wq 
and  wB,  of -which  wA  represents  the  tveight  P,  wq 
the  force  acting  in  the  direction  CE,  and  wB  the  re- 
action  of  the  hook  B;   hence  the  force  in  direction 

CE  (?)  :  P  ::wq  :  wA9  .\  ?  = — ~2^;  fort^esflme 

reason,  when  the  cord  is  in  the  position  AwB,  the 

ir  x  w  q 
force  in  direction   CE   (<?')  = j-Zt      ;    &c,   &c. ; 

J  v   '         wA 

consequently    the    force   which    would    keep    the 

weights 

(b)  i.  e.  let  P  represent  the  tension  of  the  cord,  which  may  be 
considered  as  the  same  in  all  the  positions  Aw  B,  Aw1 B,  &c. 
without  any  material  error. 


'* 
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weights  P,  w  in  gquilibrio  in  the  successive  posil 
AwB,  Aw'B,  Sec,  is  a  variable  one  ;  being  0  at 
point  C,  arid  increasmgcontinuallyfrarn  Ctowan 

1.  Suppose  the  cord  to  be  brough  t  only  to  a  very  i 
distance  out  of  its  original  position  ACB,  then 
Aw ',  tec.  may  each  be  considered  as  equal  to  £. 
and  since  q  to,  q'*>',  Ice  are  respectively  eq  ual  to  '. 

1  Cw'T  tic.  we  have  in  this  case  p  =  — -j-^- 
„     iP  x  Cw'         .         .       .-_  .  „  If J 

r=    j-jd —  **•  *&•  *  '• e-  """y  variable dist 

(Cm)  from  the  point  C  be  called  x,  and  A) 
then  the  force  which  keeps  the  weights  P, 

equilibrio  at  that  point  may  be  expressed  by  ■ 
=  — -7-.  Let  us  now  suppose  the  action  of 
force  to  cease,  then  the  weight  (wj  will  be  d 
towards  the  point  Cby  a  moving  force  which  at  ■ 

APx 
point  of  the  line  CI  is  equal  to  — -. —  ,    and   a; 

weight  moved  is  (m),  the  accelerative  Jbrce  • 
which  (w)  is  drawn  towards  /  is  equal  to ~  ( 

3.  Let  E  be  the  point  to  which  (w)  is  drawn 
the  line  AB  before  the  action  of  the  force  (»)  ce 
and  let  CE  =  ai  then,  to  find  the  velocity  with  « 
the  weight  (in)  approaches  the  point   C,    we 

vv=  ~2mFr=! — ■ — ,  ori/'  = - +  ( 

for  the  velocity  at   the  point  to;  but  when  i 

-J      

-.a'—  x*    when    the    fluen 
pro! 


*  =  a, 


8m  P 
wl 
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properly  corrected.    Hence  v  =  y  — j-  x  ^/a*  —  x* 

=(whenff=0)\/  — ^-  x  a  for  *Ae  velocity  of  the  point 

C;  and  with  the  velocity  thus  acquired  the  weight 
(70)  would  go  on  to  describe  CF=  CE  (on  the  other 
side  of  AB)  before  its  velocity  in  the  direction  EF 
is  destroyed.  < 

4.  To  find  the  time  in  which  (w)  moves  through 
the  space  E  F,  we  have, 

*== — =  \/  • x      §  ~ 

v       v    SmP     ^a9-**, 

/.  *  =  \/  - — pxcir. arc,  whose rad.  is  1, and  cos.  =  °?-; 
and  when  #=0, 

=  (if  ^-=3.141   &c.)  Vt: — ox  —  seconds 

Y    SmP      2 

for    the    time    of  describing    EC;    consequently 

the  time   of  describing   EF  (  =  2/)  =  V  7 — p  x  *" 

seconds.  It  may  here  be  observed,  that  the  quantity 
(a)  does  not  enter  into  the  expression  for  the  value 
of  t ;  if  therefore  (w)  had  begun  to  move  from  the 
points  to,  w',  &c.  then  the  times  of  describing 
qwy  qw\  &c.  would  have  been  the  same  as  the 
time  of  describing  EF;  from  whatever  point,  there- 
fore, the  weight  (w)  begins  to  vibrate  (provided  that 
vol.  11.  2  c  th$ 


=r  x  auadrant  whose  radius  1 

SmP     * 


1 


II 


!/ 


■»»  < 
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the  whole  space  through  which  it  vibrates  be 
II  small)  the  time  of  one  vibration  will  be  eqi] 

W        b  x  t  seconds ;    and  if  n  as  the  numb 

v    8m  r  m  /  ■     , 

vibrations  in  l",  then  n£*l,  orn=-«  V/ 

5.  Let  us  now  suppose  ACB  to  be  an  < 
cord,  whose  weight  is  (w) ;  then  the  manner  in  \ 
this  cord  will  perform  its  vibrations  is  very  si 
to  that  of  the  weight  (w)  attached  to  the  n 
point  (Cj  of  the  cord,  when  the  cord  is  w* 
weight.  For  let  this  elastic  cord  be  brought  in1 
position  AwB  by  some  force  ($)  acting  in 
direction  CE>  and  let  the  tension  of  the  cord 
the  force  with  which  it  tends  to  restore  itself 
former  position  ACB)  be  equivalent  to  the  weigh 
then  the  magnitude  of  this  force  (p )  at  the  poin 

will  be  represented  by    - —  a$  before;   and  ' 

the  force  (f)   ceases  to  act,   the  moving  force 

which  the  middle  point  of  the  cord  approache 

4  Px 
point  C  will  be  equal  to  — : — «.     With  respect  t 

mass  moved,  although  its  weight  is  in  each  case 
same  (viz.  the  weight  w),  its  inertia  will  be  less  ir 
present  case  than  in  the  former ;  for  in  the  foi 
case  each  particle  of  the  weight  (tv)  moves  over 
same  space  in  the  time  (/),  but  in  the  latter  (* 
the  weight  w  is  spread  through  the  whole  lengt 
the    cord)    the   several    particles   of    which    i 

comp 


u 
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composed  move  in  that  time  over  spaces  con- 
tinually decreasing  from  E  towards  A  or  B,  and 
consequently  with  a  velocity  continually  diminished. 
Suppose  therefore  that  the  inertia  of  (w)  in  this 
present  case  =  9^  (where  q  is  some  proper  fraction), 
then  the  accelerative  force  with  which  the  middle 

point  of  the  cord  approaches  towards   C  will  be 

APx 

measured  by r . 

J   qwl 

6.  If  the  quantity  (q)  be  considered  as  constant 
(which  it  may  be  without  any  material  error  for  cords 
of  different  lengths  and  weights,  provided  that  they 
be  composed  of  the  same  materials  uniformly 
disposed),  then  the  time  of  one  vibrtuion  of  this 
elastic  cord  will  be  found,  by  a  process  similar  to  that 

in  Art.  3  and  4,  to  be  equal  to  v  J    D  x  *  seconds; 

7  ^  r    8mF 

and  the  number  of  vibrations  in  l"  will  be  equal  to 

V  r  *  -  •     Hence,  since  q>  m  and  sr  are  con- 

r     qwl     *  T 

stant  quantities,  the  times  of  vibration  of  elastic  cords 

of  different   lengths    (I)  and  weights  (u/),   when 

stretched  by   different   forces    (P),   will   vary   as 

V  -5-;  and  the  number  of  vibrations  in  l"  will  vary 


P 


as 


wl 


7.  Let 
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7.  Let  d=  the  diameter  of  a  cylindrical  cord ;  then, 
supposing  it  to  be  of  uniform  density,  its  weight  (w) 
will  be  measured  by  *ld\  which  varies  as  Id9;  in 
cylindrical  cords,  therefore,  composed  of  the  same 


I'd* 


materials,  the  times  of  vibration  will  vary  as 

Id         ,       ■  ^      p 

or  as     yi    ;  and  the  number  of  vibrations  ml"  will 


fp 

vary  as  ^y-r- .     Hence,  when  the  cords  are  stretched 

by  the  same  forces,  the  times  of  vibration  will  be  as 
their  lengths  and  diameters  conjointly ;  in  cords  o( 
the  same  length,  these  times  will  be  as  their  dia- 
meters ;  and  in  cords  of  the  same  diameter,  as  their 
lengths.  If  the  cords  be  stretched  by  different  forces 
then,  in  the  same  cord,  the  times  of  vibration  will  be 
in  an  inverse  sub-duplicate  ratio  of  the  forces ;  in 
cords  of  the  same  length,  they  will  be  in  a  direct 
ratio  of  the  diameters  and  an  inverse  sub-duplicate 
ratio  of  the  forces ;  and  in  cords  of  the  same  dia- 
meter, they  will  be  directly  as  their  lengths  and  ii 
an  inverse  sub-duplicate  ratio  of  the  forces.  The 
number  of.  vibrations  in  l"  are  as  these  respective 
ratios  taken  inversely. 


For 
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For  the  further  illustration  of  this  subject, 
the  Reader  is  referred  to  the  4  th  Section  of 
Mr.  Atwood's  Treatise  on  the  Rectilinear  Motion 
and  Rotation  of  Bodies,  •  and  to  the  Authors  men- 
tioned  in  the  margin  of  that  work. 


i« 
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Lecture  XX£. 

ON  THE  MOTION  OF  BODIES  IN  CYCLOIDA 

AND  CIRCULAB.  ARCS. 


In  the  XlXth  Lecture  we  compared  the  time 
a  vibration  in  a  cycloid  with  the  time  of  a  bod 
falling  down    the  axis  of  the  cycloid.      We  u 
proceed  to  find  the  actual  times  of  vibration 
only  in  cycloidal  but  also  in  circular  arcs,  from 
|f  principles  laid  down  in  the  last  Lecture. 


LXX. 

i 

1      ! 


On  the  times  of  vibration  in  Cycloidal  Art 

1 .  Let  A  VB  be  a  cycloid,  in  which  a  body  ( 
h  \  suspended  from  the  point  S,  performs  its  vibrati 

between  the  two  semi-cycloids-  SA,  SB,  in 
manner  described  in  Art,  4,  page  156.  Lei 
/  begin  its  vibrations  from  the  point  E9  and  let 
be  any  very  small  arc  described  in  the  course  of 
descent  from  E  to  the  lowest  point  V i  di 
EFy  PN,pn  parallel  to  the  base  (AB)  of  the  cycle 
and  join  CM,Cm,Mr,mr.     Let  C V   (the  c 

me 
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meter    of  the    generating   circle)    »  d,  FV—  a, 

NT=x;    then  FN  =  a  -  x,  MF=  sjQV*NF 

s 


=  y/dx.  Now  by  Propy  III,  page  1 54,  the  cydoidxd 
arc  PF^  twice  the  chord  MV~  2  s/ dx;  let  EP  «  z, 
then  EVzs.  z+PF]  and  since  EFis  a  constant  quan- 

.    tity  *+P>=0,  /.  z=-the  fluxion  of  PV^-  ^d'X 


The  velocity  down  EP  (v)  =  the  velocity  down  jFW 

=  x/4m  xFN=y/4m.a^x;   if  therefore  *  =  the 
<iwe  down  £P,  we  shall  have 


sj  d  x 

■=r  X 


2 N/i- 


# 


sj x      sj Am.a—x^     v   4m    s/ax—x*' 

and  *=  —  V  —  x  cir.  arc,  rad.  =  l,  ver.  sin.^— +Corn; 
v    4m  K  ta 

But  when  t  =  O,  x = a, 

.\0=— V — xcirc.  arc.  rad.=rl,ver.  sin.  =  2,  +Cor\ 
r    4m 

=  -  V  -     x  semicircle,  rad.  =  1 ,  +  Cor\ 
r    4m 

=  (if w=3 .  I4l6,«ec.)— \/~x w+  C,orC=  V  JJX *. 

The 
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The  fluent  properly  corrected  therefore,  is 


*  =  \f  —  x  *  —  cir.  arc,  radius  1 ,  versed  sine  — 
v    Am  4a 


x=o)\/.d 


=  (when  #=0)  V/  - —  x  ir 

Am 


=  the  time  of  descent  through  the  cycloidal  arc  £ 
consequently 

thewhole  time  of one  vibration^  l/  _fLx  2t=\/-o 


XI 

m 


2.  Since  the  quantity  (a)  does  not  enter  into  ttej 
value  of  (0f  it  is  evident  that  the  times  of  vibratiotl 
will  be  the  same  from  whatever  point  of  the  cycloil 
the  body  (P)  begins  to  vibrate.     Moreover,  since 

the  time  down  the  axis  CV=  V  — ,  we  have  the 

m 

time  of  a  vibration  :  the  time  down  the  axis  : :  V  - 

x  **  :  V/  —  ::*•:  1  : '  the  circumference  of  a  c\rd< 

:  its  diameter,  which  coincides  with  what  was  prove 
in  Art.  5,  page  J  58. 

LXXL 

On  the  method  of  finding  the  actual  times  o 

Vibration  in  Circular  Arcs. 

1.  Let  the  small  body  (P)  vibrating  in  the  ci 

cular  arc  EFG,  begin  its  oscillations  from  the  poii 

E;  let  Pr=z,  NV=  x,  FF=  a,  Pp  =  s,  SP  ■ 

5 
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rx 


.    Let   f=the  time 


;    SF=zr9   then   £  =     > 

y/2rx  —  x* 

1    through J5P,  v  =  the  velocity  in  the  point  P,  then 


E 


s 
v 

N                       / 

PX/ 

^^v 

t  = 


v=*J  Am  x  FN=+JAm.a  —  x9  and 
—  i  —rx  1 


v 


*J1rx  —  x       v  4m.a  —  x 
r  x  1 


sj  Am      +/ax  —  x*      \flr-x 
(for  */2rx—x*=x*>/2r  —  x) ;   hence 


j? 


x  l+-r-+r-r-i+&c. 


4m     \/ax  —  x9     splr         '  Ar    32r 

by  expanding 

y      r  sj2r-x 


into  a  series. 


2.  Let 


x 


sjax  —  tf 


=  A; 


then,  since     7=  x 

4th     */2r 


^27-       v    8m' 


we  have 


v    8m  4r        32r* 


VOL.  II. 


2D 


therefore 


I' 


\ 


V 


1 
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(where  P  =  */ax-x\  Qzzxs/ajc  —  a?,  hoc  &c.) 

Now  when  *  =  0,  a?s=a,  .\  P  =  0,  Q  =  0,  &a;  anc 
at  the  same  time, 

d\=f'  /     _  t=circ.  arc,  whose  rod.  isl,  ver.sin.r 

=  a  semicircle  whose  radius  is  1  =  *  ; 
hence 

~         ▲  /  r  at      OaV 

0=  -y  ~_xt  +  — -  +  f-s-s+&c. + 


8r     256r 


Cor«. 


Ik 


(*)  Assume  \/ax—x9=P, 


then 


i^£*=P, 


Vax— 


and 


aar— x" 
**  aA-%P 


xA      rtaA—2P     aA—2P 


•■•  ^17=/ 


8r 


8r 


Again,  let  ar  \/a  ar— ara=  ^), 


.       4  axx— 2jr9.x 
then 


and 


._3aar^-2Q_3aV  — gag— 4  r> 

Vaa:— x*  4  ~~  8  * 

"^•32r*    y  256>*  "  256r* 

In  the  same  manner,  the  fluent  of  the  nth  term  of  the  ser 
might  be  found  in  functions  of  the  preceding  ones,  by  assumii 
£*""  X  vax—x9=:R,  5cc.j  but  when  the  arcs  in  which  the  pe 
dulum  vibrates  are  small,  this  series  converges  so  fast  that  tfo 
terms  are  amply  sufficient  for  all  ordinary  purposes. 


i 
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The  fluent,  therefore,  when  properly  corrected,  is 
=V  —  x«-xi+—  +  J^Lj.+fcc.  (when  #=0,  and  con- 

8  hi  8r     250' 

quently  A,  P,  Q,  &c.  eaeh=o)  for  the  time  of  descent 
down  the  arc  E  Vi  .'.  the  whole  time  of  one  vibrations 


\Tk 


r  a        Oa1 

— -  x  2*  x  1  +  — ■  +  TZ7T3  +  &c* 
8m  8r     250r* 


3.  If  the  arcs  be  so  very  small  that  the  versed  sine 
(a)  may  be  entirely  rejected  with  respect  to  the 

radius  (r),  then  the  time  of  a  vibrational/  JL 

8m 

x  2t  =  (if  r  =  2rf)\/^  x  2*  =  \f^  x  it  =  the 

T    Am  m 

time  of  a  vibration  in  a  cycloid  whose  axis  is  d  or  £r 
(Art.  1,  p.  200).  The  time  of  oscillation  therefore 
in  a  very  small  circular  arc  is  the  same  as  the  time 
of  oscillation  in  a  cycloid  whose  axis  is  equal  to 
\  the  length  of  the  string  by  which  the  body  is 
suspended ;  this  confirms  what  was  said  in  Art.  5, 
page  158    .  4  If 

(b)  In  these  very  small  arcs,  the  time  of  descent  down  EV 
=\  /  - —  x  t.    Now  the  time  down  the  chords  the  time  down 

the  diameter  of  a  circle  =  i  /  — .    Hence  the  time  down  a 

y    m 

very  small  circular  arc  :  the  time  down  the  corresponding  cord 

::  \/  7T"  Xr  :  \/  —  ::  r  4/  -  :  ^f%\\  w  :  4  ::  the  cir- 
V    Sm  V    m  V    8     v 

cumference  of  a  circle  :  four  of  its  diameters. 
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4.  If  the  length  of  the  arc  through  which  the 
pendulum  vibrates  be  such  that  all  the  terms  of  the 
series  except  the  two  first  may  be  rejected,   then  tie 


sfc 


time  of  a  vibration  =  V  7~x2rx  l-\ ;  and  con- 

8m  8r 

sequently,  the  time  of  a  vibration  in   a  circular  an 

whose  radius  is  (r)  :  the  time  of  a  vibration  in  a 

cycloid  whose  axis  =  £r  ::  1  +  —  :  l .      Let  the  arc 

through  which  the  pendulum  vibrates  on  each  side 
the  lowest  point  be  2°,  then  a  =  versed  sine  of  f 

~  a 


-7S555  nCarly;  •'•SriSilV  *»  "»"*»« 
less  than  2°,  this  difference  will  be  still  less  ;  so  that 
if  the  whole  arc  through  which  a  pendulum  vibrates 
does  not  exceed  4°,  it  may  without  any  material  error 
be  considered  as  oscillating  in  a  cycloid,  and  con- 
sequently all  its  oscillations  will  be  performed  in 
the  same  time,  whether  it  vibrate  in  a  greater  or  a 
lesser  arc  within  this  limit. 

5.  Let  ^=the  arc  whose  versed  sine  is   (a),  then 

(supposing  the  arc  to  be  rery  small)  a  =  — -     .  ami 

1r     ' 

if  n  =  the   number  of  degrees  in   this    arc     then 

A: 


(a)  For  the  versed  sine  of  an  arc=C,.or  —  ;  but  if  the  arc  be 

diarar 

very  small,  then  the  chord  is  equal  to  the  arc,  .\  fl=-?rc[*  =_ . 

diamr     2r 
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*      J    ^  „a~  a       1*™  A*      2ir*rh* 

A\  2vr  ::  n:  300,  or^r  = — ~->  .'.  a  = —  = 
*  360'  2r     l^fo)* 

=  (for  w=3.14l6&c.)   g  ^-   very   nearly;    hence 

1     a         n* 


—the  variation  in  an  arc  of  n  degrees.  For 
the  same  reason,  the  variation  in  an  arc  of  N  degrees 
=  ;    consequently   the    variation    for    N—n 

0  2/0  2\) 

iV2-n9 
degrees  is  ■- ;  if  therefore  the  pendulum  keeps 

O  2/0  2\J 

true  time  when  it  oscillates  through  n  degrees,  the 
error  arising  from  its  vibrating  through  N  degrees 

will  be  of  the  time  of  one  vibration.     For 

instance,   if  a    pendulum   which   oscillates  seconds 
keeps  true  time  when  it  vibrates  through  an  arc  of  2° 

on  each  side  the  vertical   line,   then  if  it  vibrates 

3*  —  2f  5 

through  an  arc  of  3°,  it  will  lose = 

&  52520      52520 

1  ,  60  x  60  x  24 

every    second,    or    =8.2  = 


10504  *  10504 

about  8"  in  a  day.     If  it  be  made  to  vibrate  through 

an  arc  of  2°.  10'  on  each  side  the  vertical,  then  it 

.„  ,  ,    2.l6&c>-29     .665  &c.  .  . 

will  lose  only =   m****    in  a  second. 

J  52520  52520  \ 

.  60x60x24x  .665&C.       ,~  ... 

i.  e. &„g/w% (or  about  one  second)  in 

52520  v  ' 

a  day.  - 

LXXII. 
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LXXII. 

On  the  angular  Motion  of  two  bodies  suspend 
from  the  extremities  of  the  arms  of 
straight  Lever. 

I ,  Let  A CB  be  a  straight  lever  (of  inconsideral 
weight)  moveable  about  a  fulcrum  (or  pivot)  at  C,  a 


from  the  extremities  of  its  arms  CA,  CB>  let 
weights  P,  W  be  suspended.  Draw  /3  C  B"  at  ri 
angles  to  ACB,  and  complete  the  paraileJogr 
APEC\  then,  whilst  the  lever  moves  from  i 
horizontal  position  jB  CA  to  the  vertical  one  /5  ( 
the  weight  P  will  describe  the  circular  arc  PF. 

wh< 
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whose  radius  is  EP  or  CA,  and  center  E;  see 
i  Exam.  8,  page  247,  Vol.  ].  Let  AC=r>  JBC=c; 
i  and  when  the  lever  is  in  the  position  aCB,  let  P'N 

(the  sine  of  the  angle  PE  P*)  =  x.    In  the  lwrizontal 

position  (ACB)  of  the  lever,   the  weight  which 

1  ....     Wt 

,   would  keep  the  weight  W  in  equilibrio  is  — *; 

.'.  the  moving  force  with  which  P  has  a  tendency 

Wt     Pr-Wt 
to  descend  from  this  position  is  P = ; 


Wi 


•  • 


the 


the  inertia  of  W  as  opposed  to  P= 

mass  moved  =  P  +  ^*  =  ^lli^il;   hence  the 

r*  r* 

accelerative  force  with  which  i*  begins  to  descend 

Pr-fFj  r%  Pr*-Wrt 

r         X  Pr*+W?~  Pr*+Wt* 


:.=*< 


Now 


the  accelerative  force  in  the  circular  arc  at  P  (?)  : 
the  force  at  F  (F)  ::  EP* :  £A^  ::  r  :  V^-*** 

therefore 


(•)  The  acceleraiive  force  with  which  a  heavy  body  describes 
the  quadrantal  arc  P^P"  varies  as  the  cosine  of  the  angle  PEF. 
For  let  FR  represent  the  gravity  of    p         N_  E 

the  body,  and  resolve  it  into  PM' 
perpendicular  and  MR  parallel  to 
EF;  then  FM  is  that  part  of  gravity 
which  accelerates  the  motion  of  the 
body  in  the  curve  j  /.  the  gravity  of 
the  body  (l)  :  accelerative  force  in 
the  curve  (F)  : :  FR  :  PM'  : :  (by 

Sim.  A»)  EF  :  EN,    /.f=i?^ 

which  varies  as  EN,  EP' being  con- 
j/an/.  For  this  reason,  the  accelerative  force  (?)/  with  which 
the  weight  (P)  begins  to  descend  from  the  horizontal  position  EP, 
will  be  diminished  at  any  point  (F)  in  the  ratio  of  EN :  EF. 
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.jp^z^L ;    and   this   is    the  variable  fora| 

with  which  the  weight  (P)   describes  the 
arc  PPT". 


2.  Let  Pp  be  any  very  small    part  of  the  arc: 
draw  pn  parallel  to  PN,  and  Po  parallel  to  H 


let  PF=z,  then  P/>  =  £=    ,  m  Let  r= 

velocity  generated  in  the  point  F  by  the  force  (f* 
acting  along  the  arc  PP'p,  then 

V  r        ,  and  s-^^J 

*s/r*  -  x*  ri 

2wx-2: x     ,         . 

r  V^  —  ^ 

.-.  v*=4m?x,andtfe2N/ro?.r=  (when  x  ==  r)  2>/»* 
Hence  (by  Art.  2,  page  3),  the  velocity  at  any  pobul 
is  equal  to  the  velocity  which  a  body  would  acquit 
by  falling  perpendicularly  through  the  space  (x)  bj 
the  action  of  the  constant  force  (?)  ;  and  when  tfe 
lever  has  descended  from  its  horizontal  position  BO 
to  the  vertical  one  /3C*,  the  velocity  of  the  wtitf 
P  (in  an  horizontal  direction)  is  equal  to  ft 
velocity  which  a  body  would  acquire  by  felling 
perpendicularly  through  the  length  of  the  longer 
arm  CA  by  the  action  of  the  force  {P) .  ^ 

3.  With 


(a)  With  the  velocity  thus  acquired,  the  weight  P  would  have 
a  tendency  to  ascend  through  the  arc  P"Q  equal  to  PP"  on  tkt 
other  sid*  of  the  lowest  point  F ',  and  so  go  od   to   perioral  iff 

oscillations 
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3.  With  respect  to  the  pressure  upon  the  Julcrum 
or  pivot,  it  is  evident  that  when  the  lever  is  in  the 
horizontal  position  ACB,  this  pressure  is  the  same 
as  for  the  wheel  and  axle  whose  radii  are  respectively 
rand  c,  which  (when  w/=0,  in  Note  b>  pp.83,  84) 


Pr—  IV  * 
is  P  +  W—  -7T-. — ^k  •     To  find  how  this  pressure 

Pr*  +  fV%  r 

varies  during  the  descent  of   the  lever   from  an 

horizontal  to  a  vertical  position,  let  the  force  with 

which  the  common  center  of  gravity  of  P  and  W 

(  VIZ-  p~~i — jjri  )  begins  to  descend,  be  represented 

by  FR  in  Figure  of  Note  (a),  page  207;  let  FR 
be  resolved  into  FM,  MR,  and  then  let  FM  be 
resolved   into  FQ,  QM;  PQ  will  represent  that 

(pr  _  fPt[*\ 
-J5-3 — -—^  j  of  which  the  fulcrum 

is  relieved  when  the  lever  is  in  the  position  EF. 
But  FQ  :  FR  (p^^1!)  ::  «* :  PR' ::  (by 
sim  A')  EN9  :  EF*  ::  cos.  PEP\*  :  rad>  (l), 


.'.  P<?  =  py.+  yjT  x  cos.  PEPT1.     Hence  the 

pressure  on  the  fulcrum,  when  the  lever  is  in  the 

position 


oscillations  in  the  semicircle  PP"Q ;  but  it  is  evident  that  this 
tendency  would  be  so  counteracted  by  the  friction  on  the  axis, 
the  entanglement  of  the  string  to  which  the  weight  (W)  is 
attached,  &c.  &c.  that  the  motion  of  the  lever  would  soon  cease. 
VOL.  II.  2  E 


ilil         iSQnjft  myritt  or  monims 


:=F— W  ji  x  rnipt !D  do). 


»— «.     -     -Ir 


•  ^ 


^.y     +r*      Ttlr- 


:*!' 


"~~  V   ***~    :0   -U    2Kte    *c~I332j\      mJ 


:  r=r.  r=ZL  ±is  feaeat  therefore  neeis  :c 


jf  ?r-~im  :  inc,  tr*:c^n  ice  series  ame-zrz*  i-.v; 
viei  r=-.  Tifc  ^e  eirresscc  I.2025Y'   f*r*v 

zj  rr«f  -erzaL  2tj*~~m  L>  2  very  near  approxima^tf 
r:    js    r-ie   -nlie*"-     It  the   lerer  descend 

r  . 


-C^i  frra.    izg*.e&.  i^ec  -  is  a  fraction,  and  the 


*    lie  -maer  :  3KJ  s  ce  rczn  of  the  first  «r«  tenn*  at 
s  cae  3:  tie  iz*rs  pfece  of  dccxmak. 
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series  converges  very  fast;  for  instance,  let  the 
angle  PEP*  or  AC  a  be  30°,  then  #  =  £r,  and  (neg- 
lecting all  the  terms  of  the  series  after  the  third)  we 
have 


'V 


—     — 

2m<p'        40     384 

V  —  seconds. 


=  1.0276 
If  P  =  5  lbs,  IV  =  61bs.  r  =  5  feet,  *  =  4  feet,  then 

and   *  =  1.0276 


*  = 


pr*  -  JVrt       5 


PrB+^Ca     221' 
=  2 .  6923  seconds. 


\/ 


5  x  221 
324  x  5 


5.  The  foregoing  principles  may  be  applied  to 
finding  the  time  in  which  a  rod  or  small  cylinder 

IP 


ACB  of  uniform  density  (moveable  round  a  pivot 
passing  through  C)  descends  from  an  horizontal  to 
a  vertical  position.  For  let  CA=r,  CJB=?;  then, 
supposing  the  weights  of  the  parts  CA,  CB  to  be 

collected 
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collected  into  their  respective  centers  of  gravity  G,g, 

the  moving  force  with  which   the  point  G  has  a 

«(•)      r*  —  e* 
tendency  to  descend  is  r = — ,  and  the 


4.rs  +  $sch) 

mass  moved  is  »     ;   .\  the    acceleratwe  fira 

3r  J 


of  the  point  G  is 


r*-<9 


3r1 


3r.rf  — c8 


;  and 


r         4.r,-hcs       4.rs  +  cs 
since  CA  :  CG  :  2  2  :  1 ,  the  force  which  accelerates 

3r  r*  — c* 
the  point  4=—-m  s      s     (see    Art.  11,    page  69). 

* »r   ~r C 

Hence,  in  the  descent  of  the  extremity  (^f)  of  the 
cylinder  through  the  circular  arc  J^a«,  Q  is  equal  to 

2>  +  g's   •'•  (by  Art.  2)  the  t;e/oci^y   which  the 

point 


(a)  For  since  the  cylinder  is  of  uniform  density,  the  weights  of 
the  parts  C^,  CB,  may  be  represented  by  their  respective  length; 
hence  the  weight  placed  in  G=r ;  and  the  weight  which  placed 
in  G  would  balance  the  weight  •  placed  in  g  (u>)  :  ^e  weieb: 

mi 

(5)  ::  Cg  :  CG  ::  CB  (e)  :  C^  (r),  .-.  0;=^  •  consequently  tbi 

moving  force  of  the  weight  collected  in  G=r — w=r ?-  . 

r  ' 

(b)  Let  x=the  distance  of  any  particle  of  the  rod  from  tbf 

center  of  motion  C,  then  the  moment  of  inertia  for  the  part  CA- 

f*mi*x  when  a:=r  (=5-  r3)  ;  and  the  moment  of  inertia  for  the  pan 

CB^JIx'x  when  x=*  (=iC3)-   The  inertia  of  the  rod  there/ore. 

CG2 


as  referred  to  the  point 


1  9 


3r' 
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point  A  will  have  acquired  when  the  cylinder  is 
come  to  the  vertical  position  pC*=  (2s/ mt>r  =  ) 

A'  3mrV'~"**,  and(byArt.4,  p.210)the/iroeof  its 

descent  =  (  1.2025V  -^r=   )  1.2025V    2'r3"tV 
V  m*     S  3m.r*-e 

6.  Let  r  :  c  ::  2  :  1,  or  r=2c  (in  which  case  A 
will  be  the  center  of  oscillation  of  the  line  or  small 

3  r.r%  —  C* 

cylinder),  then  ?= —  -=  1 ;  .'.  the  velocity  of 

2.r5  +  *3 

the  point  A,  when  the  cylinder  comes  to  the  vertical 

position  PC*  (  =  2\JmQr)  =  2sfmr  =  /Ae  velocity 
which  a  heavy  body  would  acquire  in  falling  freely  by 
the  force  of  gravity  through  the  space  (r).     The  time 

of  descent  =.  1.2025  V  ~=  1.2025  x  the  time  of  a 

Y    m  J 

body's  falling  freely  through  the  space  (r) ;  and  con- 
sequently the   time  of  an  oscillation  through  the 

semicircle  A*  Q  =  2 .  405  xV-  =  l  405  x  time  of 

w    m 

falling  through  (r). 
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Lecture  XXII. 


ON  THE 

RECTILINEAR  MOTION  OF  BODIES  BY  THE 
VARIABLE  FORCE  OF  GRAVITY. 


In  the  second  Lecture  we  found  the  relation 
between  the  space,  time  and  velocity  of  a  body  ascend- 
ing or  descending  near  the  Earth's  surface,  oa 
supposition  that  the  force  of  gravity  was  a  constat 
force.  But  it  has  already  been  observed  (Note  c, 
page  162)  that  this  force  is  not  constant,  but  varies 
inversely  as  (he  square  of  the  distance  from  the  Eartni 
center;  we  shall  conclude  therefore  with  shewing  the 
method  of  ascertaining  the  actual  time  and  velocity 
of  a  body  descending  from  any  point  above  the 
Earth's  surface,  on  supposition  that  the  force  c: 
gravity  varies  according  to  this  law. 

LXXIII. 

On  the  method  of  ascertaining  the  actual  velo- 
city acquired  by  a  body  descending  perpen- 
dicularly towards  the  Earth's  surface,   on 

supposition 
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supposition  that  the  force  of  gravity  varies 
inversely  as  the  square  of  the  distance  from 
the  Earth's  center. 

1.  Let  ERT  represent  the  Earth,  S  its  center, 
A  the  point  from  which  the  body  begins  to  descend; 
and  let  SA=a,  SE  —  r, 
SD  =  x,  m=  l6£  feet, 
v  =  the  velocity  which 
the  body  has  acquired  in 
falling  through  AD,  and 
the  force  of  gravity  at 
the  Earth's  surface  =  1 . 
Since  the  force  of  gra- 
vity varies  inversely  as  the 
square  of  the  distance 
from  S9  the  force  at  E 
(1)    :   the  force  at  D  (F)   ::  SD*  :  SE* ::  x* :  r% 

r* 
.\  F=  — ;   but  (since   the  velocity  increases  as  x 

decreases)  vv=.  —2m  Fx ;    hence  • 

—  2mr*x        ,  v9     2mr%     _    n 

vv  = r ,  and  —  = +  Cor* ; 

x9  2        x 

now  whenv  =  o,  *  =  a,  .'•.  o=?^-+C, 

a 

^    v*     2mr*     2mr* 
consequently  —  = tlUL. 

M         J  2         x  a    ' 


or  v*= 


a     — 

4mr  .a  —  x 
ax 


=  (when  x = r) 


4wr.fl-  r 


equal 
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AE 
=  4mrx  -^-j;  the  whole  velocity  therefore  which i 


body  would  acquire  in  falling  Jrom  the  point  Atotke 


Earth's  surface=2y/  mr  x  \  -g--z  feet  in  1  . 

2.  Since  r  =  3970  miles  =  3970  x  5WOjeet,  2*J*r 

a  2%/ 1 6ft  x  3970  x  5280=36722  feet;    hence  the 
velocity  acquired  in  falling  through  any  space  Ai 

maybe  generally  expressed  by  36722\/  -K-rfeetinl 

Thus  let  AE=l,  2, 3, 4 &c.  miles,  then  &f=397l, 
3972,  3973  &c.  miles ;  and  the  velocity  acquired  is 
felling  through  1,  2,  3  &c.  miles  above  the  Earth's 


surface  is  equal  to  36722V/  ■■        9   36722V  — 
*-*- —  3971*         '       v  3972 

36722V  — — ,  &c.  or  to  582,  834,  J020,  he  feet 
in  Irrespectively. 

3.  The  velocity  acquired  in  falling  through  AE 
by  the  force  of  gravity  at  the  Earth's  surface  con- 
tinued constant  =  l^m  x  AE;  hence  the  velocity 
acquired  by  the  constant  force  {V)  :  the  velocity 
acquired   by   the  variable  force  (v)   : :  2y/m  x  AE 

''^"vS  ::  ^Z:  V^"::  s/SE  +  JE 

:  V&£  : :  (if  ^£  be  very  small  with  respect  to  SE) 
SE  +  ±AE*  :  SE;  .-.  ^-t,  :  t;   ::  §^JS  :  SE,  or 

(a)  For  when  two  quantities  are  very  nearly  equal,  the  ratio  of 
their  square  roots  is  found  by  halving  their  difference.  (See 
Algebra,  Lect.  8.) 
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F-t;  = 


AE 


0-n-p  x  v.      Now  since   V  is  the  velocity 

acquired  by  the  body  on  supposition  that  the  force 
is  constant,  and  v  is  the  velocity  actually  acquired  by 
it,  V—  v  will  be  the  error  arising  from  that  sup- 
position ;  which  error  will  be  found  to  be  very 
inconsiderable  for  small  distances  above  the  Earth's 
surface.     For  instance,  let  AE  =  l  mile,  then  V—  v 

=  YSE  x  v=  (for  SE  =  397°)  7Q40 ;  and  since  ^by 
Art.  2.)  v  =  582  feet,  the  error  arising  from  the  sup- 
position of  the  constant  force  is  only ,  or  about 

74th  of  a  foot.  For  all  distances  therefore  within 
a  mile  of  the  EartKs  surface ,  the  common  method 
of  calculating  the  velocity  acquired  by  a  body 
descending  perpendicularly  is  true  to  a  great  degree 
of  exactness. 


LXXIV. 

On  the  Method  of  calculating  the  Time  in 
which  a  body  descends  in  the  foregoing 
manner. 

1 .  Suppose  the  body  to  begin  to  descend  from  the 
point  A  as  before  (Fig.  in  p.  218.),  and  upon  SA 
describe  the  semicircle  AFS;  from  D  draw  DC  at 
right  angles  to  SA ;  let  the  arc  AC^  A9  and  its  sine 

VOL.  II.  2  f  CD 
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CD=  S,  then  (retaining  the  notation  of  the  pre- 
ceding  Section)  A  =    r~  —7 

S  =k  mj  ax  —  jf,     and   S  =s 

*  r  :   from  which 

^ax-  x* 

xax 


—  xx 


+  5 


y/ax  —  x  ^/ax  — x* 

Now,  by  Art.  1,   page  215, 


if* 


4  m  r\  a  —  x 


ax 


_2rN/rox>/fl-j, 


.".  v  = 


ax 


but,   if  *  =  the  t«iw»  of  falling  through  -^D,  then 


*  = 


—  x 


*  = 


t; 

2rsfm 
a 


x  4+  S;    hence 


^x^+S 


2r 


xAC+CD, 


m 


w 


hich 


(•)  For  draw  cd  indefinitely  near  and  parallel  to  CD,  and 
(0  being  the  center  of  the  semicircle)  join  CO,  cO  ;  draw  Cn 
parallel  to  Dd;  then  Cc  ^  =  Cn  or  Z><*  (-*)  : :  CO  (Jo) ;  CD 


-~ia* 


(V*.a-*),  -'.A=:s— 


^  ax — i3 
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which  needs  no  correction,  for  when  *  =  0,  A+  5=  O. 
KEF  be  drawn  at  right  angles  to  SA,  then  the  whole 

time  of  descending  through  AE  =        /—  x  AF+FE 
=  2r   /£•  x  V SZx  AF+FE  seconds. 

2.  Since  m  :  r  ::  l6ft :  3790  x  5280,  let  r=  l,  then 

193  1  f     ,_        1 


m     25 1 539200  =  130331?  and  J™** H4T;  hence 
1  1 

^\7m==2T7^==570#81#   If therefore SA,AF,FE 
be  expressed  in  terms  of  the  Earth's  radius,  570.5 

x  sj SA  xAF+  FE  seconds  will  be  a  general  ex- 
pression for  the  time  of  falling  through  any  space 
AC  above  the  Earth's  surface;  but  as  it  involves  the 
length  of  an  arc  (AF)  whose  versed  sine  is  AE,  it 
cannot  be  readily  applied,  except  in  particular  cases. 

EXAM.  Suppose  a  body  to  fall  from  an 
height  equal  to  the  Earth's  radius,  then  AF '  = 
a  quadrant  whose  radius  is  (r) ;  if  therefore  «-  = 
3.14159  and  r=l,  we   shall   have  *=(for  SA=s 

2r=2)    570. 81  x*J~2x  £r  +  1  =  570.81  x  1.4142 
x  2.5707  =  2075  seconds  =  34'.  35". 

3.  If  the  space^£  throughwhich  the  body  falls  be  so 
small  as  to  bear  no  sensible  proportion  to  the  radius 
of  the  Earth,  then  the  arc  AF  may  be  considered 
as  equal  to  the  sine  FE.  In  this  case  (Fig.  in  p.  220) 

AF+FE=2FE=2*J  AExES=1y/r*AE;  therefore 
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r*Jm 


■  (^T7r  *  *fM 


./J2    a/AE    K/I2    KA~AE 

Now  the  time  of  falling  through  A E  by  the  force 
of  gravity  considered  as  con- 


slant 


hence  the 


m 


time  by  the  variable  force 
(/)  '.  the  time  by  the  con- 
stant force  (T) 

rAE  .y/AE 


"SA 


::  v/- x 

V  SE      '      m       '      m 

:  *fSE 

::   JSE+AE  :  -/S£   ::   5£  +  \AE  :  5£; 
consequently  t-T:Tu  \AE  :  S£,     .-.  *  -  r= 

— n  rT—  ;  i*  e-  "  the  error  in  time,  arising  from  the 


(C 


supposition  that  the  force  of  gravity  is  constant,  is 

"  that  part  of  the  whole  time  of  descent  which  is  ex- 

AE( 
"  pressed  by  the  fraction 


2  SI: 


i   r**  > 


this  error  therefore 


will  be  extremely  small  even  for  very  considerable  di- 
stances above  the  Earth's  surface.  For  example,  let 

a  body  fall  from  the  height   of  50  miles,    which  is 

u4E      i 

about  ~th  part  of  the  earth's  radius,  then  ~^-p  =  Y6o% 

Now  the  time  of  falling  through  50  miles,  on  sup- 
position 
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position  that  the  force  is  constant,  is  128  seconds; 
hence  the  error  arising  from  this  supposition  is  only 

160  or  5^  °*" a  second. 

4.  If  the  distance  from  which  the  body  falls  is  so 
great  that  the  sine  EF  may  be 
considered  as  equal  to  the  arc 
FS,  then  AF+  FE=AF+  FS 
=the  semicircle  AFS  =  %v  x  SA. 
Hence,  by  Art.  2,  the  time  of 
falling  through  AE   (t) 

=  570.81  xs/'SAx^1rxSA 
=  570.81  x  1.57079  x$^* 
=  896 . 62SA*  seconds. 
This  then  is  a  general  ex- 
pression for  the  time  of  a 
body's  falling  to  the  Earth's 
surface,  when  the  distance  from 
which  it  falls  bears  a  great  proportion  to  the  Earth's 
radius ;  for  instance,  suppose  the  distance  of  the 
Moon  from  the  Earth  to  be  60  of  those  radii,  then 
the  time  of  its  Jailing  to  the  Earth  will  be  equal  to 

896.62  x  60)* 

=  896  .  62  x  y/Tl6ood=QQ6  .  62  x  464.75 

=  416704  seconds  =  4  days  19  hours  45/ 4//. 


THE   END. 


f 
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I. 

By  way  of  additional  corollary  to  Exam.  II.  page  103, 
besides  that  in  Note  a,  page  104,  it  might  have  been  ob- 
served, that  "  if  a  body  be  placed  at  the  center  of  gravity  of 
€€  a  triangular  pyramid,  and  if  this  body  be  acted  upon  by 
"four forces  which  are  to  each  other  as  the  four  lines  drawn 
"  from  the  center  of  gravity  to  the  angular  points  of  the 
"  pyramid,  the  body  would  remain  at  rest."  For  let  ABCD 
represent  the  pyramid ;  let  E  be  the 
center  of  gravity  of  its  base  BCD,  and 
join  AE;  take  AG=3GE,  then  G  will 
be  the  center  of  gravity  of  the  pyr- 
amd&.  Join  GB,  GCtGB;  EB, 
EC,  ED ;  then  the  three  forces  acting 
in  directions  GB,  GC,  GD  may  be 
considered  as  resolved  into  GE,  EB  ; 
GE,  EC;  GEl  ED  respectively;  of 
which  EB,  EC,  ED  (by  Note  a,  page 
104)  destroy  each  other's  effects ;  there  remains  therefore  3GE, 
which  being  equal  to  GA,  a  force  acting  in  direction  GA  will 

destroy 


(*)  Since  the  pyramid  is  made  up  of  triangles  similar  and 
parallel  to  BCD,  it  is  evident  that  AE  must  intersect  all  those 
triangles  in  a  similar  manner;  and  since  it  passes  through  the 
center  of  gravity  of  one  of  them,  it  must  pass  through  the  center 
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destroy  its  effect  also,  and  consequently  "  a  body  acta 
"  by  four  forces  represented  in   quantity  and   dircctus  ■] 
"  GA,  GB,  GC,  GD,  would  remain  at  rest." 

II. 

In  the  collision  of  hard  and  elastic   bodies  (Lect.Y.)« 
omitted, to  shew  that  "  the  motion   of  their   common  cmtol 
"  °f  grw^y  *8  not  A^ccted  by  the  impact  of  the  bodies  opal 
"  each  other." 

1.  Let  A  and  B  be  two  perfectly  hoard  bodies  ma 
the  direction  OQ;  suppose  A  to  impinge  upon  B,  and  kt€ 

k 


of  gravity  of  them  all;  hence  the  common  center  of  gravity  & 
the  triangles  (and  consequently  the  center  of  gravity  of  tie 
pyramid)  is  in  the  line  AE. 
For  the  purpose  of  rinding 
its  distance  from  At  let  (bed) 
be  one  of  the  similar  tri- 
angles at  the  distance  (Ae) 
from  A;  through  (e)  draw 
LeF  at  right  angles,  and 
from  A  draw  AL  parallel 
to  the  base  BCD  of  the 
pyramid  j  join  EF.  Let  j$ 
&BCD=A,  LF=za,  Le=xi 
then,  from  similar  figures, 
&BCD  (A)  :  Med  ::  BD* 
:  be*::  BE* :  be*  ::  AE*  :  Ae* 


Ax9 


::   LF*   (a*)   :   Le\    (x%)    .'.  bbcd=~^ .     Now,    by   Art.  I, 

page  129,  the   distance  of  the  center  of  gravity  of  the  pyramid 

flbcdxxx      f.x^x     xA     3 

from  the  line  AL  is  equal  to  J-=t =^ -= — x—  =#r 

1  f'.bcdxx     f!x*x      4      x'    * 

=  (when  x=zLF)  \LF ;    take   .-.  LK=3KF,  and    draw  KG 

parallel  to   EF,   then   G   will   be  the  center  of  gravity  of  the 

pyramid  ;  and  since  LK=3KF,  AG  will  be  equal  to  3GE.     It 

is  evident  that  this  method  would  apply  to  finding  the  center 

of  gravity  of  a  pyramid  whose,  base  is  any  figure  whatever,  as 

well  as  to  the  triangular  pyramid. 
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be  their  common  center  of  gravity.  Let  the  variable  distance 
of  A  from  the  Jixt  point  0=ar,  of  B=y,  and  of  G=zX;  then, 

by  Exam.  V.  page  108,  Xrr    ■  ■  *  ■    .     Suppose  now  a  and  I 

to  represent  the  velocities  of  ^  and  O        a  B        Q 

I      -  M  11 

B,  and  that  /—the  rime  of  their  -1- ■"■*■"  I        ■ 

motion,  and  consequently  the  time 

of  the  motion  of  their  common  center  of  gravity;    then 

(once  F=|)  the  velocity  of  A  (0)=?;  of  B  (b)=j; 

~t  n    X       v,        v    Ji+Bj  X    A4^    **+B> 

of  G=7.      Now  X— 35/,    .-.  7=_^.=^+b- 

=the  common  velocity  of  A  and  B  after  impact ;  and  as 
the  velocity  of  their  common  center  of  gravity  after  impact 
is  evidently  the  same  with  the  velocity  of  the  bodies  them- 
selves, it  follows  that  its  velocity  both  before  and  after  impact 
is  the  same,  i.e.  "its  motion  is  not  affected  by  the  impact 
of  the  bodies  upon  each  other." 

2.  If  the  two  bodies  A  and  B  be  perfectly  elastic,  then 

X=Jx+BJ,  and  £=ii±^= the  velocity  of  their  common 

center  of  gravity  (G)  before  impact,  as  in  the  preceding 
Article.  To  find  its  velocity  after  impact,  we  "must  refer 
to  Art.  2.  page  161,  where  the  velocity  of  A  after  impact 

A—B.a+2Bb ,  v           ,      .    D     B-A.b+2Aa  ,a.  m    ^w 
= j+2 («),    and  of  B= jfi—  (f) ;    now 

•  •  • 

*=?,   and    £  =  j,  substituting  therefore  the  values  of  -ji 

y    Ax    By 
and  £  in  the  equation  y=~T"r"J",    we  have 

*  A+A 


A-B.Ja+2ABb  +  B-A.Bb+2ABa     A+B.Aa+Bb 

a+B\*  ~      1+W% 

i    a.  '  £*  for  the  velocity  of  the  common  center  of  gravitv 
A+B  o-f 


of  A  and  B  after  impact ;  from  which  we  draw  the  t 
conclusion  as  in  the  preceding  Article. 


III. 

The  following  Note  should  have  been  inserted  in  Lett.  VIII. 
page  259. 

1.  In  a  combination  of  wheels  as  represented  in  the 
annexed  Figure,  where  the  small  wheels  A,  C,  &c.  act  upsi 
the  large  ones  B,  D, 
&c.  it  is  evident  that 
such  parts  only  of  the 
machine  as  are  upon 
the  same  axis  of  rota- 
tion perform  their  re- 
volutions in  the  same 
time.  Suppose  the 
teeth  of  the  larger  and 
smaller  wheels  to  be 
equal,  and  that  the 
number  of  teeth  in  the 
large  wheel  is  to  that  _ 
in  the  smaller  as  M  :  m  ;  then,  from  the  manner  in  which 
these  teeth  act  upon  each  other,  it  appears  that  whilst  the 
smaller  wheel  makes  one  revolution,  the  larger  one  will  make 
only  T^th  part  of  a  revolution ;  and  if  (N)  be  the  number 
of  revolutions  made  by  the  smaller  wheel  in  any  given  time, 
then  —Tf  will  be  the  number  of  revolutions  performed  by  the 
larger  one  in  the  same  time. 

2.  Instead  of  two  pairs  of  larger  and  smaller  wheels 
between  the  handle  PQ  and  axis  £,  as  represented  in  this 
Figure,  conceive  now  any  numler  of  small  wheels  A,C, 
E,  G,  &e.    (each  acting  upon   a  corresponding  targe  one, 

B,D, 
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B,  D,  F,  Hy  &c.)  to  be  interposed,  and  let  the  number  of 
teeth  in  the  wheel  A=*m9  in  the  wheel  B~M\  in  the 
wheel  <?=m,and  in  the  wheel  D=M';  in  the  wheel  E=m", 
and  in  the  wheel  F=Af";  &c.  &c;  suppose  also  that  the 
number  of  revolutions  performed  in  a  given  time  by  the 
wheel  A=N*y  by  the  wheels  B  or  C^N*;  by  the  wheels 
D  or  E=2V";  by  the  wheels  F  or  G^N'";  &c.  then,  from 
what  has  just  been  shewn,  we  shall  have, 

nr      Nm        AM  N 

V        M'       MM'  '    ana    m'    ""HT" 
„,„_&'*" ^Nmm'm"         .  M" _N" 

~  M"  ~  mmm">  and  ~iF~Tr" 

&c.=&c.    =&c. 

from  which  equations,  €€  if  the  number  of  revolutions  (N) 
u  performed  by  the  first  wheel  (A)  in  a  given  time  and  the 
"  number  of  teeth  in  the  several  wheels  be  given,  we  can  find 
l€  the  number  of  revolutions  performed  by  the  wheels  B,D, 
"  F,  &c.  in  the  same  given  time;"  and  on  the  other  hand, 
"  if  the  number  of  revolutions  performed  by  the  several 
"  wheels  B,  D,  F,  &c.  in  a  given  time  be  given,  we  can  find 

Af    M*    A/" 

the  value  of  — ,  — 7,  — r,y&c.  or,  the  proportion  between  the 

fit       771        ft 

number  of  teeth  in  each  corresponding  larger  and  smaller 
wheel;99  moreover,  since  the  teeth  in  each  corresponding 
pair  of  wheels  are  supposed  to  be  equal,  this  proportion  will 
evidently  be  that  of  the  circumferences,  and  consequently  of 
the  radii  of  the  wheels  B,A;  D,C;  F,E;&c.&c.  This 
Theorem  applies  to  the  construction  of  wheels  for  regulating 
the  motions  of  the  hour,  minute  and  second  hand  of  a  clock. 

IV. 

At  the  end  of  Lecture  X.  it*  might  have  been  observed,  that 
if  a  number  of  very  small  equal  spheres  be  placed  upon  each 

other 
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other  in  the  manner  represented  in  the  annexed  Figure,  ai 
the  whole  supposed  to  be  in  equilibria-  in  a  verticil  pha\ 
then  the  figure  which  the  spheres  (thus  placed  contigmi 
to  and  pressing  on  each  other)  will  assume,  will  be  thtf  4 
an  inverted  catenary.  For  it  is  evident  that  these  spheraat 
under  precisely  the  same  circumstances  with  respect  to  tka 
equilibrium,  as  the  particles  of  the  catenary  in  its  state  of  asv 
pension;  gravity  operates  upon  the  spheres  in  the  am 
manner  as  it  operates  on  the  particles  of  the  catenary ;  ai 
since  the  spheres  may  be  considered  as  pressing  against  esck 
other  in  the  direction  of  the  straight  line  which  joins  tka 
respective  centers,  this  pressure  is  a  force  of  the  same  Irisi 
with  that  of  the  tension  of  the  different  parts  of  the  cate- 


nary, but  acts  in  an  apposite  direction ;  upon  the  same 
principle,  therefore,  that  each  particle  of  the  catenary,  in 
its  state  of  suspension,  is  kept  at  rest  by  its  gravity  and 
tension,  each  of  these  spheres  will  be  kept  at  rest  by  it> 
gravity  and  pressure  between  the  two  adjoining  spheres.  In 
this  inverted  state  it  is  called  the  curve  of  equilibration  ;  and 
in  this  latter  sense  it  lays  the  foundation  of  the  theory  fcr 
the  "  Construction  of  Arches ; "  for  an  explanation  of  whiA 
theory  the  Reader  is  referred  to  such  authors  as  have  written 
specifically  upon  the  subject,  more  especially  to  Dr.  Hutton^. 


(a)   Tracts    on    Mathematical     and    Philosophical    Suljects, 
vol.  I.  18  U. 
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